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Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ
�Äèôåðåíöiàëüíî-ôóíêöiîíàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ�

Êîíôåðåíöiÿ, ïðèñâÿ÷åíà 80-ði÷÷þ ç äíÿ
íàðîäæåííÿ ïðîôåñîðà Âàñèëÿ Iâàíîâè÷à
Ôîä÷óêà, âiäáóëàñü 28-30 âåðåñíÿ 2016 ðî-
êó íà ôàêóëüòåòi ìàòåìàòèêè òà iíôîðìàòè-
êè ×åðíiâåöüêîãî íàöiîíàëüíîãî óíiâåðñèòå-
òó iìåíi Þðiÿ Ôåäüêîâè÷à. Ó ðàìêàõ êîíôå-
ðåíöi¨ ïðîéøîâ ñèìïîçióì, ïðèñâÿ÷åíèé 70-
ði÷÷þ êàôåäðè äèôåðåíöiàëüíèõ ðiâíÿíü òà
80-ði÷÷þ ç äíÿ íàðîäæåííÿ ïðîôåñîðà Ì.Ï.
Ëåíþêà (1936�2013).

Äëÿ ó÷àñòi â êîíôåðåíöi¨ çàðå¹ñòðóâà-
ëîñü 168 íàóêîâöiâ iç ñåìè êðà¨í: Áiëîðóñi,
Iòàëi¨, Ìîëäîâè, Ïîëüùi, ÑØÀ, Óãîðùèíè,
×åõi¨. Ïîäàíî é îïóáëiêîâàíî ó ìàòåðiàëàõ
êîíôåðåíöi¨ 111 òåç äîïîâiäåé. Ó êîíôåðåí-
öi¨ âçÿâ ó÷àñòü òàêîæ ïðåäñòàâíèê Êàçàõ-
ñòàíó.

Ïiä ÷àñ ïðîâåäåííÿ êîíôåðåíöi¨ ïðà-
öþâàëè 3 ñåêöi¨: çâè÷àéíi äèôåðåíöiàëüíi
òà äèôåðåíöiàëüíî-ôóíêöiîíàëüíi ðiâíÿííÿ,
äèôåðåíöiàëüíi ðiâíÿííÿ ç ÷àñòèííèìè ïî-
õiäíèìè, ìàòåìàòè÷íå ìîäåëþâàííÿ â ïðè-
êëàäíèõ çàäà÷àõ.

Çà òðè äíi ðîáîòè êîíôåðåíöi¨ âèãîëîøå-
íî 12 ïëåíàðíèõ äîïîâiäåé:

1. Agrachev Andrei (Italy). Optimal
Control and a Generalized Hamiltonian
System.

2. Áiãóí ßðîñëàâ (Óêðà¨íà). Æèòò¹âèé i
íàóêîâèé øëÿõ ïðîôåñîðà Â.I. Ôîä÷óêà.

3. Iâàñèøåí Ñòåïàí (Óêðà¨íà). Ïðîôåñîð
Ñ.Ä. Åéäåëüìàí ÿê çàñíîâíèê íàóêîâî¨ øêî-
ëè òà îäèí ç ôóíäàòîðiâ êàôåäðè äèôåðåí-
öiàëüíèõ ðiâíÿíü ó ×åðíiâåöüêîìó óíiâåðñè-
òåòi.

4. Êîíåò Iâàí (Óêðà¨íà). Îñíîâíi íàïðÿì-
êè íàóêîâî¨ äiÿëüíîñòi ïðîôåñîðà Ì.Ï. Ëå-
íþêà.

5. Ìàòié÷óê Ìèõàéëî (Óêðà¨íà). Ïðî
çâ'ÿçîê ìiæ ôóíäàìåíòàëüíèìè ðîçâ'ÿçêà-
ìè ïàðàáîëi÷íèõ ðiâíÿíü òà ðiâíÿíü ç äðî-

áîâèìè ïîõiäíèìè.
6. Ïåòðèê Ìèõàéëî, Øèíêàðèê Ìèêî-

ëà, Ïåòðèê Îêñàíà, Ìóäðèê Iâàí (Óêðà¨-
íà). Îáåðíåíi êîåôiöi¹íòíi çàäà÷i êîìïåòè-
òèâíî¨ äèôóçi¨ â ñåðåäîâèùàõ ÷àñòèíîê íà-
ïîðèñòî¨ ñòðóêòóðè ç âèêîðèñòàííÿì âèñî-
êîïðîäóêòèâíèõ ãðàäi¹íòíèõ ìåòîäiâ.

7. Ïòàøíèê Áîãäàí (Óêðà¨íà). Îñíîâîïî-
ëîæíèê Óêðà¨íñüêî¨ ìàòåìàòè÷íî¨ êóëüòóðè
â Ãàëè÷èíi.

8. Ïóêàëüñüêèé Iâàí (Óêðà¨íà). Êàôåäði
äèôåðåíöiàëüíèõ ðiâíÿíü - 70 ðîêiâ: iñòîðiÿ
i ñüîãîäåííÿ.

9. Ronto Andras (Czech Republic), Ronto
Miclos (Hungary), Varha Jana (Ukraine)/
Investigation of nonlinear boundary value
problems by parametrization at multiple
nodes.

10. Ñëþñàð÷óê Âàñèëü (Óêðà¨íà). Òå-
îðiÿ Ôàâàðî-Àìåðiî äëÿ ôóíêöiîíàëüíî-
äèôåðåíöiàëüíèõ ðiâíÿíü áåç H-êëàñiâ.

11. Ñòàíæèöüêèé Îëåêñàíäð (Óêðà¨íà).
Â'ÿçêi ðîçâ'ÿçêè ðiâíÿíü íà ÷àñîâèõ øêàëàõ.

12. ×åðåâêî Iãîð (Óêðà¨íà). Ìåòîä ií-
òåãðàëüíèõ ìíîãîâèäiâ â òåîði¨ ñèíãóëÿðíî
çáóðåíèõ äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ
ðiâíÿíü.

Öÿ êîíôåðåíöiÿ ïðîäîâæèëà çàïî÷àòêî-
âàíi ó ×åðíiâåöüêîìó óíiâåðñèòåòi òðè Âñå-
ñîþçíi ìiæâóçiâñüêi êîíôåðåíöi¨ iç òåîði¨ òà
çàñòîñóâàíü äèôåðåíöiàëüíèõ ðiâíÿíü ç àð-
ãóìåíòîì, ùî âiäõèëÿ¹òüñÿ, ó 1965, 1968
i 1972 ðîêàõ òà Âñåóêðà¨íñüêî¨ êîíôåðåí-
öi¨ �Äèôåðåíöiàëüíî-ôóíêöiîíàëüíi ðiâíÿí-
íÿ òà ¨õ çàñòîñóâàííÿ� ó 1996 ðîöi.

Ïðîôåñîð Âàñèëü Iâàíîâè÷ Ôîä-
÷óê çàêëàâ íàóêîâó øêîëó ç òåîði¨
äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ ðiâíÿíü
ó ×åðíiâåöüêîìó óíiâåðñèòåòi. Âií íàðî-
äèâñÿ 30 ñi÷íÿ 1936 ðîêó ó ñåëi Òóëîâà
Ñíÿòèíñüêîãî ðàéîíó íà Iâàíî-Ôðàíêiâùèíi
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ó ñåëÿíñüêié ðîäèíi. Ó 1947�1951 ðîêàõ
íàâ÷àâñÿ â Óñòÿíñüêié ñåìèði÷íié øêîëi, à
ó 1951�1953 ðîêàõ � ó Ïðóòiâñüêié ñåðåäíié
øêîëi.

Ïðîôåñîð Âàñèëü Iâàíîâè÷
Ôîä÷óê

(30.01.1936 � 09.05.1992)

Ó 1953 ðîöi Âàñèëü Ôîä÷óê âñòóïèâ
íà ôiçèêî-ìàòåìàòè÷íèé ôàêóëüòåò ×åðíi-
âåöüêîãî äåðæàâíîãî óíiâåðñèòåòó (×ÄÓ),
ñïåöiàëiçóâàâñÿ íà êàôåäði äèôåðåíöiàëü-
íèõ ðiâíÿíü. Ïiñëÿ çàêií÷åííÿ óíiâåðñèòåòó
ó 1958 ðîöi ïðàöþâàâ ó÷èòåëåì ó ñåëi Âåðåí-
÷àíêà Çàñòàâíiâñüêîãî ðàéîíó ×åðíiâåöüêî¨
îáëàñòi. Ó 1959-1962 ðîêàõ íàâ÷àâñÿ â àñïi-
ðàíòóði Iíñòèòóòó ìàòåìàòèêè ÀÍ ÓÐÑÐ
ïiä êåðiâíèöòâîì ïðîôåñîðà Þ.Î. Ìèòðî-
ïîëüñüêîãî.

Íà çàñiäàííi Îá'¹äíàíî¨ â÷åíî¨ ðàäè Ií-
ñòèòóòiâ ìàòåìàòèêè, êiáåðíåòèêè i Ãîëîâ-
íî¨ àñòðîíîìi÷íî¨ îáñåðâàòîði¨ ÀÍ ÓÐÑÐ 12
ñi÷íÿ 1963 ð. âií çàõèñòèâ êàíäèäàòñüêó äè-
ñåðòàöiþ �Íåêîòîðûå âîïðîñû òåîðèè äèô-
ôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàíè-
åì�, â ÿêié ðîçâèíóâ àñèìïòîòè÷íèé ìå-
òîä Êðèëîâà-Áîãîëþáîâà, îá ðóíòóâàâ ìå-
òîä óñåðåäíåííÿ Áîãîëþáîâà é óçàãàëüíèâ

ìåòîä iíòåãðàëüíèõ ìíîãîâèäiâ äëÿ äåÿêèõ
êâàçiëiíiéíèõ ðiâíÿíü iç çàïiçíåííÿì.

Ç 1962 äî 1967 ðîêó Â.I. Ôîä÷óê ïðàöþ-
âàâ â Iíñòèòóòi ìàòåìàòèêè íà ïîñàäi íàó-
êîâîãî ñïiâðîáiòíèêà, à ç 1967 ïî 1972 ðiê -
ñòàðøèì íàóêîâèì ñïiâðîáiòíèêîì.

Ó òðàâíi 1972 ðîêó Â.I. Ôîä÷óê çàõè-
ñòèâ äîêòîðñüêó äèñåðòàöiþ �Àñèìïòîòè÷å-
ñêèå ìåòîäû íåëèíåéíîé ìåõàíèêè â òåî-
ðèè äèôôåðåíöèàëüíî-ðàçíîñòíûõ óðàâíå-
íèé� çà ñïåöiàëüíiñòþ 01-003 � äèôåðåí-
öiàëüíi i iíòåãðàëüíi ðiâíÿííÿ, íàóêîâèé
êîíñóëüòàíò � àêàäåìiê Þ.Î. Ìèòðîïîëü-
ñüêèé, îôiöiéíi îïîíåíòè - ïðîôåñîðè Ñ.Ì.
Øiìàíîâ, Þ.Î. Ðÿáîâ i Ê.Ã. Âàë¹¹â.

Ó 1972 ðîöi Âàñèëü Iâàíîâè÷ çàïðîøåíèé
ïðàöþâàòè ó ×ÄÓ i îáðàíèé íà ïîñàäó çà-
âiäóâà÷à êàôåäðè ïðèêëàäíî¨ ìàòåìàòèêè i
ìåõàíiêè. Ó òðàâíi 1976 ðîêó éîìó ïðèñâî¹-
íî â÷åíå çâàííÿ ïðîôåñîðà ïî öié êàôåäði.

Ïiä êåðiâíèöòâîì ïðîôåñîðà Â.I. Ôîä÷ó-
êà âèêîíàëè êàíäèäàòñüêi äèñåðòàöi¨ Â. À.
Äîìáðîâñüêèé (1972 ð.), À. Õîëìàòîâ (1975
ð.), Ì. Ñ. Áîðòåé (1980 ð.), ß. É. Áiãóí (1981
ð.), I. Ì. ×åðåâêî (1983 ð.), I. I. Êëåâ÷óê
(1986 ð.), Ì. Ì. Ïîïîâ (1987 ð., ñïiâêåðiâ-
íèê À.Ì. Ïëi÷êî), I. Â. ßêiìîâ (1989 ð.).

Íàóêîâi ðåçóëüòàòè Â. I. Ôîä÷óêà âiä-
îáðàæåíi â 133 ïóáëiêàöiÿõ i â êîëåê-
òèâíié ìîíîãðàôi¨ "Ðåãóëÿðíî i ñèíãóëÿð-
íî çáóðåíi äèôåðåíöiàëüíî-ôóíêöiîíàëüíi
ðiâíÿííÿ"(1996 ð.). Éîãî íàóêîâi çäîáóò-
êè ñòîñóâàëèñÿ øèðîêîãî êîëà ïèòàíü òå-
îði¨ äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ ðiâ-
íÿíü. Íèì óïåðøå äàíî îá ðóíòóâàííÿ ìå-
òîäó óñåðåäíåííÿ äëÿ äèôåðåíöiàëüíèõ ðiâ-
íÿíü íåéòðàëüíîãî òèïó, ðîçâèíåíî ìå-
òîä óñåðåäíåííÿ é àñèìïòîòè÷íi ìåòîäè
Êðèëîâà-Áîãîëþáîâà-Ìèòðîïîëüñüêîãî äëÿ
ñèíãóëÿðíî çáóðåíèõ äèôåðåíöiàëüíèõ ðiâ-
íÿíü çàïiçíþþ÷îãî òà íåéòðàëüíîãî òèïiâ,
äîñëiäæåíî ìåòîä iíòåãðàëüíèõ ìíîãîâèäiâ
äëÿ íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü iç
çàïiçíåííÿì, âèâ÷åíî ñõåìè ïîáóäîâè ïåði-
îäè÷íèõ òà îáìåæåíèõ ðîçâ'ÿçêiâ ðiâíÿíü
iç çàïiçíåííÿì i äèôåðåíöiàëüíèõ ðiâíÿíü ç
÷àñòèííèìè ïîõiäíèìè.

Â.I. Ôîä÷óê âäàëî ïî¹äíóâàâ íàóêîâó
òà íàâ÷àëüíî-âèõîâíó ðîáîòó. Çà ðåçóëü-
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òàòàìè íàóêîâèõ äîñëiäæåíü âií ïiäãîòó-
âàâ i âiâ íàâ÷àëüíi êóðñè �Äîäàòêîâi ãëà-
âè ôiçèêî-ìàòåìàòè÷íèõ äèñöèïëií�, �Àñèì-
ïòîòè÷íi ìåòîäè â íåëiíiéíié ìåõàíiöi�, âè-
êëàäàâ êóðñè ç âèùî¨ ìàòåìàòèêè íà çàãàëü-
íîòåõíi÷íîìó ôàêóëüòåòi ×ÄÓ.

Ïðîôåñîð Â.I. Ôîä÷óê íàäàâàâ çíà÷íî¨
óâàãè çàñòîñóâàííþ ìàòåìàòè÷íèõ ìåòî-
äiâ ó ïðèêëàäíèõ äîñëiäæåííÿõ. Âií êåðó-
âàâ âèêîíàííÿì òðüîõ ãîñïäîãîâiðíèõ òåì:
îïòèìiçàöiÿ i ïðîãðàìíà ðåàëiçàöiÿ àëãî-
ðèòìiâ îöiíþâàííÿ â íàâiãàöiéíèõ ñèñòå-
ìàõ, ðîçâèòîê ìåòîäiâ iíòåðïîëÿöi¨ ðiâíî-
ìiðíèõ ñiòîê iç çàñòîñóâàííÿì äî çàäà÷
íàâiãàöi¨ i ìàòåìàòè÷íî¨ ôiçèêè, ðîçðîá-
êà ñïåöiàëüíèõ àíàëîãîâèõ çàñîáiâ øóìî-
ïîãàøåííÿ â êàíàëi ç÷èòóâàííÿ. Ðîçðîáèâ
i áóâ íàóêîâèì êåðiâíèêîì êàôåäðàëüíèõ
íàóêîâî-äîñëiäíèìè òåì, çîêðåìà Ðåñïóáëi-
êàíñüêîþ íàóêîâî-äîñëiäíà ðîáîòîþ �Àñèì-
ïòîòè÷íi i ÷èñëîâî-àíàëiòè÷íi ìåòîäè äî-
ñëiäæåííÿ íåëiíiéíèõ äèôåðåíöiàëüíèõ i
äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ ðiâíÿíü�.

Â.I. Ôîä÷óê âiäiéøîâ ó âi÷íiñòü 9 òðàâíÿ
1992 ðîêó. Ïîõîâàíèé íà öåíòðàëüíîìó êëà-
äîâèùi ì. ×åðíiâöi.

Êàôåäðà äèôåðåíöiàëüíèõ ðiâíÿíü ñòâî-
ðåíà ó ×ÄÓ 12 æîâòíÿ 1946 ðîêó çãiäíî ç
íàêàçîì Ìiíiñòåðñòâà îñâiòè ÑÐÑÐ. Ïåðøèì
¨¨ çàâiäóâà÷åì áóâ Ìèêîëà Iâàíîâè÷ Ñiìî-
íîâ, çàâiäóâàâ êàôåäðîþ ó 1946-1953 i 1956-
1958 ðîêàõ. Äîêòîðñüêó äèñåðòàöiþ "Ïðè-
êëàäíûå ìåòîäû àíàëèçà ó Ýéëåðà"çàõèñòèâ
ó 1956 ðîöi.

Ó 1954-1956 i 1958-1960 ðîêàõ îáî-
â'ÿçêè çàâiäóâà÷à êàôåäðè äèôåðåíöiàëü-
íèõ ðiâíÿíü âèêîíóâàâ êàíäèäàò ôiçèêî-
ìàòåìàòè÷íèõ íàóê, äîöåíò Âàñèëü Ïàâëî-
âè÷ Ðóáàíèê.

Ñàìó¨ë Äàâèäîâè÷ Åéäåëüìàí, ÿêèé çà-
êií÷èâ ×ÄÓ ó 1948 ðîöi, çàâiäóâàâ êàôå-
äðîþ ó 1960-1963 ðîêàõ. Ó 1959 ðîöi âií çà-
õèñòèâ äîêòîðñüêó äèñåðòàöiþ �Èññëåäîâà-
íèå ïî òåîðèè ïàðàáîëè÷åñêèõ ñèñòåì�.

Éîãî íàóêîâèìè iíòåðåñàìè áóëî äîñëi-
äæåííÿ êîðåêòíî¨ ðîçâ'ÿçíîñòi òà âëàñòèâî-
ñòåé ðîçâ'ÿçêiâ çàäà÷i Êîøi i êðàéîâèõ çà-
äà÷ äëÿ ïàðàáîëi÷íèõ çà I.Ã. Ïåòðîâñüêèì
ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü. Ðåçóëüòà-

òè äîñëiäæåíü Ñ.Ä. Åéäåëüìàíà ó ×ÄÓ âè-
êëàäåíi â ìîíîãðàôi¨ "Ïàðàáîëè÷åñêèå ñè-
ñòåìû"(1964 ð.) òà â iíøèõ ïðàöÿõ. Âií ïiä-
ãîòóâàâ 4 äîêòîðè i 17 êàíäèäàòiâ ôiçèêî-
ìàòåìàòè÷íèõ íàóê, ÿêi ¹ âèïóñêíèêàìè
×ÄÓ.

Ó 1963 - 1969 ðîêàõ êàôåäðîþ çàâiäó-
âàâ Ñòåïàí Äìèòðîâè÷ Iâàñèøåí, ó÷åíü Ñ.Ä.
Åéäåëüìàíà, âèïóñêíèê êàôåäðè äèôåðåí-
öiàëüíèõ ðiâíÿíü ×ÄÓ 1959 ð. Ó 1981 ð. âií
çàõèñòèâ äîêòîðñüêó äèñåðòàöiþ �Ìàòðèöû
Ãðèíà ïàðàáîëè÷åñêèõ ãðàíè÷íûõ çàäà÷�.

Ç 1988 ïî 2003 ðîêè ïðîôåñîð Ñ.Ä. Iâà-
ñèøåí çàâiäóâàâ êàôåäðîþ ìàòåìàòè÷íîãî
ìîäåëþâàííÿ ×ÄÓ. Ó 1992 ðîöi éîãî îáðà-
íî àêàäåìiêîì Àêàäåìi¨ íàóê âèùî¨ øêîëè
Óêðà¨íè, îäíèì iç çàñíîâíèêîì ÿêî¨ âií áóâ.

Ñ.Ä. Iâàñèøåí àâòîð ïîíàä 200 ïóáëiêà-
öié, ñåðåä ÿêèõ 3 ìîíîãðàôi¨, 8 ñòàòåé ìî-
íîãðàôi÷íîãî õàðàêòåðó òà 10 íàâ÷àëüíèõ
ïîñiáíèêiâ. Ïiä éîãî êåðiâíèöòâîì çàõèùåíî
îäíó äîêòîðñüêó i òðèíàäöÿòü êàíäèäàòñü-
êèõ äèñåðòàöié.

Çàâiäóâà÷åì êàôåäðîþ ó 1969 - 2006 ðî-
êàõ áóâ ¨¨ âèïóñêíèê 1960 ðîêó Ìèõàéëî Iâà-
íîâè÷ Ìàòié÷óê. Ïiä êåðiâíèöòâîì Ñ.Ä. Åé-
äåëüìàíà ó 1961 - 1963 ðîêàõ âií íàâ÷àâñÿ
â àñïiðàíòóði. Â÷åíå çâàííÿ äîöåíòà éîìó
ïðèñóäæåíî â 1966, à ïðîôåñîðà � ó 1982 ðî-
öi. Ó 1980 ðîöi Ì.I. Ìàòié÷óê çàõèñòèâ äî-
êòîðñüêó äèñåðòàöiþ �Èññëåäîâàíèå êëàññè-
÷åñêèõ ðåøåíèé ëèíåéíûõ ïàðàáîëè÷åñêèõ
è íåêîòîðûõ ýëëèïòè÷åñêèõ ãðàíè÷íûõ çà-
äà÷�.

Òåìàòèêîþ éîãî íàóêîâèõ äîñëiäæåíü ¹:
çàäà÷à Êîøi é êðàéîâi çàäà÷i äëÿ ðiâíÿíü i
ñèñòåì ïàðàáîëi÷íîãî i åëiïòè÷íîãî òèïó â
íîðìîâàíèõ ïðîñòîðàõ Äiíi, çàäà÷i ç ïîäâié-
íèìè âèðîäæåííÿìè i êâàçiëiíiéíi êðàéîâi
çàäà÷i, çàäà÷i ç ðóõîìèìè ìåæàìè áåç ïî-
÷àòêîâèõ äàíèõ òà çàäà÷i ç iìïóëüñíîþ äi¹þ,
íåëîêàëüíèìè i iíòåãðàëüíèìè óìîâàìè, äëÿ
iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü òà ðiâíÿíü
ç ôðàêòàëüíèìè ïîõiäíèìè.

Àâòîð ïîíàä 200 íàóêîâèõ i íàâ÷àëüíî-
ìåòîäè÷íèõ ïðàöü, ñåðåä ÿêèõ 3 ìîíîãðà-
ôi¨: �Ïàðàáîëi÷íi ñèíãóëÿðíi êðàéîâi çàäà÷i�
(1999), �Ïàðàáîëi÷íi òà åëiïòè÷íi êðàéîâi çà-
äà÷i ç îñîáëèâîñòÿìè� (2003), �Ïàðàáîëi÷íi
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òà åëiïòè÷íi çàäà÷i ó ïðîñòîðàõ Äiíi� (2010).
Ïiä êåðiâíèöòâîì ïðîôåñîðà Ì.I. Ìàòié-

÷óêà çäîáóëè íàóêîâi ñòóïåíi I.Ä. Ïóêàëü-
ñüêèé, I.I. Âåðåíè÷, Â.Ì. Ëó÷êî, Ì.I. Êîíà-
ðîâñüêà, À.Î. Äàíèëþê.

Ç ñi÷íÿ 2007 ðîêó êàôåäðó äèôåðåíöi-
àëüíèõ ðiâíÿíü î÷îëþ¹ Iâàí Äìèòðîâè÷ Ïó-
êàëüñüêèé, âèïóñêíèê êàôåäðè äèôåðåíöi-
àëüíèõ ðiâíÿíü. Ïiñëÿ çàêií÷åííÿ ×ÄÓ ç
1973 ð. ïðàöþâàâ íà ïîñàäi àñèñòåíòà êàôå-
äðè, ç 1989 ð. � äîöåíò, à ç 2008 ð. � ïðîôåñîð
êàôåäðè äèôåðåíöiàëüíèõ ðiâíÿíü.

Ó 2006 ð. I.Ä. Ïóêàëüñüêèé çàõèñòèâ äî-
êòîðñüêó äèñåðòàöiþ "Êðàéîâi çàäà÷i äëÿ
íåðiâíîìiðíî ïàðàáîëi÷íèõ òà åëiïòè÷íèõ
ðiâíÿíü ç âèðîäæåííÿìè òà îñîáëèâîñòÿìè".
Íàóêîâi ïðàöi ïðèñâÿ÷åíi ïîáóäîâi êëàñiâ
êîðåêòíî¨ ðîçâ'ÿçíîñòi îñíîâíèõ êðàéîâèõ
çàäà÷ äëÿ ïàðàáîëi÷íèõ òà åëiïòè÷íèõ ðiâ-
íÿíü ç äîâiëüíèìè ñòåïåíåâèìè îñîáëèâî-
ñòÿìè òà âèðîäæåííÿìè ó êîåôiöi¹íòàõ ðiâ-
íÿíü i êðàéîâèõ óìîâ.

Àâòîð ïîíàä 160 íàóêîâèõ i íàóêîâî-
ìåòîäè÷íèõ ïðàöü, ç íèõ 1 ìîíîãðàôiÿ (Êðà-
éîâi çàäà÷i äëÿ íåðiâíîìiðíî ïàðàáîëi÷íèõ
òà åëiïòè÷íèõ ðiâíÿíü ç âèðîäæåííÿìè i îñî-
áëèâîñòÿìè, 2008 ð.).

Çàñëóæåíèé ïðàöiâíèê íàðîäíî¨ îñâi-
òè Óêðà¨íè, êàíäèäàò ôiçèêî-ìàòåìàòè÷íèõ
íàóê Âîëîäèìèð Âàñèëüîâè÷ Êðåõiâñüêèé
ïðàöþâàâ íà êàôåäði äèôåðåíöiàëüíèõ ðiâ-
íÿíü ç 1957 ð. íà ïîñàäi àñèñòåíòà, à ç 1969
äî 2005 ðîêó � äîöåíò êàôåäðè. Ç âåðåñíÿ
1968 ð. ïî ñi÷åíü 1995 ð. áóâ äåêàíîì ìàòå-
ìàòè÷íîãî ôàêóëüòåòó ×ÄÓ.

3 1975 ðîêó, ïiñëÿ çàêií÷åííÿ ×ÄÓ, íà êà-
ôåäði äèôåðåíöiàëüíèõ ðiâíÿíü ïðàöþ¹ Ðî-
ìàí Iâàíîâè÷ Ïåòðèøèí, äîöåíò ç 1986 ðî-
êó, ïðîôåñîð � ç 1995 ðîêó. Â 1995 ðîöi çà-
õèñòèâ äîêòîðñüêó äèñåðòàöiþ íà òåìó �Äî-
ñëiäæåííÿ êîëèâíèõ ñèñòåì ç ïîâiëüíî çìií-
íèìè ÷àñòîòàìè çà äîïîìîãîþ ìåòîäó óñå-
ðåäíåííÿ�, íàóêîâèé êîíñóëüòàíò � àêàäå-
ìiê ÍÀÍ Óêðà¨íè A.M. Ñàìîéëåíêî. Ó êî-
ëî éîãî íàóêîâèõ iíòåðåñiâ âõîäèòü ðîçðîá-
êà é îá ðóíòóâàííÿ àñèìïòîòè÷íèõ ìåòî-
äiâ Êðèëîâà-Áîãîëþáîâà íà âèïàäîê áàãàòî-
÷àñòîòíèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü,
ÿêèì âëàñòèâå ÿâèùå ðåçîíàíñó.

Ó 1996-2001 ðîêàõ âií çàâiäóâàâ êàôå-
äðîþ ïðèêëàäíî¨ ìàòåìàòèêè i ìåõàíiêè, ó
1999-2005 ðîêàõ - äåêàí ìàòåìàòè÷íîãî ôà-
êóëüòåòó, à ç êâiòíÿ 2005 ðîêó � ïåðøèé ïðî-
ðåêòîð ×åðíiâåöüêîãî íàöiîíàëüíîãî óíiâåð-
ñèòåòó iìåíi Þðiÿ Ôåäüêîâè÷à.

Ð.I. Ïåòðèøèíó ïðèñóäæåíî ïî÷åñíå çâà-
ííÿ çàñëóæåíèé ïðàöiâíèê îñâiòè Óêðà¨íè
(2007 ð.), âií ¹ ëàóðåàòîì Äåðæàâíî¨ ïðåìi¨
Óêðà¨íè â ãàëóçi íàóêè i òåõíiêè (2008 ð.).

Ó ñïiâàâòîðñòâi iç À.Ì. Ñàìîéëåíêîì âií
îïóáëiêóâàâ òðè ìîíîãðàôi¨: �Multifrecuency
Oscillations of Nonlinear Systems� (2004 ð.),
�Ìàòåìàòè÷íi àñïåêòè òåîði¨ íåëiíiéíèõ êî-
ëèâàíü� (2004 ð.), �Áàãàòî÷àñòîòíi êîëèâàí-
íÿ íåëiíiéíèõ ñèñòåì� (1998 ð.). Ïiäãîòóâàâ
3-îõ êàíäèäàòiâ íàóê.

Òàêîæ ñåðåä 24 âèïóñêíèêiâ êàôåäðè, ÿêi
çàõèñòèëè äîêòîðñüêi äèñåðòàöi¨, äîáðå âi-
äîìi â Óêðà¨íi òà çà ¨¨ ìåæàìè ïðàöi Ò.I.
Çåëåíÿêà (1956 ðiê âèïóñêó), Â.I. Ôîä÷óêà
(1958 ð.), �.Ô. Öàðêîâà (1959 ð.), Â.Ê. Ðî-
ìàíêà (1960 ð.), Í.Â. Æèòàðàøó (1962 ð),
À.Þ. Ëó÷êè (1967 ð.), Ì.Ñ. Ãîí÷àðà (1969
ð.). Âèïóñêíèêàìè êàôåäðè çàõèùåíî ïîíàä
70 êàíäèäàòñüêèõ äèñåðòàöié.

Îñíîâíi íàïðÿìêè íàóêîâèõ äîñëiäæåíü
íà êàôåäði äèôåðåíöiàëüíèõ ðiâíÿíü:

� íåðåãóëÿðíi êðàéîâi çàäà÷i òà çàäà÷i
îïòèìiçàöi¨ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü òà ðiâ-
íÿíü ìàòåìàòè÷íî¨ ôiçèêè;

� ñèíãóëÿðíi ïàðàáîëi÷íi êðàéîâi çàäà÷i,
ìiøàíi çàäà÷i ç íåêëàñè÷íèìè óìîâàìè äëÿ
ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè òà çàäà÷i
äëÿ ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü;

� äîñëiäæåííÿ ðîçâ'ÿçêiâ ñòîõàñòè÷íèõ
ïàðàáîëi÷íèõ êðàéîâèõ çàäà÷;

� ãiáðèäíi iíòåãðàëüíi ïåðåòâîðåííÿ òà ¨õ
çàñòîñóâàííÿ äëÿ ðîçâ'ÿçóâàííÿ çàäà÷ ìàòå-
ìàòè÷íî¨ ôiçèêè.

Ñüîãîäíi íà êàôåäði äèôåðåíöiàëüíèõ
ðiâíÿíü ïðàöþþòü 4 äîêòîðè i 8 êàíäèäà-
òiâ ôiçèêî-ìàòåìàòè÷íèõ íàóê. Çà ÷àñ ñâî¹¨
äiÿëüíîñòi êàôåäðîþ äèôåðåíöiàëüíèõ ðiâ-
íÿíü ïiäãîòîâëåíî ïîíàä 1200 ôàõiâöiâ (ñïå-
öiàëiñòiâ i ìàãiñòðiâ), îïóáëiêîâàíî ïîíàä 40
ìîíîãðàôié i òåìàòè÷íèõ âèäàíü îãëÿäîâîãî
õàðàêòåðó òà 28 - íàâ÷àëüíèõ ïîñiáíèêiâ.

Ç 1992 ðîêó íà êàôåäði âèäàâàâñÿ òåìà-
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òè÷íèé çáiðíèê íàóêîâèõ ïðàöü �Iíòåãðàëü-
íi ïåðåòâîðåííÿ òà ¨õ çàñòîñóâàííÿ äî êðà-
éîâèõ çàäà÷�, à ç 1996 ðîêó - �Êðàéîâi çà-
äà÷i äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü, ãîëîâ-
íèì ðåäàêòîðîì i çàñíîâíèêîì ÿêèõ áóâ
äîêòîð ôiçèêî-ìàòåìàòè÷íèõ íàóê, ïðîôå-
ñîð Ëåíþê Ìèõàéëî Ïàâëîâè÷ (30.10.1936 -
23.03.2013).

Ïðîôåñîð Ëåíþê Ìèõàéëî
Ïàâëîâè÷

(30.10.1936 � 23.03.2013)

Âiäîìèé ìàòåìàòèê i ïåäàãîã, äîêòîð
ôiçèêî-ìàòåìàòè÷íèõ íàóê, àêàäåìiê ÀÍ
ÂØÓêðà¨íè, ïðîôåñîð Ëåíþê Ìèõàéëî Ïà-
âëîâè÷ ïðàöþâàâ íà êàôåäði äèôåðåíöiàëü-
íèõ ðiâíÿíü ç 1963 ïî 2013 ðiê, ïðîôåñî-
ðîì ç 1995 ðîêó. Â 1993 ðîöi çàõèñòèâ äî-
êòîðñüêó äèñåðòàöiþ �Iíòåãðàëüíi ïåðåòâî-
ðåííÿ äëÿ çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè íåî-
äíîðiäíèõ ñòðóêòóð�.

Îäíîîñiáíî i ó ñïiâàâòîðñòâi ç ó÷íÿìè
îïóáëiêóâàâ 34 ìîíîãðàôi¨ òà 14 íàâ÷àëüíî-
ìåòîäè÷íèõ ïîñiáíèêiâ. Ïiä éîãî êåðiâíè-
öòâîì àñïiðàíòàìè òà çäîáóâà÷àìè ïiäãîòîâ-
ëåíî i çàõèùåíî 17 êàíäèäàòñüêèõ äèñåðòà-
öié.

Éîãî íàóêîâi iíòåðåñè áóëè çîñåðåäæåíi
íà äîñëiäæåííi àêòóàëüíèõ ïðîáëåì äèôå-
ðåíöiàëüíèõ ðiâíÿíü, ðîçâèòêó òåîði¨ ãiáðè-
äíèõ iíòåãðàëüíèõ ïåðåòâîðåíü òà ¨õ çàñòî-
ñóâàííÿ äî ðîçâ'ÿçàííÿ êðàéîâèõ çàäà÷ ìà-
òåìàòè÷íî¨ ôiçèêè êóñêîâî-îäíîðiäíèõ ñåðå-
äîâèù.

Ç 2002 ðîêó i äî 22 áåðåçíÿ 2013 ðîêó ïðî-
ôåñîð Ëåíþê Ì.Ï. î÷îëþâàâ êàôåäðó ií-
ôîðìàöiéíèõ ñèñòåì ×åðíiâåöüêîãî ôàêóëü-
òåòó Íàöiîíàëüíîãî òåõíi÷íîãî óíiâåðñèòåòó
�Õàðêiâñüêèé ïîëiòåõíi÷íèé iíñòèòóò�, ïðà-
öþþ÷è çà ñóìiñíèöòâîì ïðîôåñîðîì êàôå-
äðè äèôåðåíöiàëüíèõ ðiâíÿíü ×åðíiâåöüêî-
ãî íàöiîíàëüíîãî óíiâåðñèòåòó iìåíi Þðiÿ
Ôåäüêîâè÷à.
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Âàñèëü Ïàâëîâè÷ Ðóáàíèê íàðîäèâñÿ 1
ñi÷íÿ 1917 ðîêó â ñåëi Êëèøêè Øîñòêèí-
ñüêîãî ðàéîíó Ñóìñüêî¨ îáëàñòi.

Ïiñëÿ çàêií÷åííÿ â 1930 ðîöi ñåìè êëàñiâ
Âàñèëü Ïàâëîâè÷ äîïîìàãàâ áàòüêàì ïî ãîñ-
ïîäàðñòâó, ó 1934�1935 ðîêàõ ïðàöþâàâ äi-
ëîâîäîì ó ñiëüñüêié ðàäi, à ó 1935�1938 ðî-
êàõ � íà áóäiâíèöòâi, íàâ÷àþ÷èñü îäíî÷àñíî
íà ðîáiòôàöi â ìiñòi Øîñòêà.

Ó 1938 ðîöi Â.Ï. Ðóáàíèê âñòóïèâ äî Êè-
¨âñüêîãî äåðæàâíîãî óíiâåðñèòåòó, àëå çàêií-
÷èòè óíiâåðñèòåò çàâàäèëà âiéíà. Ç òðåòüîãî
êóðñó � ó 1941 ïî 1945 ðîêàõ, Â.Ï. Ðóáàíèê
áðàâ ó÷àñòü ó Äðóãié ñâiòîâié âiéíi, îôiöåð-
òàíêiñò, íàãîðîäæåíèé áàãàòüìà îðäåíàìè i
ìåäàëÿìè.

Çâiëüíèâøèñü ç àðìi¨ â çàïàñ ó 1946 ðîöi,
Â.Ï. Ðóáàíèê äî 1950 ðîêó ïðàöþâàâ ó÷è-
òåëåì ôiçèêè i ìàòåìàòèêè â øêîëàõ ìiñòà
Øîñòêè. Ó 1948 ðîöi çàî÷íî çàêií÷èâ Êè¨â-
ñüêèé ïåäàãîãi÷íèé iíñòèòóò.

Ó 1950 ðîöi âñòóïèâ äî àñïiðàíòóðè Êè-
¨âñüêîãî äåðæàâíîãî óíiâåðñèòåòó (éîãî íà-
óêîâèì êåðiâíèêîì áóâ ïðîôåñîð Þ.Î. Ìè-
òðîïîëüñüêèé), ÿêó çàêií÷èâ ó 1953 ðîöi
ç çàõèñòîì êàíäèäàòñüêî¨ äèñåðòàöi¨ ”Ðåçî-
íàíñíûå ÿâëåíèÿ â íåêîòîðûõ íåëèíåéíûõ
ñèñòåìàõ”.

Ç âåðåñíÿ 1953 ðîêó íàóêîâà i ïåäàãîãi-
÷íà äiÿëüíiñòü Â.Ï. Ðóáàíèêà ïîâ'ÿçàíà ç
×åðíiâåöüêèì äåðæàâíèì óíiâåðñèòåòîì. Ó
1953�1954 ðîêàõ âií ïðàöþâàâ íà êàôåäði
äèôåðåíöiàëüíèõ ðiâíÿíü íà ïîñàäi ñòàðøî-
ãî âèêëàäà÷à, íàñòóïíi äâà ðîêè âèêîíóâàâ
îáîâ'ÿçêè çàâiäóâà÷à öi¹¨ êàôåäðè. Ç áåðå-
çíÿ 1956 ðîêó � äîöåíò êàôåäðè äèôåðåí-
öiàëüíèõ ðiâíÿíü, à ç ãðóäíÿ 1958 ðîêó i
äî êiíöÿ 1960-1961 íàâ÷àëüíîãî ðîêó çíî-
âó âèêîíóâàâ îáîâ'ÿçêè çàâiäóâà÷à êàôåäðè.
Áóâ äåêàíîì ôiçèêî-ìàòåìàòè÷íîãî ôàêóëü-
òåòó â 1960�1961 ðîêàõ. Ç âåðåñíÿ 1961 ïî
òðàâåíü 1962 ðîêó âèêîíóâàâ îáîâ'ÿçêè çà-
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âiäóâà÷à êàôåäðè ìàòåìàòè÷íîãî àíàëiçó. Ó
1968�1972 ðîêàõ � ïðîðåêòîð iç íàóêîâî¨ ðî-
áîòè ×åðíiâåöüêîãî äåðæàâíîãî óíiâåðñèòå-
òó.

Ó 1964 ðîöi Â.Ï. Ðóáàíèê çàõèñòèâ äîê-
òîðñüêó äèñåðòàöiþ ”Êîëåáàíèÿ êâàçèëè-
íåéíûõ ñèñòåì èç çàïàçäûâàþùèìè ñâÿçÿ-
ìè”, íàóêîâèé êåðiâíèê � äiéñíèé ÷ëåí Àêà-
äåìi¨ íàóê ÓÐÑÐ Þ.Î. Ìèòðîïîëüñêèé.

Â.Ï. Ðóáàíèê íàäàâàâ çíà÷íî¨ óâàãè íà-
óêîâié òåìàòèöi ïðèêëàäíîãî õàðàêòåðó. Çà
éîãî iíiöiàòèâîþ â 1962 ðîöi áóëà ñòâîðåíà
êàôåäðà ïðèêëàäíî¨ ìàòåìàòèêè i ìåõàíi-
êè, ÿêîþ âií çàâiäóâàâ ó 1962�1972 ðîêàõ.
Ó 1972 ðîöi âií çàñíóâàâ êàôåäðó ìàòåìà-
òè÷íèõ ïðîáëåì óïðàâëiííÿ i êiáåðíåòèêè,
çàâiäóâà÷åì ÿêî¨ áóâ äî 1976 ðîêó.

Â.Ï. Ðóáàíèê çàïî÷àòêóâàâ íàóêîâó òå-
ìàòèêó, ÿêà íà òîé ÷àñ áóëà äîñèòü ïîïó-
ëÿðíîþ â Óêðà¨íi i çà ðóáåæåì, ìàëà ïðè-
êëàäíå çíà÷åííÿ i íå çàëèøà¹òüñÿ ïîçà óâà-
ãîþ i â íàø ÷àñ. Âií i éîãî ó÷íi äîñëiäæó-
âàëè êâàçiëiíiéíi êîëèâíi ñèñòåìè iç çàïiçíå-
ííÿì ïiä äi¹þ äåòåðìiíîâàíèõ i âèïàäêîâèõ
çáóðåíü. Äëÿ òàêèõ ñèñòåì ðîçâèâàâñÿ ìåòîä
óñåðåäíåííÿ é àñèìïòîòè÷íèé ìåòîä Êðèëî-
âà-Áîãîëþáîâà, âèâ÷àëàñÿ âçà¹ìîäiÿ é ñèí-
õðîíiçàöiÿ â íåëiíiéíèõ êîëèâíèõ ñèñòåìàõ
i ç çàïiçíåííÿì. Ñïiëüíî ç �.Ô. Öàðêîâèì
âií çàïî÷àòêóâàâ äîñëiäæåííÿ ñòîõàñòè÷íèõ
äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì.

Ùå îäíèì íàïðÿìîì íàóêîâèõ ïîøóêiâ
Â.Ï. Ðóáàíèêà áóëî äîñëiäæåííÿ êîëèâíèõ
ïðîöåñiâ ÿê ó äåòåðìiíîâàíîìó âèïàäêó, òàê
i äëÿ ñòîõàñòè÷íèõ êâàçiëiíiéíèõ ñèñòåì ðiâ-
íÿíü iç çàïiçíåííÿì, ùî ìiñòÿòü âçà¹ìîçâ'ÿ-
çàíi ðiâíÿííÿ çi çâè÷àéíèìè i ÷àñòèííèìè
ïîõiäíèìè.

Â.Ï. Ðóáàíèê äîêëàâ çíà÷íèõ çóñèëü äëÿ
îðãàíiçàöi¨ i ïðîâåäåííÿ â 1965, 1968 i 1972
ðîêàõ òðüîõ Âñåñîþçíèõ ìiæâóçiâñüêèõ êîí-
ôåðåíöié iç òåîði¨ òà çàñòîñóâàíü äèôåðåí-
öiàëüíèõ ðiâíÿíü ç àðãóìåíòîì, ùî âiäõèëÿ-
¹òüñÿ.

Ó éîãî íàóêîâîìó äîðîáêó äâi ìîíî-
ãðàôi¨: ”Êîëåáàíèÿ êâàçèëèíåéíûõ ñèñòåì
ñ çàïàçäûâàíèåì” (1969 ð.) i ”Êîëåáàíèÿ
ñëîæíûõ êâàçèëèíåéíûõ ñèñòåì ñ çàïàç-
äûâàíèåì” (1985 ð.), ïîñiáíèê ”Îñíîâíûå

ïðèíöèïû ðàçðàáîòêè è ôóíêöèîíèðîâàíèÿ
ÀÑÓ” (1977 ð.) òà 110 íàóêîâèõ ñòàòåé.

Â.Ï. Ðóáàíèê óïðîâàäæóâàâ íîâi ñïåö-
êóðñè äëÿ ñïåöiàëiñòiâ ç îá÷èñëþâàëüíî¨ ìà-
òåìàòèêè, çîêðåìà ç àâòîìàòèçîâàíèõ ñè-
ñòåì êåðóâàííÿ. Ãëèáîêî ðîçóìiþ÷è ðîëü
ÅÎÌ ó íàóêîâî-òåõíi÷íîìó ïðîãðåñi, âií
äáàâ ïðî ïîïîâíåííÿ òåõíi÷íî¨ áàçè, ðîçâè-
òîê îá÷èñëþâàëüíîãî öåíòðó óíiâåðñèòåòó,
ÿêèé ñòàâ i öåíòðîì ïiäãîòîâêè íàóêîâî-ïå-
äàãîãi÷íèõ êàäðiâ, íàóêîâèì öåíòðîì i ìiñ-
öåì ïðàêòèêè ñòóäåíòiâ.

Â.Ï. Ðóáàíèê çðîáèâ âàãîìèé âíåñîê ó
ïiäãîòîâêó ñïåöiàëiñòiâ âèùî¨ êâàëiôiêàöi¨.
Ïiä éîãî êåðiâíèöòâîì, à òàêîæ ðàçîì iç
ïðîôåñîðîì �.Ô. Öàðêîâèì, çàõèùåíî 13
êàíäèäàòñüêèõ äèñåðòàöié. Áiëüøiñòü éîãî
ó÷íiâ ïðàöþâàëè â ×åðíiâåöüêîìó äåðæàâ-
íîìó óíiâåðñèòåòi.

Ó 1976 ðîöi Â.Ï. Ðóáàíèê ïåðå¨õàâ ó ìiñòî
Ãîìåëü. Ïðàöþþ÷è â Ãîìåëüñüêîìó äåðæàâ-
íîìó óíiâåðñèòåòi iìåíi Ô. Ñêîðèíè, Âàñèëü
Ïàâëîâè÷ çðîáèâ âàãîìèé âíåñîê ó ðîçâèòîê
ìàòåìàòè÷íîãî ôàêóëüòåòó óíiâåðñèòåòó. Ó
ðiçíèé ÷àñ âií î÷îëþâàâ êàôåäðè ìàòåìà-
òè÷íèõ ïðîáëåì óïðàâëiííÿ, îá÷èñëþâàëü-
íî¨ ìàòåìàòèêè i ïðîãðàìóâàííÿ, ïðàöþâàâ
ïðîôåñîðîì. Ó ãðóäíi 1989 ðîêó çà ñòàíîì
çäîðîâ'ÿ Âàñèëü Ïàâëîâè÷ âèéøîâ íà ïåí-
ñiþ.

Âiäiéøîâ ó âi÷íiñòü 9 êâiòíÿ 1993 ðîêó,
ïîõîâàíèé ó ìiñòi Ãîìåëü.
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Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà, Ëüâiâ

ÎÁÅÐÍÅÍÀ ÇÀÄÀ×À ÒÅÏËÎÏÐÎÂIÄÍÎÑÒI Â ÎÁËÀÑÒI Ç ÂIËÜÍÎÞ
ÌÅÆÅÞ Ç ÂÈÐÎÄÆÅÍÍßÌ

Âñòàíîâëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi ãëàäêîãî ðîçâ'ÿçêó îáåðíåíî¨ çàäà÷i äëÿ ðiâíÿííÿ
òåïëîïðîâiäíîñòi ç íåâiäîìèì çàëåæíèì âiä ÷àñó ñòàðøèì êîåôiöi¹íòîì. Ïðèïóñêà¹òüñÿ, ùî
ìåæà îáëàñòi ¹ íåâiäîìîþ i ðàçîì ç ðiâíÿííÿì âèðîäæó¹òüñÿ â ïî÷àòêîâèé ìîìåíò ÷àñó.

We establish conditions for existence and uniqueness of a smooth solution to an inverse problem
for the heat equation with an unknown time-dependent leading coe�cient. The boundary of the
domain is supposed unknown and degenerate at the initial moment.

Âñòóï. Çàäà÷à, ÿêà äîñëiäæó¹òüñÿ ó äà-
íié ðîáîòi, ïî¹äíó¹ òðè òèïè çàäà÷, à ñàìå,
êîåôiöi¹íòíó îáåðíåíó çàäà÷ó, çàäà÷ó äëÿ
ðiâíÿíü ç âèðîäæåííÿì òà çàäà÷ó ç âiëü-
íîþ ìåæåþ. Îáåðíåíi çàäà÷i äëÿ ïàðàáîëi-
÷íèõ ðiâíÿíü â îáëàñòÿõ ç âiëüíèìè ìåæàìè
äîñëiäæóâàëèñü â [1]-[5]. Çàäà÷i iäåíòèôiêà-
öi¨ íåâiäîìèõ êîåôiöi¹íòiâ ïàðàáîëi÷íèõ ðiâ-
íÿíü ç âèðîäæåííÿì áóëè ðîçãëÿíóòi â ïðà-
öÿõ [6]-[8]. Àíàëîãi÷íi çàäà÷i, àëå âæå â îáëà-
ñòÿõ ç íåâiäîìèìè ìåæàìè, âèâ÷àëèñü ó [9].
Êðàéîâó òà îáåðíåíó çàäà÷ó äëÿ ïàðàáîëi-
÷íîãî ðiâíÿííÿ â îáëàñòi ç íåâiäîìîþ ìå-
æåþ, ÿêà âèðîäæó¹òüñÿ â ïî÷àòêîâèé ìî-
ìåíòò ÷àñó, äîñëiäæåíî [10] òà [11]. Öÿ ðî-
áîòà ïðèñâÿ÷åíà âèïàäêó ç ïîäâiéíèì âèðî-
äæåííÿì ó ïî÷àòêîâèé ìîìåíò ÷àñó ÿê ðiâ-
íÿííÿ, òàê i íåâiäîìî¨ ìåæi. Îòðèìàíî óìî-
âè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó äëÿ îäíî-
âèìiðíîãî ðiâíÿííÿ òåïëîïðîâiäíîñòi.

1. Ôîðìóëþâàííÿ çàäà÷i òà îñíîâ-
íi ïðèïóùåííÿ. Â îáëàñòi QT = {(x, t) :
0 < x < tγh̃(t), 0 < t < T} ç íåâiäîìîþ ÷à-
ñòèíîþ ìåæi x = tγh̃(t) ðîçãëÿíåìî çà-
äà÷ó âèçíà÷åííÿ íåâiäîìèõ (h̃(t), ã(t),

u(x, t)), h̃(t) > 0, ã(t) > 0, t ∈ [0, T ] ç óìîâ

ut = ã(t)tβuxx + f̃(x, t), 0 < x < tγh̃(t),

0 < t < T, (1)

u(0, t) = µ1(t), u(tγh̃(t), t) = µ2(t),

t ∈ [0, T ], (2)

ã(t)ux(0, t) = µ3(t), t ∈ [0, T ], (3)

tγ h̃(t)∫
0

u(x, t)dx = µ4(t), t ∈ [0, T ], (4)

äå β > 0, γ > 0 - çàäàíi ÷èñëà, à (h̃(t), ã(t),
u(x, t)) - íåâiäîìi.

Çàìiíîþ íåçàëåæíèõ çìiííèõ y =
x

h̃(t)
,

σ = tγ çàäà÷ó (1)-(4) çâåäåìî äî åêâiâà-
ëåíòíî¨ çàäà÷i â îáëàñòi QT1 := {(y, σ) :
0 < y < σ, 0 < σ < T1} ç âiäîìîþ ìåæåþ:

vσ = a(σ)
σβ1

γh2(σ)
vyy +

yh′(σ)

h(σ)
vy+

+
σ

1−γ
γ

γ
f(yh(σ), σ), (y, σ) ∈ QT1 , (5)

v(0, σ) = ν1(σ), v(σ, σ) = ν2(σ),

σ ∈ [0, T1], (6)

a(σ)vy(0, σ) = h(σ)ν3(σ), σ ∈ [0, T1], (7)

h(σ)

∫ σ

0

v(y, σ)dy = ν4(σ), σ ∈ [0, T1]. (8)

Òóò âèêîðèñòàíi òàêi ïîçíà÷åííÿ:

T1 = T γ, β1 =
β + 1− γ

γ
, a(σ) = ã(σ

1
γ ),

h(σ) = h̃(σ
1
γ ), v(y, σ) = u(yh(σ), σ

1
γ ),

f(yh(σ), σ) = f̃(yh̃(σ
1
γ ), σ

1
γ ),

νi(σ) = µi(σ
1
γ ), i = 1, 4.

Íàäàëi áóäåìî ââàæàòè âèðîäæåííÿ ðiâíÿ-
ííÿ (5) ñëàáêèì (0 < β1 < 1). Öå ïðèïóùå-
ííÿ áóäå âèêîíóâàòèñü äëÿ áóäü-ÿêèõ β, γ,
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òàêèõ, ùî γ > 1, γ − 1 < β < 2γ − 1. Ïðè-
ïóñòèìî òàêîæ, ùî âèêîíóþòüñÿ òàêi ïðèïó-
ùåííÿ:
(A1) µi ∈ C1[0, T ], i = 1, 2, 4,µ3 ∈ C[0, T ],

µ′
i(t) = λi(t)t

γ−1, λi ∈ C[0, T ], i = 1, 2;

f̃ ∈ C([0,∞)× [0, T ]) çàäîâîëüíÿ¹ ëîêàëüíî
óìîâó Ãåëüäåðà çà çìiííîþ x ç ïîêàçíèêîì
α ∈ (0, 1);
(A2) µi(t) > 0, i = 1, 2, 3, µ4(t) = µ0(t)t

γ,

µ0(t) > 0, t ∈ [0, T ], f̃(x, t) > 0, (x, t) ∈ [0,∞)×
×[0, T ], λ2(t) > λ1(t), t ∈ [0, T ];
(A3) µ1(0) = µ2(0).

2. Çâåäåííÿ çàäà÷i (1)-(4) äî ñèñòåìè
iíòåãðàëüíèõ ðiâíÿíü. Âñòàíîâèìî iñíó-
âàííÿ ðîçâ'ÿçêó çàäà÷i (5)-(8), îñêiëüêè âîíà
åêâiâàëåíòíà çàäà÷i (1)-(4).

Çàìiíîþ

v(y, σ) = ṽ(y, σ) + ν1(σ) +
y

σ
(ν2(σ)− ν1(σ))

ïåðåéäåìî âiä (5)-(6) äî çàäà÷i ç íóëüîâèìè
êðàéîâèìè óìîâàìè:

ṽσ(y, σ) =
σβ1a(σ)

γh2(σ)
ṽyy +

yh′(σ)

h(σ)
ṽy +

σ
1−γ
γ

γ
×

× f(yh(σ), σ)− ν ′1(σ)−
y

σ
(ν ′2(σ)− ν ′1(σ))+

+
y

σ2
(ν2(σ)− ν1(σ)) +

yh′(σ)

h(σ)σ
(ν2(σ)− ν1(σ)),

(y, σ) ∈ QT1 , (9)

ṽ(0, σ) = ṽ(σ, σ) = 0, σ ∈ [0, T1]. (10)

Âèêîðèñòîâóþ÷è ôóíêöiþ Ãðiíà
G(y, σ, η, τ) çàäà÷i

vσ(y, σ) =
σβ1a(σ)

γh2(σ)
vyy, (y, σ) ∈ QT1 ,

v(0, σ) = v(σ, σ) = 0, σ ∈ [0, T1],

çâåäåìî çàäà÷ó (9), (10) äî iíòåãðî-
äèôåðåíöiàëüíîãî ðiâíÿííÿ

ṽ(y, σ) =

σ∫
0

dτ

τ∫
0

G(y, σ, η, τ)

(
ηh′(τ)

h(τ)
×

× ṽη(η, τ) +
τ

1−γ
γ

γ
f(ηh(τ), τ)− ν ′1(τ)−

− η

τ
(ν ′2(τ − ν ′1(τ)) +

η

τ 2
(ν2(τ)− ν1(τ))+

+
ηh′(τ)

h(τ)τ
(ν2(τ)− ν1(τ))

)
dη, (y, σ) ∈ QT1 .

Ïîâåðòàþ÷èñü äî ôóíêöi¨ v(y, σ), çâiäñè
îòðèìó¹ìî

v(y, σ) = ν1(σ) +
y

σ
(ν2(σ)− ν1(σ))+

+

σ∫
0

dτ

τ∫
0

G(y, σ, η, τ)

(
ηh′(τ)

h(τ)
vη(η, τ)+

+
τ

1−γ
γ

γ
f(ηh(τ), τ)− ν ′1(τ)−

η

τ
(ν ′2(τ)−

−ν ′1(τ)) +
η

τ 2
(ν2(τ)− ν1(τ)))

)
dη,

(y, σ) ∈ QT1 . (11)

Îöiíèìî çíèçó ðîçâ'ÿçîê çàäà÷i (9), (10),
ïîäàþ÷è éîãî ó âèãëÿäi

v(y, σ) = v0(y, σ) + v̂(y, σ),

äå v0(y, σ) ¹ ðîçâ'ÿçêîì çàäà÷i

vσ = a(σ)
σβ1

γh2(σ)
vyy +

yh′(σ)

h(σ)
vy,

(y, σ) ∈ QT1 ,

v(0, σ) = ν1(σ), v(σ, σ) = ν2(σ),

σ ∈ [0, T1], (12)

à v̂(y, σ) çàäîâîëüíÿ¹ óìîâè

vσ = a(σ)
σβ1

γh2(σ)
vyy +

yh′(σ)

h(σ)
vy+

+
σ

1−γ
γ

γ
f(yh(σ), σ), (y, σ) ∈ QT1 ,

v(0, σ) = v(σ, σ) = 0, σ ∈ [0, T1]. (13)

Ç ïðèïóùåíü (A2) òà ïðèíöèïó ìàêñèìóìó
çíàõîäèìî

v0(y, σ) ≥ min{min
[0,T ]

µ1(t),min
[0,T ]

µ2(t)} :=

=M1 > 0,

v̂(y, σ) ≥ 0, (y, σ) ∈ QT1 ,

àáî

v(y, σ) ≥M1 > 0, (y, σ) ∈ QT1 . (14)
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Ââåäåìî ïîçíà÷åííÿ w(y, σ) := vy(y, σ),
p(σ) := σh′(σ) i çâåäåìî ðiâíÿííÿ (11) äî
ñèñòåìè iíòåãðàëüíèõ ðiâíÿíü

v(y, σ) = ν1(σ) +
y

σ
(ν2(σ)− ν1(σ))+

+

σ∫
0

dτ

τ∫
0

G(y, σ, η, τ)

(
ηp(τ)

τh(τ)
w(η, τ)+

+
τ

1−γ
γ

γ
f(ηh(τ), τ)− ν ′1(τ)−

η

τ
(ν ′2(τ)−

−ν ′1(τ)) +
η

τ 2
(ν2(τ)− ν1(τ)))

)
dη,

(y, σ) ∈ QT1 , (15)

w(y, σ) =
ν2(σ)− ν1(σ)

σ
+

+

σ∫
0

dτ

τ∫
0

Gy(y, σ, η, τ)

(
ηp(τ)

τh(τ)
w(η, τ)+

+
τ

1−γ
γ

γ
f(ηh(τ), τ)− ν ′1(τ)−

η

τ
(ν ′2(τ)−

−ν ′1(τ)) +
η

τ 2
(ν2(τ)− ν1(τ)))

)
dη,

(y, σ) ∈ QT1 , (16)

Óìîâè (7) òà (8) ïîäàìî ó âèãëÿäi

h(σ) =
ν4(σ)

σ∫
0

v(y, σ)dy

, σ ∈ (0, T1], (17)

a(σ)w(0, σ) = h(σ)ν3(σ), σ ∈ [0, T1]. (18)

Äèôåðåíöiþ¹ìî óìîâó (8) :

h′(σ)

∫ σ

0

v(y, σ)dy + h(σ)v(σ, σ)+

+ h(σ)

∫ σ

0

vσ(y, σ)dy = ν ′4(σ).

Ñêîðèñòàâøèñü ðiâíÿííÿì (5) , îòðèìà¹ìî

h′(σ)

∫ σ

0

v(y, σ)dy + h(σ)ν2(σ)+

+ h(σ)

∫ σ

0

(
a(σ)

σβ1

γh2(σ)
vyy +

yh′(σ)

h(σ)
vy+

+
σ

1−γ
γ

γ
f(yh(σ), σ))

)
dy = ν ′4(σ).

Îá÷èñëþþ÷è iíòåãðàëè, ïðèõîäèìî äî
ðiâíÿííÿ

p(σ) =
1

ν2(σ)
(ν ′4(σ)− h(σ)ν2(σ)−

−a(σ)σ
β1

γh(σ)
(w(σ, σ)− w(0, σ))− h(σ)

σ
1−γ
γ

γ
×

×
∫ σ

0

f(yh(σ), σ)dy

)
, σ ∈ (0, T1]. (19)

Îòæå, çàäà÷ó (5)-(8) çâåäåíî äî ñèñòå-
ìè ðiâíÿíü (15)-(19) ñòîñîâíî íåâiäîìèõ
h(σ), p(σ), a(σ), v(y, σ), w(y, σ).

3. Iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1)-
(4).
Òåîðåìà 1. Ïðèïóñòèìî, ùî âèêî-

íóþòüñÿ óìîâè (À1)-(À3). Òîäi ìî-
æíà âêàçàòè òàêå ÷èñëî T0 ∈ (0, T ],
ÿêå âèçíà÷à¹òüñÿ âiäîìèìè âåëè÷èíà-
ìè, ùî çàäà÷à (1)-(4) ìàòèìå ðîçâ'ÿçîê
(h̃(t), ã(t), u(x, t)) ç êëàñó C[0, T0]∩C1(0, T0]×
C[0, T0] × C2,1(QT0) ∩ C1,0(QT0) òàêèé, ùî
h̃(t) > 0, ã(t) > 0, t ∈ [0, T0].

Äîâåäåííÿ. Ç ìiðêóâàíü, íàâåäåíèõ â [5],
âèïëèâà¹, ùî äëÿ äîâåäåííÿ òåîðåìè äî-
ñòàòíüî âñòàíîâèòè iñíóâàííÿ íåïåðåðâíî-
ãî ðîçâ'ÿçêó ñèñòåìè ðiâíÿíü (15)-(18). Äëÿ
öüîãî ñêîðèñòà¹ìîñÿ òåîðåìîþØàóäåðà ïðî
íåðóõîìó òî÷êó öiëêîì íåïåðåðâíîãî îïåðà-
òîðà.

Ñïî÷àòêó çíàéäåìî àïðiîðíi îöiíêè
ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü (15)-(19). Áåðó-
÷è äî óâàãè (À2) òà (14), ç (17) ìà¹ìî

h(σ) ≤ H1 <∞, σ ∈ [0, T1]. (20)

Îñêiëüêè ðiâíÿííÿ (15), (16) åêâiâàëåíòíi
ðiâíÿííþ (11), à ðiâíÿííÿ (11) åêâiâàëåíòíå
çàäà÷i (5), (6), òî, çàñòîñîâóþ÷è äî îñòàííüî¨
ïðèíöèï ìàêñèìóìó, îòðèìà¹ìî

v(y, σ) ≤M2 <∞, (y, σ) ∈ QT1 . (21)

Òîäi ç (17) òà (21) âèïëèâà¹ îöiíêà

h(σ) ≥ σν0(σ)

σM2

≥ H0 > 0, σ ∈ [0, T1]. (22)

Çíàéäåìî îöiíêó w(y, σ) çíèçó. Âèõîäÿ-
÷è ç îçíà÷åííÿ ôóíêöié νi(σ) òà ïðèïóùåíü
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(À2), çíàõîäèìî

ν ′2(σ)− ν ′1(σ) =
1

γ
(λ2(t)− λ1(t)) > 0,

σ ∈ (0, T1],

lim
σ→0

ν2(σ)− ν1(σ)

σ
= ν ′2(0)− ν ′1(0) > 0.

Çâiäñè ìà¹ìî

ν2(σ)− ν1(σ)

σ
≥M3 > 0, σ ∈ [0, T1]. (23)

Ïðèïóñêàþ÷è, ùî ôóíêöi¨ a(σ), w(y, σ),
p(σ) ¹ íåïåðåðâíèìè íà ïðîìiæêó [0, T1], äî-
ñëiäèìî ïîâåäiíêó iíòåãðàëà ó ðiâíÿííi (16).
Âèêîðèñòîâóþ÷è îöiíêè ôóíêöi¨ Ãðiíà [11],
áóäåìî ìàòè:∣∣∣∣

σ∫
0

dτ

τ∫
0

Gy(y, σ, η, τ)

(
ηp(τ)

τh(τ)
w(η, τ)+

+
τ

1−γ
γ

γ
f(ηh(τ), τ)− ν ′1(τ)−

η

τ
(ν ′2(τ)−

−ν ′1(τ)) +
η

τ 2
(ν2(τ)− ν1(τ))

)
dη

∣∣∣∣ ≤
≤ C1

σ∫
0

dτ

τ∫
0

|Gy(y, σ, η, τ)| dη 6

6 C2

σ∫
0

dτ√
θ(σ)− θ(τ)

,

äå θ(σ) =
σ∫
0

a(s)sβ1ds. Òîäi

σ∫
0

dτ√
θ(σ)− θ(τ)

≤ C3σ
1−β1

2 .

Öå îçíà÷à¹, ùî iñíó¹ ÷èñëî T0 ∈ (0, T1] òàêå,
ùî∣∣∣∣
σ∫

0

dτ

τ∫
0

Gy(y, σ, η, τ)

(
ηp(τ)

τh(τ)
w(η, τ) +

τ
1−γ
γ

γ
×

×f(ηh(τ), τ)− ν ′1(τ)−
η

τ
(ν ′2(τ − ν ′1(τ))+

+
η

τ 2
(ν2(τ)− ν1(τ))

)
dη

∣∣∣∣ ≤ M3

2
, (y, σ) ∈ QT0 .

(24)

Çâiäñè âèïëèâàþòü îöiíêè

w(y, σ) ≥ M3

2
,

w(y, σ) ≤ M3

2
+ max

[0,T1]

ν2(σ)− ν1(σ)

σ
:=M4,

(y, σ) ∈ QT0 . (25)

Âèêîðèñòîâóþ÷è (25) ó (18), (19), îòðèìó¹ìî

0 < A0 ≤ a(σ) ≤ A1,

|p(σ)| ≤M5, σ ∈ [0, T0]. (26)

Îòæå, îöiíêè ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü
(15)-(19) îòðèìàíi. Ïîäàìî ñèñòåìó ðiâíÿíü
(15)-(19) ó âèãëÿäi

ω = Pω, (27)

äå ω = (v, w, h, a, p), à îïåðàòîð P âèçíà÷à-
¹òüñÿ ïðàâîþ ÷àñòèíîþ ðiâíÿíü (15)-(19).
Âèçíà÷èìî ìíîæèíó N := {(v, w, h, a, p) ∈(
C(Q̄T0)

)2 × (C[0, T0])
3 : M1 ≤ v(y, σ) ≤M2,

M3/2 ≤ w(y, σ) ≤ M4, H0 ≤ h(σ) ≤ H1, A0 ≤
a(σ) ≤ A1, |p(σ)| ≤ M5} Ç îöiíîê (14), (20)-
(22), (25), (26) âèïëèâà¹, ùî îïåðàòîð P ïå-
ðåâîäèòü ìíîæèíó N â ñåáå. Êîìïàêòíiñòü
îïåðàòîðà P áóëà âñòàíîâëåíà â [12]. Âè-
êîðèñòîâóþ÷è òåîðåìó Øàóäåðà, îòðèìó¹ìî
iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1)-(4).

4. �äèíiñòü ðîçâ'ÿçêó çàäà÷i.
Òåîðåìà 2. Íåõàé âèêîíó¹òüñÿ óìîâà:
(A4) f̃ ∈ C1,0([0,∞)× [0, T ]), µi ∈ C1[0, T ],

i = 1, 2, µi(t) ̸= 0, i = 2, 3, µ4(t) = µ0(t)t
γ,

µ0(t) ̸= 0, t ∈ [0, T ].
Òîäi çàäà÷à (1)-(4) íå ìîæå ìàòè áiëü-

øå îäíîãî ðîçâ'ÿçêó (h̃(t), ã(t), u(x, t)) ç êëà-
ñó C1(0, T ] ∩ C[0, T ] × C[0, T ] × C2,1(QT ) ∩
C1,0(QT ).

Äîâåäåííÿ. Îñêiëüêè çàäà÷i (1)-(4) òà
(5)-(8) ¹ åêâiâàëåíòíèìè, òî äîñèòü äîâå-
ñòè ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i (5)-(8). Ïðè-
ïóñòèìî, ùî iñíóþòü äâà ðiçíi ðîçâ'ÿçêè
(hi(σ), ai(σ), vi(y, σ)), i = 1, 2, çàäà÷i (5)-(8).
Ïîçíà÷èìî h(σ) := h1(σ)− h2(σ), a(σ) :=
a1(σ)−a2(σ), v(y, σ) := v1(y, σ)−v2(y, σ). Äëÿ
(h(t), a(t), u(x, t)) îòðèìó¹ìî ç (5)-(8) òàêó
çàäà÷ó:

vσ =
a1(σ)σ

β1

γh21(σ)
vyy +

yh′1(σ)

h1(σ)
vy+
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+
σβ1(a(σ)h22(σ)− a2(σ)h(σ)(h1(σ) + h2(σ)))

γh21(σ)h
2
2(σ)

×

× v2yy +
h′(σ)h2(σ)− h′2(σ)h(σ)

h1(σ)h2(σ)
yv2y+

+
σ

1−γ
γ

γ
yh(σ)f1(y, σ), (y, σ) ∈ QT1 , (28)

v(0, σ) = v(σ, σ) = 0, σ ∈ [0, T1], (29)

a1(σ)vy(0, σ) = ν3(σ)h(σ)− a(σ)v2y(0, σ),

σ ∈ [0, T1], (30)

h1(σ)

σ∫
0

v(y, σ)dy = −h(σ)
σ∫

0

v2(y, σ)dy,

σ ∈ [0, T1], (31)

äå

f1(y, σ) :=

1∫
0

∂f(z, σ)

∂z

∣∣∣∣
z=yh2(σ)+syh(σ)

ds.

Âèêîðèñòîâóþ÷è ôóíêöiþ Ãðiíà
G∗(y, σ, η, τ) ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ
ðiâíÿííÿ

vσ =
a1(σ)σ

β1

γh21(σ)
vyy +

yh′1(σ)

h1(σ)
vy, (y, σ) ∈ QT1 ,

çâåäåìî çàäà÷ó (28)-(31) äî ñèñòåìè ðiâíÿíü

v(y, σ) =

σ∫
0

dτ

τ∫
0

G∗(y, σ, η, τ)
(
v2ηη(η, τ)×

× (τβ1(a(τ)h22(τ)− a2(τ)h(τ)(h1(τ)+

+ h2(τ)))(γh
2
1(τ)h

2
2(τ))

−1+

+
η(p(τ)h2(τ)− τh′2(τ)h(τ))

τh1(τ)h2(τ)
v2η(η, τ)+

+
τ

1−γ
γ

γ
ηh(τ)f1(η, τ)

)
dη, (y, σ) ∈ QT1 , (32)

h(σ) = −
h1(σ)

σ∫
0

v(y, σ)dy

σ∫
0

v2(y, σ)dy

, σ ∈ [0, T1], (33)

a(σ) =
ν3(σ)h(σ)− a1(σ)vy(0, σ)

v2y(0, σ)
,

σ ∈ [0, T1], (34)

p(σ) =
1

ν2(σ)

(
−h(σ)ν2(σ)−

a1(σ)σ
β1

γh1(σ)
×

× (vy(σ, σ)− vy(0, σ))+

+
σβ1(a2(σ)h(σ)− a(σ)h2(σ))

γh1(σ)h2(σ)
(v2y(σ, σ)−

− v2y(0, σ))−
h(σ)h′2(σ)

h2(σ)
σν2(σ)−

− σ
1−γ
γ

γ
h(σ)

(
h1(σ)f1(y, σ)

)
dy+

+

σ∫
0

f(yh(σ), σ)dy
))
, σ ∈ [0, T1], (35)

äå p(σ) := σh′(σ). Ïiäñòàâèâøè âèðàçè äëÿ
v(y, σ) i h(σ) ç (32) i (33) ó ôîðìóëè (34)
i (35), ëåãêî ïåðåêîíàòèñü, ùî (32)-(35) ¹
ñèñòåìîþ îäíîðiäíèõ iíòåãðàëüíèõ ðiâíÿíü
Âîëüòåððà äðóãîãî ðîäó. Îêðiì òîãî, îñêiëü-
êè v2(y, σ) çàäîâîëüíÿ¹ óìîâó (7), òî ç ïðè-
ïóùåíü òåîðåìè ìà¹ìî v2y(0, σ) ̸= 0, σ ∈
[0, T1]. Òàê ñàìî ç ïðèïóùåíü òåîðåìè âèïëè-
âà¹, ùî çíàìåííèê ó (35) âiäìiííèé âiä íóëÿ
ïðè σ ∈ [0, T1]. Âèêîðèñòîâóþ÷è óìîâè òåî-
ðåìè i òå, ùî v2(y, σ) çàäîâîëüíÿ¹ óìîâó (8),
íàäàìî ïðàâié ÷àñòèíi ðiâíÿííÿ (33) òàêîãî
âèãëÿäó:

h1(σ)
σ∫
0

v(y, σ)dy

σ∫
0

v2(y, σ)dy

=

h1(σ)h2(σ)
σ∫
0

v(y, σ)dy

ν4(σ)
=

=

h1(σ)h2(σ)
σ∫
0

v(y, σ)dy

σν0(σ)
.

Ç òîãî, ùî ôóíêöiÿ
1

σ

σ∫
0

v(y, σ)dy ¹ íåïåðåðâ-

íîþ íà ïðîìiæêó [0, T1], âèïëèâà¹, ùî ïðàâà
÷àñòèíà ðiâíÿííÿ (33) íåïåðåðâíà íà [0, T1].
Îòæå, ÿäðà iíòåãðàëüíèõ ðiâíÿíü (32)-(35)
iíòåãðîâíi.

Äîñëiäèìî ïîâåäiíêó ãóñòèí iíòåãðàëü-
íèõ ðiâíÿíü (32)-(35). Äëÿ îöiíêè v2yy(y, σ),
ùî çíàõîäèòüñÿ ïiä çíàêîì iíòåãðàëà ç (32),
çðîáèìî çàìiíó

v2(y, σ) = ṽ2(y, σ) + ν1(σ) +
y

σ
(ν2(σ)− ν1(σ)).
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Ôóíêöiÿ ṽ2(y, σ) ¹ ðîçâ'ÿçêîì çàäà÷i

ṽ2σ =
a2(σ)σ

β1

γh22(σ)
ṽ2yy +

yh′2(σ)

h2(σ)
ṽ2y +

σ
1−γ
γ

γ
×

× f(yh2(σ), σ)− ν ′1(σ)−
y

σ
(ν ′2(σ)− ν ′1(σ))+

+
y

σ2
(ν2(σ)− ν1(σ)) +

yh′2(σ)

σh2(σ)
(ν2(σ)−

− ν1(σ)), (y, σ) ∈ QT1 ,

ṽ2(0, σ) = ṽ2(σ, σ) = 0, σ ∈ [0, T1].

Çà äîïîìîãîþ ôóíêöi¨ Ãðiíà G̃(y, σ, η, τ)
ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ

ṽ2σ =
a2(σ)σ

β1

γh22(σ)
ṽ2yy +

yh′2(σ)

h2(σ)
ṽ2y

éîãî ìîæíà ïîäàòè ó âèãëÿäi

ṽ2(y, σ) =

σ∫
0

dτ

τ∫
0

G̃(y, σ, η, τ)

(
τ

1−γ
γ

γ
×

× f(ηh2(τ), τ)− ν ′1(τ)−
η

τ
(ν ′2(τ)− ν ′1(τ))+

+
η

τ 2
(ν2(τ)− ν1(τ)) +

ηh′2(τ)

τh2(τ)
(ν2(τ)−

− ν1(τ))

)
dη, (y, σ) ∈ QT1 . (36)

Ïîâåðòàþ÷èñü äî v2(y, σ), çíàõîäèìî

v2yy(y, σ) =

σ∫
0

dτ

τ∫
0

G̃yy(y, σ, η, τ)

(
τ

1−γ
γ

γ
×

× f(ηh2(τ), τ)− ν ′1(τ)−
η

τ
(ν ′2(τ)− ν ′1(τ))+

+
η

τ 2
(ν2(τ)− ν1(τ)) +

ηh′2(τ)

τh2(τ)
(ν2(τ)−

− ν1(τ))

)
dη, (y, σ) ∈ QT1 . (37)

Äëÿ îöiíêè îäåðæàíîãî âèðàçó ñêîðèñòà-
¹ìîñü îöiíêîþ äðóãî¨ ïîõiäíî¨ îá'¹ìíîãî ïî-
òåíöiàëó [14]:∣∣∣∣∣∣

σ∫
0

dτ

τ∫
0

G̃yy(y, σ, η, τ)q(η, τ)dη

∣∣∣∣∣∣ ≤
≤ C

σ∫
0

dτ

(θ2(σ)− θ2(τ))1−δ/2
. (38)

Òóò q(y, σ) � äîâiëüíà íåïåðåðâíà â QT1 ôóí-
êöiÿ, ÿêà çàäîâîëüíÿ¹ óìîâó Ãåëüäåðà çà
çìiííîþ y ç ïîêàçíèêîì δ, 0 < δ < 1, C−

âiäîìà ñòàëà, θ2(σ) =
σ∫
0

a2(τ)τ
1−γ
γ

γh22(τ)
dτ.

Áåðó÷è äî óâàãè (38) òà ñïiââiäíîøåííÿ
ν ′1(σ) = 1

γ
µ′
i(σ

1
γ )σ

1
γ
−1, i = 1, 2, îöiíèìî îäèí

ç âèðàçiâ, ùî óòâîðþþòü (37):∣∣∣∣∣∣
σ∫

0

dτ

τ∫
0

G̃yy(y, σ, η, τ)
ν ′2(τ)− ν ′1(τ)

τ
ηdη

∣∣∣∣∣∣ ≤
≤ C4

σ∫
0

τ
1−γ
γ

−δdτ

(θ2(σ)− θ2(τ))
1− δ

2

, (39)

Iíøi âèðàçè ç (37) îöiíþ¹ìî àíàëîãi÷íî, âè-
êîðèñòîâóþ÷è óìîâè òåîðåìè. Òîäi, çâàæàþ-
÷è íà íeðiâíiñòü θ2(σ)−θ2(τ) ≥ C5(σ

1
γ − τ

1
γ ),

ç (37) i (39) îòðèìó¹ìî

|v2yy(y, σ)| 6 C6

σ∫
0

τ
1−γ
γ

−δdτ

(θ2(σ)− θ2(τ))
1− δ

2

≤

≤ C25

σ∫
0

τ
1−γ
γ

−δdτ

(σ
1
γ − τ

1
γ )1−

δ
2

.

Â îñòàííüîìó iíòåãðàëi âèêîíà¹ìî çàìiíó
z = τ

σ
:

|v2yy(y, σ)| 6 C7σ
δ
2γ

−δ
1∫

0

z
1−γ
γ

−δdz

(1− z
1
γ )1−

δ
2

≤

≤ C8σ
δ
2γ

−δ.

Çâiäñè âèïëèâà¹, ùî ïðàâà ÷àñòèíà (32) âè-
çíà÷åíà i íåïåðåðâíà â QT1 . Îòæå, ñèñòå-
ìà ðiâíÿíü (32)-(35) ìà¹ ëèøå òðèâiàëüíèé
ðîçâ'ÿçîê. Öå îçíà÷à¹, ùî ðîçâ'ÿçîê çàäà÷i
(5)-(8), à òàêîæ i çàäà÷i (1)-(4) ¹äèíèé. Òåî-
ðåìó äîâåäåíî.
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Íàöiîíàëüíèé óíiâåðñèòåò �Ëüâiâñüêà ïîëiòåõíiêà�

ÊÐÀÉÎÂÀ ÇÀÄÀ×À ÄËß ÀÁÑÒÐÀÊÒÍÈÕ ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ
ÐIÂÍßÍÜ Ç ÎÏÅÐÀÒÎÐÎÌ IÍÂÎËÞÖI�

Âèâ÷à¹òüñÿ íåëîêàëüíà çàäà÷à äëÿ äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü ç iíâîëþöi¹þ.
Âñòàíîâëåíî ñïåêòðàëüíi âëàñòèâîñòi òà óìîâè iñíóâàííÿ i ¹äèíîñòi ðîçâ'ÿçêó. Íàâåäåíî äîñòà-
òíi óìîâè ïðè ÿêèõ ñèñòåìà êîðåíåâèõ ôóíêöié ñóòò¹âî íåñàìîñïðÿæåíîãî îïåðàòîðà çàäà÷i
óòâîðþ¹ áàçèñ Ðiññà.

We study a nonlocal problem for di�erential-operator equations of order 2 with involution. The
spectral properties of the operator of this problem are analyzed and the conditions for the existence
and uniqueness of its solution are established. It is also proved that the system of root functions
essentially a nonself-adjoint operator of the analyzed problem forms a Riesz basis.

Statement of the Problem.

Suppose that H is a separable Hilbert
space, A : H → H is a positive self-adjoint
operator with point spectrum σp(A) =
{zk ∈ R : zk ∼ βkα, α, β > 0, k = 1, 2, ...},
V (A) ≡ {vk ∈ H : k = 1, 2, ...} is a system of
eigenfunctions that form an orthonormali-
zed basis in the space H, H (As) =
{v ∈ H : Asv ∈ H} , s ≥ 0, (u, v;H (As)) ≡
(Asu,Asv;H) , ∥y;H (As)∥ ≡ ∥Asy;H∥,
H1 ≡ L2 ((0, 1) , H) = {u (t) : (0, 1) → H,
∥u (t) ;H∥ ∈ L2 (0, 1)} , Dx : H1 → H1 is
a strong derivative in the space H1, i.e.∥∥∥∥u (x+∆x)− u (x)

∆x
−Dxu;H

∥∥∥∥→ 0,

(∆x→ 0) , I : L2 (0, 1) → L2 (0, 1) is operator
of involution:
Iu (x) ≡ u (1− x) ,(u (x) ∈ L2 (0, 1)),
p0 ≡ 1

2
(E + I) , p1 ≡ 1

2
(E − I),

L2,j (0, 1) ≡ {y ∈ L2 (0, 1) : y = pjy},
H1,j ≡ {y (x) ∈ H1 : y (x) ≡ pjy (x)},j = 0, 1,
H2 ≡ {y (x) ∈ H1 : D

2
xy ∈ H1, A

2y ∈ H1} ,
∥y;H2∥2 ≡ ∥D2

xy;H1∥2 + ∥A2y;H1∥2,
L (H (Am) ;H (Aq)) is algebra of bounded
linear operators A : H (Am) → H (Aq) ,
(m, q ≥ 0) , H (A0) = H, L (H (Am)) ≡

L (H (Am) ;H (Am)) , H1 ≡ H

(
A

3
2

)
,

H2 ≡ H

(
A

1
2

)
, Bj ∈ L (H2) , B (x) ≡∑q

r=1Br

(
x− 1

2

)2r−1
, Br ∈ L (H2) , Brvk =

1
r!
br,kvk, B

jvk = bjkvk, B (x) vk = bk (x) vk,

br,k, b
j
k ∈ R, r = 1, 2, ...; q, j = 0, 1; k = 1, 2, ... .

Ñonsider the following problem:

L (Dx, A) y ≡ −D2
xy (x) + A2y +B (x) (y (x)−

−y (1− x)) = f (x) ,
(1)

l1y ≡ y (0)− y (1) = h1, (2)

l2y ≡ B0Dxy (0) +B1Dxy (1) = h2, (3)

f (x) ∈ H1, h1 ∈ H1, h2 ∈ H2.

We interpret the solution [16,21] of problem
(1), (3) as a function y (x) ∈ H2 satisfying the
equalities

∥L (Dx, A) y − f ;H1∥ = 0,
∥∥l1y − h1;H

1
∥∥ = 0,∥∥l2y − h2;H

2
∥∥ = 0.

Di�erential equation (1) includes operator
of involution. First study the properties of
involution operator launched C.Babbage (see
[5]). In paper [13] T.Carleman introduced the
concept of operator shift � a generalization of
the concept of involution Iy (x) ≡ y (1− x),
x ∈ L2 (0, 1). Exploration partial di�erential
equations with involution are devoted [2, 3, 4,
7, 11, 13, 22, 32, 37, 37 ].
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Properties spectral problems for ordinary
di�erential and functional- di�erential equati-
ons with involution investigated in the works
[1, 9- 10, 17- 20, 23- 25, 29- 31, 34- 36, 38] and
[5, 6, 8, 12, 27, 33, 39] respectively.

Solutions of spectral problem

L (Dx, A) y = λy (x) ,
λ ∈ C, l1y = 0, l2y = 0,

(4)

ñonsider as a product y (x) = u (x) vk, k =
1, 2, ..., u(x) ∈ W 2

2 (0, 1).
To determine the functions u (x) obtain

spectral problem

Lk (Dx)u ≡ −D2
xu (x) + z2ku+

bk (x) (u (x) + u (1− x)) = λu (x) ,
(5)

.

l1,ku ≡ u (0)− u (1) = 0, (6)

l2,ku ≡ b0kDxu (0) + b1kDx (1) = 0. (7)

Auxiliary spectral problems.
Consider the particular case the problem (5)

� (7) if the speci�ed conditions B (x) = 0,
b0k = −b1k = 1.

−D2
xu (x) + z2ku = λu (x) , (8)

u (0)−u (1) = 0, Dxu (0)−Dxu (1) = 0. (9)

Lemma 1. Let B0 = −B1 = E,
B (x) = 0. Then problem (8),
(9) have point spectrum σk ≡{
λk,n ∈ R : λk,n = (2πn)2 + z2k, n = 0, 1, ...,

}
and system of eigenfunctions

T ≡
{
tsn ∈ L2 (0, 1) : t

0
0 (x) = 1,

t0n (x) =
√
2 cos 2πnx,

t1n (x) =
√
2 sin 2πnx, n ∈ N

}
forms a ortonormalized basis in spaces
L2(0, 1).
Property of spectral problem (6) � (8).

We now consider the operator L0,k :
L2 (0, 1) → L2 (0, 1) of the problem (6) � (8)

L0,ku ≡ −D2
xu+ z2ku, u ∈ D (L0,k) ,

D (L0,k) ≡ {u ∈ W 2
2 (0, 1) : l1,ku = 0,

l2,ku = 0} .

Let

v0,0k,0 (x) ≡ 1, v0,0k,n (x) ≡
√
2 cos 2πnx, (10)

v1,0k,n (x) ≡
√
2 (1 + βk (2x− 1)) sin 2πnx, (11)

βk ≡
(
b0k − b1k

)−1 (
b0k + b1k

)
. (12)

You can check that

L0,kv
1,0
k,n (x) = λk,nv

1,0
k,n + ξ0k,nv

0,0
k,n,

ξ0k,n = −8πnβk, n = 0, 1, 2... .
(13)

Hence
V (L0,k) ≡

{
vs,0k,n (x) ; s = 0, 1, n = 0, 1, 2, ...

}
are the system of root functions of the operator
L0,k in the sense of equality (13).

Lemma 2. Let b0k ̸= b1k, k = 1, 2, ... . Then
the operator L0,k of problem (8), (6), (7) have
point spectrum σk, and system V (L0,k) of root
functions complete and minimal in L2 (0, 1).
Proof. We now consider the adjoint

spectral problem

−D2
xw (x) + z2kw = µw (x) , µ ∈ C,
b1kw (0) + b0kw (1) = 0,
Dxw (0)−Dxw (1) = 0.

(14)

The operator of this adjoint problem (14)
have point spectrum σk, and system of root
functions

w1,0
k,0 (x) ≡ 1− βk (2x− 1) ,

w0,0
k,n (x) ≡

√
2 sin 2πnx,

(15)

w1,0
k,n (x) ≡

√
2 (1− βk (2x− 1)) cos 2πnx.

(16)
You can check that
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L0,kv
1,0
k,n (R0) = λk,nv

1,0
k,n + ξ0k,nv

0,0
k,n,

ξ0k,n = 8πnβk, n = 1, 2... .
(17)

Hence, the system of root functions
V (L0,k) of the operator L0,k possesses a
unique biorthogonal system W (L0,k) ≡{
ws,0k,n (x) ; s = 0, 1;n = 1, 2, ...

}
are the system

of root functions of the problem (14) in the
sense of equality (17).(

vr,0k,n, w
s,0
k,q;L2 (0, 1)

)
= δr,sδk,q,

(r, s = 0, 1; q, n = 0, 1...) .
Ñonsider the operators R0,k, S0,k :

L2 (0, 1) → L2 (0, 1) , R0,kt
p
k,n ≡ vp,0k,n,

R0,k = E + S0,k, p = 0, 1;n = 0, 1, ... .
From the de�nition of the operator R0,k and

the completeness of system V (L0,k) in space
L2 (0, 1) we get S0,k : L2,0 (0, 1) → 0, S0,k :
L2,1 (0, 1) → L2,0 (0, 1)

To prove that the system V (L0,k) forms a
Riesz basis (see [15, 26] ) in L2 (0, 1), it is su�-
cient, according to formula R0,k = E + S0,k,
to show that the operator S0,k : L2 (0, 1) →
L2 (0, 1) is bounded.

Let ω be an arbitrary element from the
space L2 (0, 1)). We represent ω as a Fourier
series in the system T .

ω = ω0
0t

0
0 +

∞∑
m=1

ω0
mt

0
m + ω1

mt
1
m,

ωjm =
(
ω, tjm;L2 (0, 1)

)
.

According to the de�nition of the operator
S0,k, we �nd

S0,kω = βk (2x− 1)
∞∑
m=0

ω0
m

√
2 cos 2πmx.

Using the ratio

∥S0,kω;L2 (0, 1)∥ =

=

∥∥∥∥∥βk (2x− 1) ,
∞∑
m=0

ω0
m

√
2 cos 2πmx;L2 (0, 1)

∥∥∥∥∥ ,

we estimate it

∥S0,kω;L2 (0, 1)∥ ≤ |βk| ∥ω;L2 (0, 1)∥ .

Hence, R0,k = E + S0,k ∈ L (L2 (0, 1)) and(
R−1

0,k

)∗
= E − S∗0,k ∈ L (L2 (0, 1)) .

So using theorem N.K.Bary (see theorem 6.
2.1 [15]) we obtain the following statement.
Theorem 1. Let b0k ̸= b1k, k = 1, 2, ... .

Then the operator L0,k of problem (8), (6), (7)
have point spectrum σk , and system V (L0,k)
of root functions in the sense of equality (12)
forms a Riesz basis in L2 (0, 1).

Further, we introduce operator L1,k :
L2 (0, 1) → L2 (0, 1) of the problem (5) � (7):

L1,ku ≡ Lk (Dx)u, u ∈ D (L1,k) ,

D (L1,k) ≡
{
u ∈ W 2

2 (0, 1) : l1,ku = 0, l2,ku = 0
}
.

By the direct substitution we can show that
the functions v0,1k,n (x) =

√
2 cos 2πnx, is ei-

genfunctions of operator L1,k:

v0,1k,n (x) =
√
2 cos 2πnx ∈ D (L1,k) ,

L1,kv
0,1
k,n (x) = λk,nv

0,1
k,n (x) , k = 1, 2... .

Root function of operator L1,k, de�ned by
relation

v1,1k,n (x) ≡
√
2 sin 2πnx+ v0k,n (x)+

+v1k,n (x) + v2k,n (x) ,
(18)

v0k,n (x) ≡
√
2βk (2x− 1) sin 2πnx,

βk ≡ (b0k − b1k)
−1

(b0k + b1k) ,
(19)

v1k,n (x) ≡
√
2β1

k,n (2x− 1) sin 2πnx, (20)
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v2k,n (x) ≡
√
2

q+1∑
j=1

c2j+1,n,k
1

(2j+1)!
(x−

−1
2

)2j+1
sin 2πnx+

+
√
2

q∑
j=0

c2j,n,k
1

(2j)!

(
x− 1

2

)2j
cos 2πnx.

(21)

Support functions v1k,n (x), v
2
k,n (x) so choose

(Lk (Dx)− λk,n) v
1,1
k,n (x) = ξ1k,nv

0,1
k,n (x) = 0,

(22)

l1,k
(
v1k,n (x) + v2k,n (x)

)
= 0, (23)

l2,k
(
v1k,n (x) + v2k,n (x)

)
= 0. (24)

Substitute equity (21) ratio (22) and equal
de�ne parameters cr,n,k

c2s,n,k =
1

2πn

(
bs−1,k ±

1

(4πn)2
bs−1,k + ...±

± 1

(4πn)2q−2s+2 bq,k

)
,

(25)

c2s+1,n,k = − 1
2(πn)2

(
bs,k ±

1

(4πn)2
bs+1,k + ...±

± 1

(4πn)2q−2s bq,k

)
.

(26)
Taking into account that v1k,n (x)+v

2
k,n (x) ∈

L2,0 (0, 1),
√
2 sin 2πnx + v0k,n (x) = v1,0k,n (x) ∈

D (L0,k) obtain equality

l1,kv
1,1
k,n = l1,k

(
v1,0k,n + v1k,n + v2k,n

)
= 0.

If

Dxv
1
k,n (0) +Dxv

2
k,n (0) ≡ 2

√
2β1

k,n+

+2
√
2

q+1∑
j=1

c2j+1,n,k
1

(2j)!

(
1
2

)2j
= 0,

β1
k,n = −

∑q+1
j=1 c2j+1,n,k

1
(2j)!

(
1
2

)2j
then

l2,kv
1,1
k,n = l2,kv

1,0
k,n + l2,k

(
v1k,n + v2k,n

)
=

= l2,k
(
v1k,n + v2k,n

)
= 0.

Hence, v1,1k,n (x) ∈ D (L1,k),

L1,kv
1,1
k,n (x) ≡ λk,nv

1,1
k,n (x) + ξ1k,nv

0,1
k,n (x) , (27)

here

ξ1k,n = 8πn
(
βn + β1

n

)
, k = 1, 2, ..., n = 0, 1, ...

.
Consider the system functions

Vk ≡
{
vk,n (x) , v

0,1
k,n (x) ∈ L2 (0, 1) ,

k = 1, 2, ..., n = 0, 1, ...} ,
here

vk,n (x) ≡
√
2 cos 2πnx+ v0k,n (x) + v1k,n (x) ,

v0,1k,n (x) =
√
2 sin 2πnx, k = 1, 2, ...,
n = 0, 1, ... .

(28)
Lemma 3. Let b0k ̸= b1k, k = 1, 2, ... Then

the system functions (28) forms a Riesz basis
in space L2 (0, 1).

Lemma proved just as Theorem 1.
Lemma 4. Let b0k ̸= b1k,k = 1, 2, ... . Then

the system functions Vk and V (L1,k) a square
close in space L2 (0, 1).
Proof. A formula (19), (25), (26) that

follows.
So get inequality

∞∑
n=0

∥∥v1,1k,n − vk,n, L2 (0, 1)
∥∥2 =

=
∞∑
n=0

∥∥v2k,n, L2 (0, 1)
∥∥2 <∞.

Of the results [14] follows that the system
Vk is complete and minimal in space L2 (0, 1) .

Hence, the system of root functions V (L1,k)
of the operator L1,k possesses a unique bi-
orthogonal system W (L1,k)(

vr,1k,n, w
s,1
q,n;L2 (0, 1)

)
= δr,sδk,q,

(r, s = 0, 1; q, k = 0, 1...)

.
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So using theorem N.K.Bary (see theorem 6.
2.3 [15]) we obtain the following statement.
Theorem 2. Let b0k ̸= b1k, k = 1, 2, ... .

Then the operator L1,k of problem (5) � (7)
have point spectrum σk, and system V (L1,k)
of root functions in the sense of equality (27)
forms a Riesz basis in space L2 (0, 1).
The spectral problem (1), (2).
We now consider the operator L : H1 → H1

of problem (1), (2):

Ly ≡ L (Dx, A) y, y ∈ D (L) ,

D (L) ≡ {y ∈ H2 : l1y = 0, l2y = 0} .
Let b0k ̸= b1k, k = 1, 2, ... . Then the operator

L of problem (1), (2) have point spectrum

σ ≡
{
λk,n ∈ R : λk,n ≡ 4n2π2 + z2k,

n = 0, 1...; k = 1, 2, ...} ,
and system of root functions

V (L) ≡
{
vsk,n (L) ∈ H1 : v

s
k,n (L) = vs,1k,n (x) vk,

s = 0, 1;n = 0, 1, 2, ...; k = 1, ...} ,

v0k,0 (L) ≡ vk, v
0
k,n (L) ≡

√
2 sin 2πnxvk,

v1k,n (L) ≡ v1,1k,n (x) vk, n, k = 1, 2, ... .

System V (L) of root functi-
ons of the operator L possesses
a unique biorthogonal system
W (L) ≡

{
wsp,m ∈ H1v : wsp,m ≡ ws,1p,m (x) vm,

p = 1, 2, ...;m = 0, 1, ...; s = 0, 1}
in the sense of equality(

vjk,m, w
s
p,n;H1

)
= δj,sδk,pδm,n.

Hence, we obtain the following statement.
Lemma 5. Let b0k ̸= b1k, k = 1, 2, ... .

Then the operator L of problem (1), (2) have
complete and minimal in H1 system of root
functions V (L0).

Then ∥R1,kω;L2 (0, 1)∥ ≤ C ∥ω;L2 (0, 1)∥ ,∥∥(R−1
1,k

)
ω;L2 (0, 1)

∥∥ ≤ C ∥ω;L2 (0, 1)∥ , C > 0.
Further, we introduce operator
B ≡ (B0 +B1) (B0 −B1)

−1
.

Theorem 3. Let B ∈ L (H2) , Br ∈
L (H2) , r = 1, 2, ..., q. Then the operator L of
problem (1), (2), have system of root functions
V (L) forms a Riesz basis in H1.
Proof. Let

T1 ≡
{
tsk,n ∈ H1 : t

j
k,n ≡ tjnvk, t

j
n ∈ T,

vk ∈ V (A) , j = 0, 1, n = 0, 1, ..., k = 1, 2, ...} .
Ñonsider the operators R1, S1 : H1 → H1,

R1t
s
k,n ≡ vs,1k,n, R1 = E + S1.
From the de�nition of the operator R1 for

any g =
∑

s,k,m g
s
k,mt

s
k,m ∈ H1,

gsk,m =
(
g, tsk,m;H1

)
we get

R1g =
∑
j,k,m

gjk,mv
j,1
k,m ∈ H1,

(
R−1

1

)∗ ∑
j,k,m

gjk,mt
j
k,m =

∑
j,k,m

gjk,mw
j,1
k,m

∥R1g,H1∥ ≤ max ∥E + S1,k, L (H1)∥ ∥g,H1∥ =

= C1 ∥g,H1∥ ,

∥∥∥(R−1
1

)∗
g,H1

∥∥∥ ≤ max
∥∥∥E − (S1,k)

∗ , L (H1)
∥∥∥

∥g,H1∥ = C2 ∥g,H1∥ , k = 1, 2, ... .

So using theorem N.K.Bary (see theorem 6.
2.1 [15]) we obtain the following statement of
the theorem 3.
3. Property of problem (1), (2).
Replaced condition (2) on equivalent terms

l1y ≡ y (0)− y (1) = h1,
l3y ≡ Dxy (0)−Dxy (1)+

+B (Dxy (0) +Dxy (1)) = h3.
(29)

Here h3 ≡ 2 (B0 −B1)
−1
h1.

Consider the particular case the problem
(1), (29) if the speci�ed conditions B = 0,
B0 = 0

−D2
xy (x) + A2y = g (x) , (30)

y (0)− y (1) = g1,
Dxy (0)−Dxy (1) = g2, gj ∈ Hj, j = 1, 2.

(31)
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Theorem 4. Let B = 0, B0 = 0. Then for
any g ∈ H1, g1 ∈ H1, g2 ∈ H2, there exists a
unique solution of problem (30), (31).
Proof.We seek the solution of this problem

in the form y = u + v, there u is the solution
of the problem

−D2
xu (x) + A2u = g (x) , y (0)− y (1) = 0,

Dxy (0)−Dxy (1) = 0
(32)

and v is the solution of the problem

−D2
xv (x) + A2v (x) = 0, v (0)− v (1) = g1,

Dxv (0)−Dxv (1) = g2.
(33)

Consider the problem (32). We expand
the functions u (x) , g (x) in a series in the
orthonormalized T1 basis in the space H1 :

u =
∑
s,k,m

usk,mt
s
k,m, usk,m =

(
u, tsk,m;H1

)
,

g =
∑
s,k,m

gsk,mt
s
k,m, gsk,m =

(
g, tsk,m;H1

)
.

We estimate a number

−D2
xu =

∑
s,k,m

(2πm)2
(
(2πm)2 + z2k

)−1
gsk,mt

s
k,m,

∥∥D2
xu;H1

∥∥ ≤ ∥g;H1∥ ,

A2u =
∑
s,k,m

z2k
(
(2πm)2 + z2k

)−1
gsk,mt

s
k,m,

∥∥A2u;H1

∥∥ ≤ ∥g;H1∥ .
Hence

∥u;H2∥ ≤
√
2 ∥g;H1∥ . (34)

Consider the problem (33). Further, we
introduce operators, Yj (x,A) ≡ eAx +

(−1)j eA(1−x) ∈ L (H2;H2), j = j = 0, 1. The
solution of the di�erential equation (33) has
the form

v(x) = Y0(x,A)φ0 + Y1(x,A)φ1 (35)

where φ0, φ1 are unknown.
To determine the, φ0, φ1 ∈ H1 we substi-

tute expression (35) in the condition (33) and
obtain

φ1 =
1
2
W1 (0, A)

−1 g1, φ0 =
1
2
W1 (0, A)

−1A−1g2.

Hence,

v = 1
2
W1 (x,A)W1 (0, A)

−1 g1+

+1
2
W0 (x,A)W1 (0, A)

−1A−1g2,

∥v;H2∥2 ≤ C
(∥∥g1;H1

∥∥2 + ∥∥g2;H2
∥∥2) . (36)

Therefore follows from inequalities (34),
(36) inequality

∥y;H2∥2 ≤ C1

(
∥g;H1∥2 +

+
∥∥g1;H1

∥∥2 + ∥∥g2;H2
∥∥2) .

We now return to the original problem (1),
(2). Consider in connection problem as the sum
y = y0 + y1, yj ∈ H1,j

∩
H2,j, j = 0, 1.

To determine the unknowns yj ∈ H1,j get
the problem

−D2
xy1 (x) + A2y1(x) = f1 (x) , f1 (x) ∈ H1,1,

y1 (0)− y1 (1) = h1, Dxy1 (0)−Dxy1 (1) = 0,

−D2
xy0 (x) + A2y0(x) = f0 (x)− 2B(x)y1(x),

f0 (x) ∈ H1,0,

y0 (0)− y0 (1) = 0, Dxy0 (0)−Dxy0 (1) =

= h3 −B (Dxy1 (0) +Dxy1 (1)) ,

∥y;H2∥2 ≤ C
(
∥f ;H1∥2 +

∥∥h1;H1
∥∥2 +

+
∥∥h2;H2

∥∥2) , (C > 0) .
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For unknown functions yj ∈ H1,j get that
problem is a particular case of the problem
(21), (22). Hence the statement is correct.
Theorem 5. Let B ∈ L (H1) , B(x) ∈

L (H2). Then for any f ∈ H1, h1 ∈ H1, h2 ∈
H2, there exists a unique solution of problem
(1), (2) and fair inequality

∥y;H2∥2 ≤ C
(
∥f ;H1∥2 +

∥∥h1;H1
∥∥2+

+
∥∥h2;H2

∥∥2) , (C > 0) .

Conclusion.
Investigated the spectral properties essenti-

ally a nonself-adjoint operator nonlocal
problems for abstract di�erential equation
with involution.

Studied the problem solution is built on a
number of root functions
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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÓÑÅÐÅÄÍÅÍÍß Â ÁÀÃÀÒÎ×ÀÑÒÎÒÍÈÕ ÑÈÑÒÅÌÀÕ IÇ ËIÍIÉÍÎ
ÏÅÐÅÒÂÎÐÅÍÈÌÈ ÀÐÃÓÌÅÍÒÀÌÈ I ÒÎ×ÊÎÂÈÌÈ ÒÀ

IÍÒÅÃÐÀËÜÍÈÌÈ ÓÌÎÂÀÌÈ

Ðîçãëÿíóòî áàãàòî÷àñòîòíó ñèñòåìó ðiâíÿíü iç ëiíiéíî ïåðåòâîðåíèìè àðãóìåíòàìè òà ç
òî÷êîâèìè é iíòåãðàëüíèìè óìîâàìè. Äîñëiäæåíî iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i. Íà
ïiäñòàâi îöiíêè îñöèëÿöiéíèõ iíòåãðàëiâ îá ðóíòîâàíî ìåòîä óñåðåäíåííÿ òà îäåðæàíî îöiíêó
ïîõèáêè ìåòîäó óñåðåäíåííÿ äëÿ ïîâiëüíèõ çìiííèõ.

The multifrequency system of equations with linearly transformed arguments and with point
and integral conditions is considered. The existence and uniqueness of solution of the problem are
investigated. The averaging method is justi�ed based on evaluation of oscillating integrals and the
estimation error of averaging method for slow variables is obtained.

1. Âñòóï
Ìåòîäîì óñåðåäíåííÿ áàãàòî÷àñòîòíi ñèñ-

òåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

da

dτ
= X(τ, a, φ, ε),

dφ

dτ
=
ω(τ)

ε
+ Y (τ, a, φ, ε)

ç iíòåãðàëüíèìè óìîâàìè äîñëiäæóâàëèñü ó
ïðàöÿõ [1, 2] òà ií. Çîêðåìà, ó ðîáîòi [1] çäié-
ñíåíî óñåðåäíåííÿ ÿê ó ñèñòåìi äèôåðåíöi-
àëüíèõ ðiâíÿíü, òàê i â iíòåãðàëüíèõ óìî-
âàõ é îäåðæàíî àñèìïòîòè÷íó îöiíêó ïîõèá-
êè ìåòîäó óñåðåäíåííÿ.

Àíàëîãi÷íà çàäà÷à äëÿ áàãàòî÷àñòîòíèõ
ñèñòåì iç ëiíiéíî ïåðåòâîðåíèìè àðãóìåí-
òàìè ó ðåçîíàíñíîìó âèïàäêó ðîçãëÿíóòà ó
ïðàöÿõ [3�5]. Àñèìïòîòèêà îöiíêè ó öüîìó
âèïàäêó çàëåæèòü âiä ðîçìiðíîñòi âåêòîðà
÷àñòîò i êiëüêîñòi ëiíiéíî ïåðåòâîðåíèõ àð-
ãóìåíòiâ ó øâèäêèõ çìiííèõ.

Ó äàíié ðîáîòi âèâ÷à¹òüñÿ çàäà÷à ç òî÷-
êîâèìè é iíòåãðàëüíèìè óìîâàìè. Ïèòàííÿ
iñíóâàííÿ ðîçâ'ÿçêó äëÿ äèôåðåíöiàëüíîãî
ðiâíÿííÿ ç óìîâàìè òàêîãî òèïó ðîçãëÿäà-
ëîñü â ðîáîòi [6], à ñàìå äëÿ çàäà÷i

y′′ = f(x, y, y′), a < x < b,

y(x1) = y2,

x2∫
x1

y(x)dx = y2,

äå a < x1 < x2 < b i y1, y2 ∈ R.
2. Ïîñòàíîâêà çàäà÷i i ñõåìà óñåðåä-

íåííÿ. Ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëü-
íèõ ðiâíÿíü âèãëÿäó

da

dτ
= X(τ, aΛ, φΘ), (1)

dφ

dτ
=
ω(τ)

ε
+ Y (τ, aΛ, φΘ), (2)

äå τ ∈ [0, L], a ∈ D ⊂ Rn, φ ∈ Tm, m > 1,
0 < ε 6 ε0 ≪ 1, Λ = (λ1, . . . , λr),
Θ = (θ1, . . . , θs), λi, θj ∈ (0; 1],
aΛ = (aλ1 , ..., aλr), aλi(τ) = a(λiτ), i = 1, r,
φΘ=(φθ1 ,. . ., φθs), φθj(τ) = φ(θjτ), j = 1, s.

Çàäàìî íàñòóïíi óìîâè äëÿ ðîçâ'ÿçêó
ñèñòåìè ðiâíÿíü (1), (2):

a(τ0) = a0, 0 6 τ0 6 L; (3)
τ2∫
τ1

[ s∑
j=1

bj(τ, aΛ(τ))φθj(τ) +

+g(τ, aΛ(τ), φΘ(τ))

]
dτ = d, (4)

äå 0 6 τ1 < τ2 6 L.
Óìîâè òàêîãî òèïó ìîæíà îäåðæàòè, íà-

ïðèêëàä, ïðè ðîçãëÿäi ñèñòåìè ñëàáêî çâ'ÿ-
çàíèõ îñöèëÿòîðiâ

üi + ω2
i (τ)ui = εfi(τ, u(t), u(λt), u̇(t), u̇(λt)),

äå i = 1, n, 0 < λ < 1, u̇ :=
du

dt
,
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u := (u1, . . . , un), u̇ := (u̇1, . . . , u̇n),
fi � çàäàíi ôóíêöi¨.

Âèêîðèñòàâøè çàìiíó Êðèëîâà � Áîãîëþ-
áîâà [7], îäåðæèìî ñèñòåìó äèôåðåíöiàëü-
íèõ ðiâíÿíü äëÿ àìïëiòóä ai i ôàç φi âèã-
ëÿäó

dai
dτ

= − 1

ωi(τ)

(
gi(τ, a, aλ, φ, φλ) +

+aiω
′
i(τ) sinψi

)
sinψi,

dφi
dτ

=
ωi(τ)

ε
− 1

aiωi(τ)
×

×
(
gi(τ, a, aλ, φ, φλ) +

+aiω
′
i(τ) cosψi

)
cosψi.

Óìîâîþ (3) çàäà¹òüñÿ çíà÷åííÿ âåêòîðà
àìïëiòóä â äåÿêié òî÷öi τ0∈[0, L].

Óñåðåäíèâøè çà øâèäêèìè çìiííèìè φθj
ïðàâi ÷àñòèíè ðiâíÿíü (1), (2) i ôóíêöiþ g â
óìîâi (4), îäåðæèìî óñåðåäíåíó çàäà÷ó

da

dτ
= X0(τ, aΛ), (5)

dφ

dτ
=
ω(τ)

ε
+ Y0(τ, aΛ), (6)

a(τ0) = a0, (7)

τ2∫
τ1

[ s∑
j=1

bj(τ, aΛ(τ))φθj(τ) +

+g0(τ, aΛ(τ))

]
dτ = d. (8)

Îäåðæàíà çàäà÷à çíà÷íî ïðîñòiøà ïîðiâ-
íÿíî ç (1)�(4), îñêiëüêè ïðàâi ÷àñòèíè ðiâ-
íÿíü íå çàëåæàòü âiä φ. Êîìïîíåíòà ðîçâ'ÿç-
êó a(τ) çíàõîäèòüñÿ iç (5), (7), ïiñëÿ ÷îãî
çíàõîäæåííÿ êîìïîíåíòè ðîçâ'ÿçêó φ çâîäè-
òüñÿ äî iíòåãðóâàííÿ ç ïî÷àòêîâîþ óìîâîþ,
ùî çíàõîäèòüñÿ iç ñèñòåìè ëiíiéíèõ àëãåá-
ðà¨÷íèõ ðiâíÿíü.
3. Iñíóâàííÿ ðîçâ'ÿçêó óñåðåäíåíî¨

çàäà÷i
Ëåìà 1. Íåõàé ôóíêöiÿ X0 íåïåðåðâíà

çà ñóêóïíiñòþ çìiííèõ â îáëàñòi
[0, L]× ×SrR, äå SR = {a : ∥a − a0∥ 6 R}
i σ = max

[0,L]×Sr
R

∥X0(τ, aΛ)∥, σL 6 R. Òîäi íà

ïðîìiæêó [0, L] iñíó¹ õî÷à á îäèí ðîçâ'ÿçîê
çàäà÷i (5), (7).
Äîâåäåííÿ. Ââåäåìî îïåðàòîð

Fa := a0 +

τ∫
τ0

X0(z, aΛ(z))dz,

âèçíà÷åíèé ó ïðîñòîði C[0, L] íà êóëi SR.
Iç íåïåðåðâíîñòi òà îáìåæåíîñòi ôóíêöi¨ X0

âèïëèâà¹ ðiâíîñòåïåíåâà íåïåðåðâíiñòü ìíî-
æèíè Fa ïðè a ∈ SR. Îñêiëüêè

∥(Fa)(τ)∥6∥a0∥+

∥∥∥∥∥
τ∫

τ0

A0(z, aΛ(z))dz

∥∥∥∥∥6∥a0∥+Lσ,

òî ìíîæèíà çíà÷åíü Fa ðiâíîìiðíî îáìåæå-
íà.

Íà ïiäñòàâi òåîðåìè Àðöåëà [8] ìà¹ìî, ùî
îïåðàòîð F ¹ öiëêîì íåïåðåðâíèì.

Iç òîãî, ùî

∥(Fa)(τ)−a0∥=

∥∥∥∥∥
τ∫

τ0

A0(z, aΛ(z))dz

∥∥∥∥∥ 6 R,

âèïëèâà¹, ùî F : SR → SR.
Òàêèì ÷èíîì, îïåðàòîð F çàäîâîëüíÿ¹

óìîâè òåîðåìè Øàóäåðà, ùî ãàðàíòó¹ iñíó-
âàííÿ ðîçâ'ÿçêó çàäà÷i (5), (7).
Ëåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè ëå-

ìè 1, âåêòîð-ôóíêöiÿ X0 çàäîâîëüíÿ¹ óìîâó
Ëiïøèöÿ çà çìiííèìè aλi iç ñòàëîþ α > 0 i

αrL < 1. (9)

Òîäi ðîçâ'ÿçîê çàäà÷i (5), (7) iñíó¹ i ¹äèíèé.
Äîâåäåííÿ. Iç ëåìè 1 òà óìîâè (9)

âèïëèâà¹, ùî îïåðàòîð F � ñòèñêàþ÷èé.
Ñïðàâäi, äëÿ áóäü-ÿêèõ a1,a2∈D

∥Fa2 − Fa1∥ 6

6 α

r∑
i=1

τ∫
τ0

∥a2(λiz)− a1(λiz)∥dz 6

6 αrL∥a2 − a1∥.

Íà ïiäñòàâi òåîðåìè Áàíàõà [8] iñíó¹ ¹äè-
íà íåðóõîìà òî÷êà îïåðàòîðà F , îòæå iñíó¹
¹äèíèé ðîçâ'ÿçîê çàäà÷i (5), (7).
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Ëåìà 3. Íåõàé a(τ) = a(τ, y), a(0, y) = y
� ðîçâ'ÿçîê çàäà÷i (5), (7), â îáëàñòi âèçíà-
÷åííÿ íîðìè ω, X0, Y0 i g0 îáìåæåíi ñòàëîþ
σ, íîðìè bj ñòàëèìè βj, à ìàòðèöÿ

S(τ1, τ2) :=
s∑
j=1

τ2∫
τ1

bj(τ, aΛ(τ))dτ

íåâèðîäæåíà.
Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê ðiâíÿííÿ (6),

ÿêèé çàäîâîëüíÿ¹ iíòåãðàëüíó óìîâó (8).
Ïðè öüîìó äëÿ τ ∈ [0, L]

∥φ(τ, y, ψ, ε)∥ 6 c1 +
c2
ε
, (10)

äå c1,c2�äîäàòíi ñòàëi, φ(0;y,ψ,ε)=ψ.
Äîâåäåííÿ. Iç ðiâíÿííÿ (6) çíàõîäèìî

φ(τ, y, ψ, ε) = ψ + φ(τ, y, 0, ε).

Ïiñëÿ ïiäñòàíîâêè φ â óìîâó (8) îäåðæèìî
äëÿ ψ ðiâíÿííÿ

S(τ1, τ2) ψ = d−

−
s∑
j=1

τ2∫
τ1

bj(τ, a(τ))φ(τj; y, 0, ε)dτ −

−
τ2∫
τ1

g0(τ, a(τ))dτ.

Îñêiëüêè

∥φ(τ, y, 0, ε)∥ 6 στ

(
1 +

1

ε

)
i

∥ψ∥ 6 ∥S−1(τ1, τ2)∥
(
∥d∥+

+
s∑
j=1

τ2∫
τ1

∥φ(τ, y, 0, ε)∥ds
)
,

òî äëÿ íîðìè φ(τ, y, ψ, ε) îäåðæèìî îöiíêó
(10), äå

c1 = ∥S−1(τ1, τ2)∥
(
∥d∥+ σ(τ2−τ1)×

×
(
0.5(τ2+τ1)

s∑
i=1

βiθi+1

)
+σL

)
,

c2 = σ

(
0.5∥S−1(τ1, τ2)∥(τ22 − τ1

2)×

×
s∑
i=1

βiθi + L

)
.

4. Ïîçíà÷åííÿ é óìîâè. Íåõàé
G := [0, L]×Dr, G1 := G×Tms, f := (X, Y, g).
Ïðèïóñòèìî, ùî âèêîíóþòüñÿ íàñòóïíi óìî-
âè:

10. f ∈ C2
aΛ
(G1, σ), f ∈ C1

τ (G1, σ), äå ñòà-
ëîþ σ îáìåæåíi íîðìè f òà ïîõiäíèõ.

20. f ∈ Cmr+1
φΘ

(G1, σ).
30. bj ∈ C2(G, βj), j = 1, s.
40. ω ∈ Cms−1([0, L], σ) i âèçíà÷íèê

Âðîíñüêîãî V (τ), ïîáóäîâàíèé çà ñèñòåìîþ
ôóíêöié

{
ω(θ1τ), . . . , ω(θsτ)

}
, âiäìiííèé âiä

íóëÿ ïðè τ ∈ [0, L].
50. Iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (5), (7),

ÿêèé ëåæèòü â îáëàñòi D ðàçîì iç äåÿêèì
ρ-îêîëîì.

Âèêîíàííÿ óìîâè 30 ãàðàíòó¹ íåçàñòðÿ-
ãàííÿ ðîçâ'ÿçêó ñèñòåìè ðiâíÿíü (1), (2) â
îêîëi ðåçîíàíñó, óìîâîþ ÿêîãî â òî÷öi τ ∈
∈ [0, L] ¹ âèêîíàííÿ ðiâíîñòi

γk(τ) :=
s∑
j=1

θj(kj, ω(θjτ)) = 0,

äå kj ∈ Zm,
s∑
j=1

∥kj∥ ≠ 0.

60. Ïðèïóñòèìî, ùî ìàòðèöi

S(τ0)=I−
s∑
j=1

τ0∫
0

∂X0(τ, aΛ(τ, y))

∂aλj

∂aλj(τ, y)

∂y
dτ,

i S(τ1, τ2) � íåâèðîäæåíi.
Óìîâà 40 äîçâîëÿ¹ îäåðæàòè äëÿ îñöèëÿ-

öiéíîãî iíòåãðàëà

Ik(τ, ε)=

τ∫
0

f(z, ε) exp

(
i

ε

z∫
0

γk(t)dt

)
dz

ðiâíîìiðíó îöiíêó

∥Ik(τ, ε)∥6c3
(
sup ∥f(t, ε)∥+ 1

∥k∥
sup

∥∥∥∥dfdt
∥∥∥∥),

äå c3 > 0 i íå çàëåæèòü âiä ε i k.
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Íà ïiäñòàâi îöiíêè îñöèëÿöiéíîãî iíòåã-
ðàëà îäåðæó¹òüñÿ îöiíêà ïîõèáêè ìåòîäó
óñåðåäíåííÿ äëÿ ðîçâ'ÿçêiâ ñèñòåì (1), (2) i
(5), (6), ïî÷àòêîâi çíà÷åííÿ ÿêèõ çáiãàþòüñÿ
ïðè τ = 0, i ìà¹ âèãëÿä [4, 5]

∥a(τ)− a(τ)∥+ ∥φ(τ)− φ(τ)∥ 6 c4ε
α. (11)

5. Îáãðóíòóâàííÿ ìåòîäó óñåðåäíå-
ííÿ
Òåîðåìà. Íåõàé âèêîíóþòüñÿ óìîâè 10�

60. Òîäi äëÿ äîñèòü ìàëîãî ε0 > 0 iñíó¹
¹äèíèé ðîçâ'ÿçîê çàäà÷i (1)�(4) i äëÿ âñiõ
τ ∈ [0, L] i ε ∈ (0, ε0] âèêîíó¹òüñÿ îöiíêà

∥a(τ, y + µ, ψ + ξ, ε)− a(τ, y)∥+
+∥φ(τ, y+µ, ψ+ξ, ε)−φ(τ, y, ψ, ε)−
−η(ε)∥ 6 c5ε

α, (12)

äå α = (rm)−1, à äëÿ ôóíêöi¨ η(ε) ñïðàâäæó-
¹òüñÿ îöiíêà

∥η(ε)∥ 6 c6ε
α−1.

Äîâåäåííÿ. Íåõàé
(
a(τ), φ(τ)

)
:=

:=
(
a(τ, y), φ(τ, y, ψ, ε)

)
� ðîçâ'ÿçîê çàäà÷i

(5), (8) ïðè τ ∈ [0, L], ã(τ) = a(τ, y + µ) i
y + µ ∈ D. Òîäi iç ðiâíÿííÿ (5) ìà¹ìî

ã(τ)− a(τ) = µ+

+

τ∫
0

[
X0(z, aΛ(z, y+µ))−X0(z, aΛ(z, y))

]
dz.

Çâiäñè îäåðæèìî

∥ã(τ)− a(τ)∥ 6 ∥µ∥+

+σ
r∑
j=1

τ∫
0

∥ãλj(z)− aλj(z)∥dz.

Íà ïiäñòàâi iíòåãðàëüíî¨ íåðiâíîñòi [4], ÿêà
¹ óçàãàëüíåííÿì íåðiâíîñòi Ãðîíóîëëà �
Áåëëìàíà, ìà¹ìî

∥ã(τ)− a(τ)∥ 6 ∥µ∥ exp
(
σ

r∑
i=1

λi

)
τ.

Òàêèì ÷èíîì, äëÿ âñiõ τ ∈ [0, L]

∥ã(τ)− a(τ)∥ 6 c7∥µ∥, (13)

äå c7 = exp

(
σL

r∑
i=1

λi

)
.

Íåñêëàäíî îäåðæó¹òüñÿ i òàêà îöiíêà

∥φ(τ, y+µ, ψ+ξ, ε)−φ(τ, y, ψ, ε)∥ 6
6 ∥ξ∥+ c7rσL∥µ∥. (14)

Ïîêàæåìî, ùî ìîæíà çíàéòè òàêå µ ∈ Rn,
ùî ðîçâ'ÿçîê a(τ) = a(τ, y+µ, ψ, ε) âèçíà÷å-
íèé íà [0, L] ïðè ε ∈ (0, ε0], ψ ∈ Rm i ïðè
öüîìó a(τ0) = a(τ0). Íåõàé

c7∥µ∥ 6 0.5ρ, c4ε
α 6 0.5ρ.

Òîäi, ÿê ïîêàçàíî â [4], iñíó¹ ¹äèíèé ðîçâ'ÿ-
çîê ñèñòåìè (1), (2) ç ïî÷àòêîâèìè óìîâàìè
y + µ, ψ + ξ. Äàëi ìà¹ìî,

∥a(τ, y + µ, ψ, ε)− a(τ, y)∥ 6
6 ∥a(τ, y + µ, ψ, ε)− a(τ, y + µ)∥+

+∥a(τ, y + µ)− a(τ, y)∥ 6
6 c4ε

α + c7∥µ∥.

Iç âèêîíàííÿ óìîâ (3) i (5) íà ïiäñòàâi ðiâ-
íÿíü (1) i (4) îäåðæèìî

µ = −
τ0∫
0

(
X0(τ, aΛ(τ))−

−X0(τ, aΛ(τ, y))
)
dτ −

−
τ0∫
0

(
X0(τ, aΛ(τ, y + µ))−

−X0(τ, aΛ(τ, y))
)
dτ −

−
τ0∫
0

X̃(τ, aΛ(τ), φΘ(τ))dτ =

= R1 +R2 +R3.

Òóò

X̃(τ, aΛ, φΘ)=
∑
k ̸=0

Xk(τ, aΛ(τ))e
i(k,φΘ).

Íà ïiäñòàâi îöiíêè (13) ìà¹ìî

∥R1∥ 6 στ0rc4ε
α.
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Ïåðåòâîðèâøè âèðàç R2, îäåðæèìî

R2 = −S(τ0)µ+R4(µ),

äå äëÿ R4 ñïðàâäæó¹òüñÿ îöiíêà

R4(µ) 6 c8∥µ∥2.

Íà ïiäñòàâi îöiíêè îñöèëÿöiéíîãî iíòåã-
ðàëà ìà¹ìî

∥R3(ε, µ)∥ 6 c9ε
α,

äå c9 > 0 i íå çàëåæèòü âiä ε i µ.
Îòæå, äëÿ çíàõîäæåííÿ µ ìà¹ìî ðiâíÿí-

íÿ
µ = Φ1(µ, ε),

äå Φ1(µ, ε) = S−1(τ0)(R1(ε, µ) +

+R4(µ) +R3(ε, µ)).

Iç îöiíîê äëÿ R1, R4 i R3 îäåðæèìî

∥Φ1(µ, ε)∥ 6 c10ε
α + c11∥µ∥2,

äå c10 = ∥S−1(τ0)∥(στ0rc4 + c7)ε
α,

c11 = ∥S−1(τ0)∥c6.
Íåõàé µ ∈ Rn òàêå, ùî

∥µ∥ 6 c12ε
α, (15)

c12 = 2c10 i ε 6 ε2 = (4c10c11)
−1/2. Òîäi

∥Φ1(µ, ε)∥ 6 c12ε
α

i Φ1 âiäîáðàæà¹ êóëþ ðàäióñà c12ε
α â ñåáå

ïðè ε ∈ (0, ε2].
Çàñòîñóâàâøè ìåòîäèêó îöiíîê, çàïðîïî-

íîâàíó ó ïðàöi [2] i ðåàëiçîâàíó äëÿ äèôå-
ðåíöiàëüíèõ ðiâíÿíü iç ëiíiéíî ïåðåòâîðå-
íèì àðãóìåíòîì â [4], îäåðæèìî∥∥∥∥∂Φ1

∂µ

∥∥∥∥ 6 c13∥µ∥+ c14ε
α 6 1

2
,

ÿêùî ε 6 ε2 = (2(c12c13 + c14))
−1/α.

Îòæå, äëÿ äîâiëüíîãî ε∈(0,min(ε0, ε1, ε2)]
iñíó¹ ¹äèíå çíà÷åííÿ µ = µ(ε), òîáòî ¹äèíèé
ðîçâ'ÿçîê a(τ) = a(τ, y + µ(ε), ψ, ε) ðiâíÿííÿ
(1) òàêèé, ùî a(τ0) = a0.

Íåõàé φ(τ) = φ(τ, y, ψ, ε) � ðîçâ'ÿçîê çà-
äà÷i (6), (8). Çíàéäåìî òàêå ξ(µ, ε) ∈ Rm, ùî

φ(τ) = φ(τ, y + µ, ψ+ +ξ, ε) ¹ ðîçâ'ÿçêîì çà-
äà÷i (2), (4). Iç óìîâ (4) i (8) ìà¹ìî

ξ = −S−1(τ1, τ2)×

×
{ s∑

j=1

τ2∫
τ1

[
bj(τ, aΛ(τ))×

×
(
φθj(τ, y + µ, ψ, ε)−
−φθj(τ, y + µ, ψ, ε)

)
+

+
(
bj(τ, aΛ(τ))− bj(τ, aΛ(τ))

)
×

×φθj(τ, y + µ, ψ, ε) +

+bj(τ, aΛ(τ))
(
φθj(τ, y + µ, ψ, ε)−

−φ(τ, y, ψ, ε)
)]
dτ +

+

τ2∫
τ1

[(
g0(τ, aΛ(τ))−g0(τ, ãΛ(τ))

)
+

+g0(τ, ãΛ(τ))−g0(τ, aΛ(τ)) +

+g̃(τ, aΛ, φΘ)
]
dτ

}
=

= −S−1(τ1, τ2)(R5 +R6).

Íà ïiäñòàâi íåðiâíîñòåé (10), (11), (13) i
(14) ìà¹ìî

∥S−1(τ1, τ2)R5(ξ, µ, ε)∥ 6 c15ε
α + c16ε

α−1.

Àíàëîãi÷íî ÿê i ïðè îöiíöi Φ1, îäåðæèìî

∥S−1(τ1, τ2)R6(µ, ξ, ε)∥ 6 c17ε
α.

Íåõàé ε 6 ε3 = c16(c15 + c17)
−1, ∥ξ∥ 6

6 2c16ε
α−1. Òîäi ïðè 0 < ε 6 ε4 = min(ε2, ε3)

∥Φ2(ξ, µ, ε)∥ 6 2c16ε
α−1.

Òàêèì æå ÷èíîì, ÿê i ïðè îöiíöi
∂Φ1

∂ξ
,

îäåðæèìî äëÿ âñiõ 0 < ε 6 min(ε4, ε5)∥∥∥∥∂Φ2(ξ(ε), µ(ε), ε)

∂ξ

∥∥∥∥ 6 1

2
.

Îòæå, iñíó¹ ¹äèíèé ðîçâ'ÿçîê ñèñòåìè
ðiâíÿíü (1), (2) ç ïî÷àêîâèìè óìîâàìè
y+µ(ε), ψ+ξ(µ(ε), ε), ÿêèé çàäîâîëüíÿ¹ óìî-
âè (3), (4).
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Íåõàé ε6 ε5, η(ε) = c6ε
α−1, c6 =2c16. Òîäi

äëÿ âñiõ 0 6 τ 6 L

∥φ(τ, y+µ, ψ+ξ, ε)−φ(τ, y, ψ, ε)− η(ε)∥ 6
6 ∥φ(τ, y+µ, ψ+ξ, ε)−φ(τ, y + µ, ψ + ξ, ε)∥+
+∥φ(τ, y+µ, ψ+ξ, ε)−φ(τ, y, ψ, ε)−η(ε)∥ 6
6 (c4 + c7c12rσL)ε

α, (16)

Âðàõóâàâøè îöiíêè (15) i (16), îäåðæèìî
îöiíêó (12), äå c5 = c4+ +c12c7(1 + rσL).
6. Ïðèêëàä. Ðîçãëÿíåìî çàäà÷ó

da

dτ
= 1 + cos(φ− 2φθ), θ = 0.5

dφ

dτ
=

1 + 2τ

ε
, τ ∈ [0, 1],

a(τ0) = a0, 0 < τ0 6 1
τ2∫
τ1

φ(τ)dτ = d, 0 6 τ1 < τ2 6 1.

Ó òî÷öi τ = 0 äîñÿãà¹òüñÿ ðåçîíàíñ,
îñêiëüêè γ(τ) := ω(τ)−θ× ×ω(θτ) = τ . Óìî-
âà 40 âèêîíó¹òüñÿ:∣∣∣∣ 1 + 2τ 1 + τ

2 1

∣∣∣∣ ̸= 0.

Óñåðåäíåíà çàäà÷à äëÿ ïîâiëüíî¨ çìiííî¨
íàáóâà¹ âèãëÿäó

da

dτ
= 1, a(τ0) = a0.

Ç iíòåãðàëüíî¨ óìîâè çíàõîäèìî

ψ = ψ = d(τ2 − τ1)
−1

−
(
3(τ1 + τ2) + 2(τ 21 +τ1τ2+τ

2
2

)
/6ε.

Îñêiëüêè a(τ0) = a(τ0), òî

a(0)− a(0) = µ = −
τ0∫
0

cos

(
τ 2

2ε
+ ψ

)
dτ.

Îöiíêà ïîõèáêè äëÿ ïîâiëüíî¨ çìiííî¨

∥a(τ)−a(τ)∥=
∣∣∣∣

τ∫
τ0

cos

(
τ 2

2ε
+ψ

)
dτ

∣∣∣∣6c18√ε,
îäåðæó¹òüñÿ íà ïiäñòàâi àñèìïòîòèêè iíòåã-
ðàëà Ôðåíåëÿ [9].

ÑÏÈÑÎÊ ËIÒÅÐÀÒÓÐÈ

1. Ïåòðèøèí Ð.I., Ïåòðèøèí ß.Ð. Óñåðåäíåí-
íÿ êðàéîâèõ çàäà÷ äëÿ ñèñòåì äèôåðåíöiàëüíèõ ðiâ-
íÿíü ç ïîâiëüíèìè òà øâèäêèìè çìiííèìè // Íåëi-
íiéíi êîëèâàííÿ. � 1998. � 1, �1.�Ñ. 51�65.

2. Ñàìîéëåíêî À.Ì., Ïåòðèøèí Ð.I. Ìàòåìàòè-
÷íi àñïåêòè òåîði¨ íåëiíiéíèõ êîëèâàíü. � Ê.: Íàó-
êîâà äóìêà, 2004. � 474 ñ.

3. Áåðåçîâñüêà (Êðàñíîêóòñüêà) I.Â. Óñåðåäíåí-
íÿ â áàãàòî÷àñòîòíèõ êðàéîâèõ çàäà÷àõ iç ëiíiéíî
ïåðåòâîðåíèìè àðãóìåíòàìè // Íåëiíiéíi êîëèâàí-
íÿ, 2013. � 16, �2. � Ñ. 147�156.

4. Áiãóí ß.É. Iñíóâàííÿ ðîçâ'ÿçêó òà óñåðåäíåí-
íÿ áàãàòîòî÷êîâèõ êðàéîâèõ çàäà÷ äëÿ áàãàòî÷àñòî-
òíèõ ñèñòåì iç ëiíiéíî ïåðåòâîðåíèì àðãóìåíòîì //
Íåëiíiéíi êîëèâàííÿ. � 2008. � 11, �4. � Ñ. 462�
471.

5. Ïåòðèøèí Ð.I., Áiãóí ß.É. Ïðî óñåðåäíåí-
íÿ â ñèñòåìàõ iç ëiíiéíî ïåðåòâîðåíèì àðãóìåíòîì
â ðåçîíàíñíîìó âèïàäêó // Íàóê. âiñí. ×åðíiâ. óí-
òó: Çá. íàóê. ïð. Âèï. 421. Ìàòåìàòèêà. � ×åðíiâöi:
Ðóòà, 2008. � Ñ. 84�89.

6. Benchohra M., Henderson J., Luca R.,
Ouahab A. Boundary data smoothness for solutions
of second order ordinary di�erential equations with
integral boundary conditions. // Dyn. Syst. Appl. �
2014. � 23(2). � P. 133�144.

7. Áîãîëþáîâ Í.Í., Ìèòðîïîëüñêèé Þ.À. Àñèì-
ïòîòè÷åñêèå ìåòîäû â òåîðèè íåëèíåéíûõ êîëåáà-
íèé. � Ì.: Íàóêà, 1974. � 504 ñ.

8. Êðàñíîâ Ì.Ë. Èíòåãðàëüíûå óðàâíåíèÿ. � Ì.:
Íàóêà, 1975. � 302 ñ.

9. Áåéòìåí Ã., Ýðäåéè À. Âûñøèå òðàíñöåíäåí-
òíûå ôóíêöèè. � Ì.: Íàóêà, 1974, òîì 2. � 296 ñ.

ISSN 2309-4001.Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2016. � Ò. 4, � 3�4. 35



ÓÄÊ 517.983

c⃝2015 ð. Â. Ãåðàñèìîâ, Ñ. Ãåôòåð, À. Ðèáàëêî
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ÍÅßÂÍÅ ËIÍIÉÍÅ ÍÅÎÄÍÎÐIÄÍÅ ÔÓÍÊÖIÎÍÀËÜÍÅ ÐIÂÍßÍÍß Ç
ÎÏÅÐÀÒÎÐÎÌ ÏÎÌÌ'� Â ÊIËÜÖI Z[[x]]

Ó ðîáîòi äëÿ äîâiëüíîãî öiëîãî ÷èñëà b ̸= ±1 çíàéäåíî êðèòåðié iñíóâàííÿ ðîçâ'ÿçêó ðiâ-
íÿííÿ by(x)−y(0)

x + f(x) = y(x) ç êiëüöÿ Z[[x]] ôîðìàëüíèõ ñòåïåíåâèõ ðÿäiâ ç öiëèìè êîåôiöi-
¹íòàìè òà îòðèìàíî ÿâíó ôîðìóëó äëÿ éîãî ¹äèíîãî ðîçâ'ÿçêó, ùî íàëåæèòü öüîìó êiëüöþ.
Ðåçóëüòàòè ðîáîòè îñíîâàíi íà çàñòîñóâàííi p-àäè÷íî¨ òîïîëîãi¨ íà êiëüöi Z.

For an arbitrary integer b ̸= ±1 an existence criterion of a solution of the equation
by(x)−y(0)

x + f(x) = y(x) from the ring Z[[x]] of formal power series with integers coe�cients is
found in the paper. Moreover, an explicit formula for its unique solution from this ring is obtain.
The results of paper are based of using the p-adic topology on the ring Z.

1. Âñòóï
Íåõàé b - ôiêñîâàíå öiëå ÷èñëî, Z[[x]] -

êiëüöå ôîðìàëüíèõ ñòåïåíåâèõ ðÿäiâ ç öiëè-
ìè êîåôiöi¹íòàìè i f ∈ Z[[x]]. Ðîçãëÿíåìî
íàñòóïíå ôóíêöiîíàëüíå ðiâíÿííÿ

b · y(x)− y(0)

x
+ f(x) = y(x). (1)

Ëiâà ÷àñòèíà öüîãî ðiâíÿííÿ ìiñòèòü îïåðà-
òîð Ïîìì'¹

∆(y)(x) =
y(x)− y(0)

x

(äèâ., íàïðèêëàä, [1]), ùî ¹ êîðå-
êòíî âèçíà÷åíèì ó êiëüöi Z[[x]]: ÿêùî
y(x) = c0 + c1x+ c2x

2 + . . ., òîäi ∆(y)(x) =
c1 + c2x + c3x

2 + . . .. Îïåðàòîð ∆ ùå íà-
çèâàþòü îïåðàòîðîì ëiâîãî çñóâó (àáî the
bachward shift operator). Îïåðàòîð Ïîìì'¹
çíàõîäèòü âàæëèâi çàñòîñóâàííÿ ó òåî-
ð¨¨ ôóíêöié ([2]-[4]), òåîði¨ îïåðàòîðiâ ó
ïðîñòîðàõ ãîëîìîðôíèõ ôóíêöié (äèâ.,
íàïðèêëàä, [1], [5]-[7]) òà â çàãàëüíié òåîði¨
ëiíiéíèõ îïåðàòîðiâ [8]). Ðiâíÿííÿ (1) áóäå-
ìî íàçiâàòè ðiâíÿííÿì Ïîìì'¹. ßêùî b = 1,
òîäi, ÿê ëåãêî áà÷èòè, äëÿ áóäü-ÿêîãî y0 ∈ Z
ïî÷àòêîâà çàäà÷à{

b · y(x)−y(0)
x

+ f(x) = y(x)
y(0) = y0

(2)

ìà¹ íàñòóïíèé ¹äèíèé ðîçâ'ÿçîê, ùî íàëå-

æèòü Z[[x]]:

y(x) =
y0 − xf(x)

1− x
= (y0−xf(x))(1+x+x2+...).

Ïðè b ̸= ±1 ðiâíÿííÿ (1) ¹ íåÿâíèì íàä êiëü-
öåì öiëèõ ÷èñåë. Ó ðîáîòi äëÿ äîâiëüíîãî
öiëîãî b ̸= ±1 çíàéäåíî êðiòåðié iñíóâàí-
íÿ ðîçâ'ÿçêó ïî÷àòêîâî¨ çàäà÷è (2) ç êiëü-
öÿ Z[[x]] ( äèâ. òåîðåìó 3.3 òà íàñëiäîê
3.6) òà îòðèìàíî ÿâíó ôîðìóëó äëÿ ¹äèíîãî
ðîçâ'ÿçêó ðiâíÿííÿ (1), ùî íàëåæèòü Z[[x]]
(íàñëiäîê 3.5). Âàæëèâó ðîëü ïðè öüîìó âi-
äiãðà¹ çàñòîñóâàííÿ p-àäè÷íî¨ òîïîëîãi¨ íà
êiëüöi öiëèõ ÷èñåë (äèâ., íàïðèêëàä, [9, 10]).

Çà îñíîâíèìè ðåçóëüòàòàìè ðîáîòè
áóëà çðîáëåíà äîïîâiäü íà ìiæíàðîäíié
íàóêîâié êîíôåðåíöi¨ �Äèôåðåíöiàëüíî-
ôóíêöiîíàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ�,
ïðèñâÿ÷åíié 80-ði÷÷þ âiä äíÿ íàðîäæåííÿ
Â.I.Ôîä÷óêà [11].
2. Ðiâíÿííÿ Ïîìì'¹ â ïðîñòîði Q[[x]]

òà â êiëüöi Z[x]
Â öüîìó ðîçäiëi ìè ðîçãëÿíåìî ïèòàííÿ

ïðî ðîçâ'ÿçêè ðiâíÿííÿ Ïîìì'¹ (1) ó âåêòîð-
íîìó ïðîñòîði Q[[x]] ôîðìàëüíèõ ñòåïåíå-
âèõ ðÿäiâ ç ðàöiîíàëüíèìè êîåôiöi¹íòàìè òà
â êiëüöi Z[x] ïîëiíîìiâ ç öiëèìè êîåôiöi¹í-
òàìè.

Âèïàäîê ïðîñòîðó Q[[x]] ¹ äóæå ïðîñòèì.
Òåîðåìà 2.1. Íåõàé b ∈ Q i f ∈ Q[[x]].

Òîäi äëÿ áóäü-ÿêî¨ ïî÷àòêîâî¨ óìîâè y(0) =
y0 ∈ Q çàäà÷à (2) ìà¹ ¹äèíèé ðîçâ'ÿçîê, ùî
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íàëåæèòü ïðîñòîðó Q[[x]].
Äîâåäåííÿ. Ìîæíà ââàæàòè, ùî b ̸= 0.

Îñêiëüêè y(0) = y0, òî ç ðiâíÿííÿ (1) ìè
îòðèìó¹ìî

y(x) =
by0 − xf(x)

b− x
=

=
(
y0 −

x

b
· f(x)

)(
1− x

b

)−1

=

=
(
y0 −

x

b
f(x)

)( ∞∑
n=0

xn

bn

)
.

Òàêèì ÷èíîì, ÿêùî f(x) =
∞∑
n=0

anx
n, òî-

äi ¹äèíèé ðîçâ'ÿçîê ïî÷àòêîâî¨ çàäà÷i (2) ó
âèãëÿäi ôîðìàëüíîãî ñòåïåíåâîãî ðÿäó ç ðà-
öiîíàëüíèìè êîåôiöi¹íòàìè ìà¹ íàñòóïíèé
ÿâíèé âèãëÿä:

y(x) =

(
∞∑
n=0

xn

bn

)
y0 −

∞∑
n=1

(
n−1∑
k=0

ak
bn−k

)
xn.

�
Ðîçãëÿíåìî òåïåð âèïàäîê, êîëè f � ïî-

ëiíîì ç öiëèìè êîåôiöi¹íòàìè.
Òåîðåìà 2.2. Íåõàé b ∈ Z, f ∈ Z[x] i

deg f = m. Òîäi ðiâíÿííÿ (1) ìà¹ ¹äèíèé ïî-
ëiíîìiàëüíèé ðîçâ'ÿçîê y(x) ç öiëèìè êîåôi-
öi¹íòàìè i deg y = m.
Äîâåäåííÿ. Íåõàé f(x) = a0+a1x+. . .+

amx
m. Òîäi △(f)(x) = f(x)−f(0)

x
= a1 + a2x +

. . . + amx
m−1. Òàêèì ÷èíîì, △(f) ∈ Z[x] i

deg△(f) = m− 1.
Ðîçãëÿíåìî òåïåð ïîëiíîì

y = f+b△(f)+b2△2(f)+. . .+bm△m(f). (3)

Ìè ìà¹ìî, ùî y ∈ Z[x], deg y = m i

b△(y) + f = b△(f) + b2△2(f) + . . .+

+bm△m(f) + f,

îñêiëüêè △m+1(f) = 0. Òàêèì ÷èíîì,
b△(y) + f = y, òîáòî y ¹ ðîçâ'ÿçêîì ðiâíÿí-
íÿ (1). Äîâåäåìî ¹äèíiñòü ðîçâ'ÿçêó ç êiëüöÿ
Z[x]. Íåõàé b△(y) = y. Òîäi

y = b△(y) = b2△2(y) = . . . =

= bm+1△m+1(y) = 0.

Òåîðåìó äîâåäåíî.
Ç ðiâíîñòi (3) òåïåð âèïëèâà¹ òàêå òâåð-

äæåííÿ.
Íàñëiäîê 2.3. Íåõàé f ∈ Z[x], f(x) =

a0+a1x+. . .+amx
m i y0 ∈ Z. Òîäi ïî÷àòêîâà

çàäà÷à (2) ìà¹ ðîçâ'ÿçîê ç êiëüöÿ Z[x] òîäi
i òiëüêè òîäi, êîëè

a0 + ba1 + b2a2 + . . .+ bmam = y0, (4)

òîáòî y0 = f(b).
3. Ðiâíÿííÿ Ïîìì'¹ â êiëüöi Z[[x]]
Â öüîìó ðîçäiëi ìè áóäåìî ðîçãëÿäàòè

îñíîâíèé âèïàäîê, êîëè f(x) � ôîðìàëü-
íèé ñòåïåíåâèé ðÿä ç öiëèìè êîåôiöi¹íòàìè.
ßêùî f íå ¹ ïîëiíîìîì, òî ñèòóàöiÿ áiëüø
ñêëàäíà i öiêàâà. Ïî-ïåðøå, âiäçíà÷èìî, ùî
ðiâíÿííÿ (1) âçàãàëi ìîæå íå ìàòè ðîçâ'ÿç-
êó ó âèãëÿäi ôîðìàëüíîãî ñòåïåíåâîãî ðÿäó
ç öiëèìè êîåôiöi¹íòàìè.
Òåîðåìà 3.1. Íåõàé b = 2 i f(x) =

1 + x2 + x4 + . . . Òîäi ðiâíÿííÿ (1), òîáòî
ðiâíÿííÿ

2 · y(x)− y(0)

x
+ 1 + x2 + x4 + . . . = y(x)

íå ìà¹ ðîçâ'ÿçêiâ ó âèãëÿäi ôîðìàëüíîãî
ñòåïåíåâîãî ðÿäó ç öiëèìè êîåôiöi¹íòàìè.
Äîâåäåííÿ. Íåõàé y(x) = c0+c1x+c2x

2+
. . . � ðîçâ'ÿçîê íàøîãî ðiâíÿííÿ ç ïðîñòîðó
Q[[x]] (äèâ. òåîðåìó 2.1). Òîäi äëÿ êîåôiöi-
¹íòiâ cn ìà¹ìî ðåêóððåíòíå ñïiââiäíîøåííÿ
cn+1 = 1

2
(cn − an), äå a2k = 1, a2k−1 = 0 äëÿ

âñiõ k = 0, 1, 2, . . . Çâiäñè

|cn+1| ≤
1

2
(|cn|+ 1) ≤

≤ 1

2

(
1

2
|cn−1|+

1

2

)
+

1

2
≤ . . . ,

çâiäêè

|cn+1| ≤
1

2n+1
(|c0|+1)+

1

2n+1
+

1

2n
+ ...+

1

2
≤

≤ 1

2n+1
(|c0|+ 1) + 1.

Òîìó iñíó¹ òàêå n0 ∈ N, ùî |cn+1| < 2 äëÿ
n ≥ n0. ßêùî ïðèïóñòèòè, ùî cn+1 ∈ Z,
îòðèìó¹ìî: cn = 0 àáî cn = ±1 äëÿ âñiõ
n ≥ n0 − 1. ßêùî cn = 0 äëÿ äåÿêîãî n, òîäi
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cn+1 = −1
2
an, òîáòî n ¹ íåïàðíèì i cn+1 = 0.

Çâiäñè cn+2 = −1
2
an+1 = −1

2
, ùî íåìîæëè-

âî. Íåõàé òåïåð |cn| = 1 äëÿ âñiõ n ≥ n0 − 1.
Òîäi äëÿ íåïàðíîãî n ìè òàêîæ ìà¹ìî íåâið-
íó ðiâíiñòü |cn+1| = 1

2
|cn|. Òàêèì ÷èíîì, âñi

êîåôiöi¹íòè cn íå ìîæóòü áóòè öiëèìè. �
Çàóâàæåííÿ 3.2. Óçàãàëüíþþ÷è ìiðêó-

âàííÿ ç äîâåäåííÿ òåîðåìè 3.1, ìîæíà ïî-
êàçàòè, ùî ðiâíÿííÿ

2 · y(x)− y(0)

x
+ a0 + a1x+ a2x

2 + . . . = y(x)

íå ìà¹ ðîçâ'ÿçêiâ ç êiëüöÿ Z[[x]] äëÿ áóäü-
ÿêîãî ðÿäó f(x) = a0 + a1x + a2x

2 + . . . , äå
an = 0, àáî an = 1, i 0 òà 1 çóñòði÷àþòüñÿ
ñåðåä êîåôiöi¹íòiâ an íåñêií÷åííó êiëüêiñòü
ðàçiâ.

Ðiâíÿííÿ (1) ìîæå íå ìàòè ðîçâ'ÿçêiâ
ç êiëüöÿ Z[[x]], àëå, ÿêùî òàêèé ðîçâ'ÿçîê
iñíó¹, òî, ÿê ïðàâèëî, âií ¹ ¹äèíèì.
Òåîðåìà 3.2 Íåõàé b ̸= ±1. Òîäi îäíîði-

äíå ðiâíÿííÿ

b · y(x)− y(0)

x
= y

ìà¹ òiëüêè íóëüîâèé ðîçâ'ÿçîê ó âèãëÿäi
ôîðìàëüíîãî ñòåïåíåâîãî ðÿäó ç öiëèìè êî-
åôiöi¹íòàìè.
Äîâåäåííÿ. Íåõàé y(x) = c0 + c1x +

c2x
2 + . . . � ðîçâ'ÿçîê îäíîðiäíîãî ðiâíÿííÿ

b · y(x)−y(0)
x

= y, ùî íàëåæèòü Z[[x]]. Òîäi

y(x)− y(0)

x
= c1 + c2x+ c3x

2 + . . .

i ìè ìà¹ìî: bc1 = c0, bc2 = c1, bc3 = c2, . . .
Çâiäñè âiïëèâà¹, ùî c0 = bncn äëÿ áóäü ÿêîãî
n. Òîìó c0 = c1 = c2 = . . . = 0, òîáòî y = 0.�

Äëÿ îòðèìàííÿ êðèòåðiþ iñíóâàííÿ
ðîçâ'ÿçêó ðiâíÿííÿ (1) ç êiëüöÿ Z[[x]] ìè áó-
äåìî âèêîðèñòîâóâàòè p-àäè÷íó òîïîëîãiþ
íà êiëüöi Z.

Íåõàé p�ïðîñòå ÷èñëî i Zp � êiëüöå öiëèõ
p-àäè÷íèõ ÷èñåë. Íà Zp ìè áóäåìî ðîçãëÿäà-
òè ñòàíäàðòíó òîïîëîãiþ i íîðìó || · ||p (äèâ.
[10], [11]). Äëÿ íàñ áóäå âàæëèâèì, ùî çái-

æíiñòü â êiëüöi Zp ðÿäó
∞∑
n=0

αn ¹ åêâiâàëåí-

òíîþ òîìó, ùî αn → 0 â Zp.

Íàñòóïíà òåîðåìà ¹ îñíîâíèì ðåçóëüòà-
òîì ðîáîòè.
Òåîðåìà 3.3. Íåõàé b ̸= 0, b ̸= ±1 i

f(x) = a0 + a1x + a2x
2 + a3x

3 + . . . � ôîð-
ìàëüíèé ñòåïåíåâèé ðÿä ç öiëèìè êîåôiöi-
¹íòàìè. Ðiâíÿííÿ

b · y(x)− y(0)

x
+ f(x) = y(x)

ìà¹ ðîçâ'ÿçîê ó âèãëÿäi ôîðìàëüíîãî ñòå-
ïåíåâîãî ðÿäó ç öiëèìè êîåôiöi¹íòàìè òîäi
i òiëüêè òîäi, êîëè iñíó¹ òàêå öiëå ÷èñëî
c0, ùî äëÿ âñiõ ïðîñòèõ ÷èñåë p, íà ÿêi äi-
ëèòüñÿ ÷èñëî b, âèêîíó¹òüñÿ íàñòóïíà ðiâ-
íiñòü â êiëüöi Zp:

a0 + a1b+ a2b
2 + a3b

3 + . . . = c0. (5)

Ïðè öüîìó ðîçâ'ÿçîê ç êiëüöÿ Z[[x]] ¹ ¹äè-
íèì i ìà¹ òàêèé âèãëÿä:

y(x) = c0 + c1x+ c2x
2 + c3x

3 + . . . ,

äå
c0 = a0 + a1b+ a2b

2 + . . . ,

c1 = a1 + a2b+ a3b
2 + . . . , (6)

c2 = a2 + a3b+ a4b
2 + . . . ,

· · ·
i âñi ðÿäè ó ïðàâèõ ÷àñòèíàõ ðiâíîñòåé (6)
çáiãàþòüñÿ â Zp, äëÿ òèõ p, ùî ¹ äiëüíèêàìè
÷èñëà b.
Äîâåäåííÿ. Íåîáõiäíiñòü. Íåõàé y(x) =

c0 + c1x+ c2x
2 + c3x

3 + . . . , cn ∈ Z � ðîçâ'ÿ-
çîê ðiâíÿííÿ (1). Òîäi äëÿ êîåôiöi¹íòiâ cn ìè
ìà¹ìî íàñòóïíå ðåêóðåíòíå ñïiââiäíîøåííÿ:

bcn+1 + an = cn, n = 0, 1, 2, ... (7)

Ðîçãëÿíåìî òåïåð ðÿä ó ëiâié ÷àñòèíi ðiâ-
íîñòi (5). ßêùî b äiëèòüñÿ íà ïðîñòå ÷èñëî
p, òî bn → 0 â êiëüöi Zp. Òîìó anbn → 0 â

Zp, òîáòî ðÿä
∞∑
n=0

anb
n çáiãà¹òüñÿ ó êiëüöi Zp.

Çíàéäåìî éîãî ñóìó. Ç ðiâíîñòi (7) îòðèìó¹-
ìî:

a0 + a1b+ a2b
2 + a3b

3 + . . .+ aNb
N =

= c0 − bc1 + b(c1 − bc2) + b2(c2 − bc3) + . . .+

+bN(cN − bcN+1) = c0 − bN+1cN+1.
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Îñêiëüêè bN+1cN+1 → 0 â êiëüöi Zp, òî ìè
îäåðæó¹ìî ðiâíiñòü (5).

Äîâåäåìî òåïåð äîñòàòíiñòü óìîâè (5).
ßêùî b äiëèòüñÿ íà ïðîñòå ÷èñëî p, òî âñi ðÿ-
äè ó ïðàâèõ ÷àñòèíàõ ðiâíîñòi (6) çáiãàþòüñÿ
ó êiëüöi Zp. Îñêiëüêè c0 ∈ Z i ðÿä (5) çáiãà-
¹òüñÿ äëÿ âñiõ p, íà ÿêi äiëèòüñÿ ÷èñëî b, òî
ìîæíà ïîêàçàòè, ùî ñóìè âñiõ ðÿäiâ ç ðiâ-
íîñòi (6) ¹ öiëèìè ÷èñëàìè. Òåïåð ëåãêî ïå-
ðåâiðèòè, ùî ïîñëiäîâíiñòü {cn} çàäîâîëüíÿ¹
ðåêóðåíòíå ñïiââiäíîøåííÿ (7). Òîìó ñòåïå-
íåâèé ðÿä y(x) = c0 + c1x+ c2x

2 + c3x
3 + . . .

¹ ðîçâ'ÿçêîì ðiâíÿííÿ (1). �äèíiñòü öüîãî
ðîçâ'ÿçêó âèïëèâà¹ ç òåîðåìè 3.2. �
Çàóâàæåííÿ 3.4. ßêùî f ∈ Z[[x]],

f(x) =
∞∑
n=0

anx
n i b äiëèòüñÿ íà p, òî ðÿä

∞∑
n=0

anb
n çáiãà¹òüñÿ â êiëüöi Zp i éîãî ñóìó

ìîæíà ðîçãëÿäàòè ÿê çíà÷åííÿ f ó òî÷öi
b.
Íàñëiäîê 3.5. Íåõàé b ̸= ±1 i äëÿ b ̸= 0

âèêîíàíà óìîâà (5). Òîäi åäèíèé ðîçâ'ÿçîê
ðiâíÿííÿ (1) ç êiëüöÿ Z[[x]] ìîæíà çàïèñà-
òè â íàñòóïíié ôîðìi

y(x) = f(b) +
∞∑
n=1

△n(f)(b)xn.

Ç òåîðåìè 3.3 âèïëèâà¹ òâåðäæåííÿ, ùî
¹ àíàëîãîì íàñëiäêà 2.3 äëÿ âèïàäêó ôîð-
ìàëüíèõ ñòåïåíåâèõ ðÿäiâ ç öiëèìè êîåôiöi-
¹íòàìè.
Íàñëiäîê 3.6. Íåõàé f ∈ Z[[x]], f(x) =

a0+a1x+a2x
2+ . . . i y0 ∈ Z. Òîäi ïî÷àòêîâà

çàäà÷à (2) ìà¹ ðîçâ'ÿçîê ç êiëüöÿ Z[[x]] òîäi
i òiëüêè òîäi, êîëè äëÿ âñiõ ïðîñòèõ ÷èñåë
p, íà ÿêi äiëèòüñÿ ÷èñëî b, âèêîíó¹òüñÿ íà-
ñòóïíà ðiâíiñòü â êiëüöi Zp:

a0 + a1b+ a2b
2 + a3b

3 + . . . = y0, (8)

òîáòî y0 = f(b).
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ÓÄÊ 517.9

c⃝2015 ð. Â.Â. Ãîöóëåíêî

Iíñòèòóò òåõíi÷íî¨ òåïëîôiçèêè ÍÀÍ Óêðà¨íè

ÐÎÇÐÈÂÍI I ÕÀÎÒÈ×ÍI ÀÂÒÎÊÎËÈÂÀËÜÍI ÐÎÇÂ'ßÇÊÈ
ÕÂÈËÜÎÂÎÃÎ ÐIÂÍßÍÍß

Îäåðæàíî óìîâè iñíóâàííÿ ðîçðèâíèõ ïåðiîäè÷íèõ i õàîòè÷íèõ àâòîêîëèâàëüíèõ ðîçâ'ÿç-
êiâ äëÿ íåëiíiéíî¨ êðàéîâî¨ çàäà÷i äëÿ õâèëüîâîãî ðiâíÿííÿ. Ïîêàçàíî, ùî âèíèêíåííÿ äàíèõ
ðîçâ'ÿçêiâ åêâiâàëåíòíî íàÿâíîñòi öèêëiâ àáî õàîòè÷íèõ àòðàêòîðiâ ó âiäïîâiäíîìó îäíîâè-
ìiðíîìó ðåêóððåíòíîìó âiäîáðàæåííi.

The obtained conditions for the existence of discontinuous periodic and chaotic self-oscillatory
solutions for a nonlinear boundary value problem for the wave equation. It is shown that the
appearance of the data, the solution is equivalent to the existence of cycles or chaotic attractors
in the corresponding one-dimensional recurrence map.

Âñòóï. Âèíèêíåííÿ ðîçðèâíèõ (ðåëàêñà-
öiéíèõ) àâòîêîëèâàëüíèõ ðîçâ'ÿçêiâ äèñèïà-
òèâíèõ äèíàìi÷íèõ ñèñòåì çàçâè÷àé àñîöiþ-
¹òüñÿ ç âèâ÷åííÿì ¨õ àñèìïòîòèê ïðè ε→ 0,
äå ìàëèé ïàðàìåòð ε > 0 çíàõîäèòüñÿ ìíî-
æíèêîì ïðè ãîëîâíié ïîõiäíié. Êëàñè÷íèì
òàêèì ïðèêëàäîì ¹ ñèíãóëÿðíî çáóðåíà ñè-
ñòåìà ðiâíÿíü îñöèëÿòîðà Âàí äåð Ïîëÿ [1]

dx

dt
= −y, εdy

dt
= x− y3

3
+ y.

Îäíàê çáóäæåííÿ ðîçðèâíèõ àâòîêîëè-
âàíü â äèñèïàòèâíié äèíàìi÷íié ñèñòåìi ìî-
æå âiäáóâàòèñÿ i ïðè âiäñóòíîñòi ïîñòiéíî-
ãî ìàëîãî ïàðàìåòðà ε > 0. Â [2] ðîçãëÿäà-
ëèñÿ óìîâè âèíèêíåííÿ ðîçðèâíèõ ïåðiîäè-
÷íèõ àâòîêîëèâàíü â íåÿâíî ñèíãóëÿðíî çáó-
ðåíèõ äèíàìi÷íèõ ñèñòåìàõ

dx

dt
= f (x, y) ,

dy

dt
= g (x, z) ,

äå y = φ (z) � íåïåðåðâíî äèôåðåíöiéîâàíà
ôóíêöiÿ, ùî íå ìà¹ îäíîçíà÷íî¨ îáåðíåíî¨
ôóíêöi¨.

Ìàáóòü âïåðøå, Î. À. Âiòò [3] ïðè äîñëi-
äæåííi ðîçðèâíèõ (ðåëàêñàöiéíèõ) àâòîêî-
ëèâàíü â ñèñòåìi òåëåãðàôíèõ ðiâíÿíü çà äî-
ïîìîãîþ àâòîìîäåëüíûõ ðîçâ'ÿçêiâ çâiâ ði-
øåííÿ äàíî¨ çàäà÷i äî ðîçãëÿäó ïåâíèõ îäíî-
âèìiðíèõ ðåêóðåíòíèõ âiäîáðàæåíü. Îäíàê
ó òîé ÷àñ òåîðiÿ äèíàìi÷íîãî õàîñó [4] ùå
íå áóëà âiäêðèòà, i òàêèì ÷èíîì, õàîòè÷íi

ðîçâ'ÿçêè êðàéîâèõ çàäà÷ äëÿ ãiïåðáîëi÷íèõ
ðiâíÿíü, ÿêi ïîðîäæóþòüñÿ íåðåãóëÿðíèìè
àòòðàêòîðàìè âiäïîâiäíèõ îäíîâèìiðíèõ ðå-
êóðåíòíèõ âiäîáðàæåíü íå áóëè çíàéäåíèìè.

Â ìîíîãðàôi¨ [5] ðîçãëÿíóòî êðàéîâi çà-
äà÷i äëÿ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíè-
ìè, ÿêi ìîæíà çâåñòè äî ðiçíèöåâèõ àáî
äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü.
Ïîñòàíîâêà çàäà÷i òà ôîðìàëiçàöiÿ

îäåðæàíèõ ðåçóëüòàòiâ. Â äàíié ðîáîòi
ðîçãëÿäàþòüñÿ óìîâè âèíèêíåííÿ ðîçðèâ-
íèõ ïåðiîäè÷íèõ àáî õàîòè÷íèõ àâòîêîëè-
âàíü â õâèëüîâîìó ðiâíÿííi

uxx (x, t) = a2utt ∀ (x, t) ∈ Ω = (0; ℓ)×R, (1)

ÿêå äîïîâíþ¹òüñÿ ãðàíè÷íèìè óìîâàìè:

u (0, t) = 0;

ℓ∫
0

ut (x, t) dx = Ψ [u (ℓ, t)] , (2)

äå a = const, Ψ : R → R � äîâiëüíà íåïå-
ðåðâíà ôóíêöiÿ.

Äîáðå âiäîìî, ùî àâòîêîëèâàííÿ âiä ïî-
÷àòêîâèõ óìîâ íå çàëåæàòü (ïðèíàéìíi â äî-
ñèòü ìàëî¨ îêîëèöi âiäïîâiäíîãî ãðàíè÷íî-
ãî öèêëó). Òîìó íàäàëi ìè ¨õ ÿâíî íå êîí-
êðåòèçó¹ìî. Òàêîæ çàçíà÷èìî, ùî õâèëüîâå
ðiâíÿííÿ ç íóëüîâèìè ãðàíè÷íèìè óìîâàìè
¹ êîíñåðâàòèâíîþ ñèñòåìîþ. Çàâäÿêè ñàìå
ãðàíè÷íié óìîâi ïðè x = ℓ äàíà äèíàìi÷íà
ñèñòåìà (1)�(2) ¹ äèñèïàòèâíîþ.
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Íàäàëi ðîçâ'ÿçêè çàäà÷i (1)�(2) ðîçóìiþ-
òüñÿ â ñëàáêîìó ñåíñi ÿê åëåìåíòè ïðîñòîðó
L∞ (Ω).
Îçíà÷åííÿ. Ôóíêöiþ u ∈ L∞ (Ω) áóäå-

ìî íàçèâàòè ñëàáêèì ðîçâ'ÿçêîì çàäà÷i (1)
� (2), ÿêùî âèêîíóþòüñÿ âàðiàöiéíi ðiâíîñòi:

∀φ ∈ C∞
0 (Ω) , ∀ψ ∈ C∞

0 (R)∫∫
Ω

u (x, t)
[
a2φxx (x, t)− φtt (x, t)

]
dxdt = 0,

∫∫
Ω

u (x, t)ψ′ (t)dxdt = −
∞∫

−∞

Ψ [u (ℓ, t)]ψ (t) dt.

Òåîðåìà. Ââåäåìî äî ðîçãëÿäó âiäîáðà-
æåííÿ

Y = F [X] : R → R, (3)

ÿêå çàäà¹òüñÿ ïàðàìåòðè÷íî

Y =
a−1Ψ [u]− u

2
, X =

a−1Ψ [u] + u

2
∀u ∈ R.

Òîäi áóäü ÿêèé ñòiéêèé m � öèêë (m > 1)
äàíîãî âiäîáðàæåííÿ

Cm {F∞
1 , F∞

2 = F (F∞
1 ) , . . . , F∞

m = F (F∞
1 )}

ïîðîäæó¹ îðáiòàëüíî àñèìïòîòè÷íî ñòiéêèé
ïåðiîäè÷íèé ðîçâ'ÿçîê çàäà÷i (1)�(2), ÿêèé
âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

u (x, t) = F
(
t− x

a

)
− F

(
t+

x

a

)
, (4)

äå ôóíêöiÿ F ÿâëÿ¹òüñÿ mT � ïåðiîäè÷íîþ
i ïðè 0 ≤ t < mT (T = 2aℓ) çàäà¹òüñÿ ðiâíi-
ñòþ

F (t) =
m−1∑
k=0

F∞
k+1χ[kT ;(k+1)T ) (t) . (5)

Ó âèïàäêó, êîëè âiäîáðàæåííÿ (3) ìà¹ õà-
îòè÷íèé àòðàêòîð

C∞ =
{
F∞
k : F∞

k+1 = F [F∞
k ]∀k ≥ 1

}
,

íàïðèêëàä àòðàêòîð Ôåéãåíáàóìà, òî âií ïî-
ðîäæó¹ õàîòè÷íèé àâòîêîëèâàëüíèé ðîçâ'ÿ-
çîê çàäà÷i (1)�(2), ÿêèé çàäà¹òüñÿ ôîðìóëîþ
(4), äå ôóíêöiÿ F (t) çàäà¹òüñÿ ðiâíiñòþ

F (t) =
k=∞∑
k=−∞

F∞
k+1χ[kT ;(k+1)T ) (t) , (6)

òà ïðè k ≤ 1 ïîêëàäåíî F∞
k−1 = F [F∞

k ].
Äîâåäåííÿ. Ââåäåìî äî ðîçãëÿäó íîâó

çìiííó i (x, t) =
x∫
0

ut (x, t) dx çà äîïîìîãîþ

ÿêî¨ õâèëüîâå ðiâíÿííÿ (1) ìîæå áóòè ïðåä-
ñòàâëåíî ó âèãëÿäi ñèñòåìè òåëåãðàôíèõ ðiâ-
íÿíü ïåðøîãî ïîðÿäêó

ix − ut = 0, ux +
1

a2
it = 0. (7)

Âiäïîâiäíî ãðàíè÷íi óìîâè (2) çàïèøóòüñÿ
ó íàñòóïíîìó âèãëÿäi

u (0, t) = 0, i (ℓ, t) = Ψ [u (ℓ, t)] . (8)

Íåâàæêî ïåðåâiðèòè, ùî ñèñòåìà ðiâíÿíü
(7) äîïóñêà¹ àâòîìîäåëüíèé ðîçâ'ÿçîê

u (x, t) = F
(
t− x

a

)
− F

(
t+

x

a

)
, (9)

i (x, t) = a
[
F
(
t− x

a

)
+ F

(
t+

x

a

)]
, (10)

äå F � äîâiëüíà êóñêîâî - íåïåðåðâíà ôóí-
êöiÿ. Çàçíà÷èìî òàêîæ, ùî ïðè öüîìó ïåð-
øà ãðàíè÷íà óìîâà ç (8) àâòîìàòè÷íî âèêî-
íó¹òüñÿ. Ïiäñòàâëÿþ÷è ñïiââiäíîøåííÿ (9) �
(10) â äðóãó ãðàíè÷íó óìîâó (7), îäåðæó¹-
òüñÿ íàñòóïíå ðiâíÿííÿ

α + β = a−1Ψ [α− β] , (11)

äå α = F (t− ℓ/a), β = F (t+ ℓ/a). Çà òåî-
ðåìîþ ïðî íåÿâíó ôóíêöiþ ñïiââiäíîøåííÿ
(11) äîïóñêà¹ ÿâíå ïîäàííÿ β = F [α].

Îòðèìàíå ôóíêöiîíàëüíå ðiâíÿííÿ äà¹
ìîæëèâiñòü âèçíà÷àòè çíà÷åííÿ ôóíêöi¨ F
â ìîìåíò ÷àñó t+ T , ÿêùî âiäîìî ¨¨ çíà÷åí-
íÿ â ìîìåíò ÷àñó t:

F (t+ T ) = F [F (t)] , T = 2ℓ/a. (12)

Ïîçíà÷èìî ÷åðåç K (R, T ) êëàñ âñiõ ôóí-
êöié F : R → R êóñêîâî - ïîñòiéíèõ íà êî-
æíîìó iíòåðâàëi Ik = (kT ; (k + 1)T ) , k ∈
Z äiéñíî¨ âiñi R. Çâóæåííÿ ôóíêöiîíàëü-
íîãî ðiâíÿííÿ (12) íà äàíèé êëàñ ôóíêöié
K (R, T ) ïðèçâîäèòü äî ðîçãëÿäó îäíîâèìið-
íîãî ðåêóðåíòíîãî âiäîáðàæåííÿ:

Fn+1 = F [Fn] , n ∈ Z. (13)
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Ïðèïóñòèìî, ùî âiäîáðàæåííÿ (13) ìà¹
ñòiéêèé m � öèêë Cm {F∞

1 , F∞
2 , . . . , F∞

m }. Ïå-
ðåâiðåìî, ùî â äàíîìó âèïàäêó ôîðìóëè (4)
� (5) çàäàþòü îðáiòàëüíî ñòiéêèé, â ñåíñi
íàâåäåíîãî âèùå îçíà÷åííÿ, ðîçâ'ÿçîê çàäà-
÷i (1) � (2). Äiéñíî, â äàíîìó âèïàäêó êó-
ñêîâî - ïîñòiéíà ïåðiîäè÷íà ôóíêöiÿ (5) ¹
ðîçâ'ÿçêîì ôóíêöiîíàëüíîãî ðiâíÿííÿ (12).
Îòæå ïiäñòàâëÿþ÷è (5) â ôîðìóëè (9) �
(10), îäåðæó¹òüñÿ òîòîæí¹ âèêîíàííÿ ðiâíî-
ñòi i (ℓ, t) = Ψ [u (ℓ, t)] ∀t ∈ R. Ðîçãëÿäàþ÷è
ïîõiäíó ut(x, t) â ñåíñi ðîçïîäiëiâ, äðóãà âà-
ðiàöiéíà ðiâíiñòü ç îçíà÷åííÿ ìîæå áóòè çà-
ïèñàíà ó âèãëÿäi

∞∫
−∞

 ℓ∫
0

utdx

−Ψ [u (ℓ, t)]

ψ (t) dt = 0.

Îäíàê ïiäèíòèãðàëüíèé âèðàç â äóæêàõ,
â íîâèõ ïîçíà÷åííÿõ, ñïiâïàäà¹ ç âèðàçîì
i (ℓ, t)−Ψ [u (ℓ, t)], ÿêèé òîòîæíî äîðiâíþ¹
íóëþ. Äàëi, äëÿ áóäü- ÿêî¨ êóñêîâî - íåïå-
ðåðâíî¨ ôóíêöi¨ F ìàþòü ìiñöå ðiâíîñòi∫∫

Ω

F
(
t− x

a

)
[a2φxx − φtt] dxdt =

= a
∞∫

−∞

∞∫
−∞

F (z) [φzz − φtt] dzdt,

∫
F
(
t+ x

a

)
[a2φxx − φtt] dxdt =

= −a
∞∫

−∞

∞∫
−∞

F (z) [φzz − φtt] dzdt,

ÿêi îäåðæóþòüñÿ øëÿõîì çàìiíè çìiííèõ{
z = t− x

a
, t = t

}
âiäïîâiäíî â ïåðøîìó, òà{

z = t+ x
a
, t = t

}
äðóãîìó iíòåãðàëàõ. Òà-

êèì ÷èíîì, ïåðøà ðiâíiñòü ç îçíà÷åííÿ
ðîçâ'ÿçêó òàêîæ âèêîíó¹òüñÿ.

Îðáiòàëüíà àñèìïòîòè÷íà ñòiéêiñòü ïî-
áóäîâàíîãî ðîçâ'ÿçêó ¹ íàñëiäêîì ñòiéêîñòi
âiäïîâiäíîãî m � öèêëó Cm âiäîáðàæåííÿ F .

Ó âèïàäêó, êîëè âiäîáðàæåííÿ (13) ìà¹
õàîòè÷íèé àòðàêòîð C∞, ðiâíiñòü (6) âèçíà-
÷à¹ êóñêîâî - ïîñòiéíó, îáìåæàíó ôóíêöiþ
F : R → R, ÿêà çà ïîáóäîâîþ çàäîâîëü-
íÿ¹ ôóíêöiîíàëüíå ðiâíÿííÿ (12). Çà ïîâíîþ
àíàëîãi¹þ, ÿê ó ïîïåðåäíüîìó âèïàäêó, ïåðå-
âiðÿ¹òüñÿ, ùî ôîðìóëè (4), (6) âèçíà÷àþòü
óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (1) � (2).

Ïðèêëàäè. Ðîçãëÿíåìî çàäà÷ó (1) � (2),
äå âiäîáðàæåííÿ u → Ψ [u] çàäà¹òüñÿ ïàðà-
ìåòðè÷íî (t ∈ R)

u = t (a+ 1− t) ,Ψ [u] = a−1t (a− 1 + t) .

Íåâàæêî ïåðåâiðèòè, ùî â äàíîìó âèïàä-
êó âiäîáðàæåííÿ (3) ÿâëÿ¹òüñÿ ëîãiñòè÷íèì
ç ïàðàìåòðîì a−1. Òàêèì ÷èíîì, çãiäíî ç
òåîðåìîþ Ôåéãåéíáàóìà [4], äàíå âiäîáðàæå-
ííÿ ïðè a ≤ a∗ ≈ 0.2802 ìà¹ íåïåðiîäè÷íi
òðà¹êòîði¨, ùî âiäïîâiäàþòü ðåæèìó äåòåð-
ìiíîâàíîãî õàîñà, à ïðè a > a∗ ìà¹ öèêëè
ïåðiîäiâ 2n, äå n→ ∞, ïðè a→ a∗ + 0.

Òåïåð ðîçãëÿíåìî âiäîáðàæåííÿΨ, ùî çà-
äà¹òüñÿ ôîðìóëàìè (X0 < X1 < X2)

u = X − Y, Ψ [u] = a (X + Y ) , äå

Y =

{ X2−X1

X1−X0
(X −X0) +X1, X0 ≤ X ≤ X1

X2−X0

X2−X1
(X1 −X) +X2, X1 < X ≤ X2

Íåñêëàäíî ïåðåâiðèòè, ùî â äàíîìó âè-
ïàäêó âiäîáðàæåííÿ (3) ìà¹ öèêë ïåðiîäó
òðè C3 = {X0, X1, X2}. Òàêèì ÷èíîì, çà òå-
îðåìîþ Ëi òà Éîðêå [4] äàíå âiäîáðàæåí-
íÿ ìà¹ êîíòèíóóì íåïåðiîäè÷íèõ òðà¹êòî-
ðié, ÿêi ïîðîäæóþòü õàîòè÷íi ðîçâ'ÿçêè çà-
äà÷i (1) � (2). Òàêîæ çà òåîðåìîþ Î. Ì.
Øàðêîâñüêîãî âiäîáðàæåííÿ (3) ìà¹ áåçëi÷
öèêëiâ, ïåðiîäè ÿêèõ ïiäïîðÿäêîâóþòüñÿ òàê
çâàíîìó ïîðÿäêó Øàðêîâñüêîãî [5], òà ÿêi
ïîðîäæóþòü ðîçðèâíi ïåðiîäè÷íi ðîçâ'ÿçêè
çàäà÷i (1) � (2).
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Ìåòîäîì ñòèñêàþ÷èõ âiäîáðàæåíü âñòàíîâëåíî äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêó êðàéî-
âî¨ çàäà÷i äëÿ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü íåéòðàëüíîãî òèïó.

Su�cient conditions for boundary value problem solution existence for neutral integral-
di�erential equations are obtained using the contraction mapping principle.

1. Âñòóï

Äèôåðåíöiàëüíi òà iíòåãðî-äèôåðåíöiàëüíi
ðiâíÿííÿ ç àðãóìåíòîì, ùî âiäõèëÿ¹òüñÿ,
îïèñóþòü áàãàòî ïðèêëàäíèõ çàäà÷ â åëå-
êòðîäèíàìiöi, òåîði¨ àâòîìàòè÷íîãî êåðóâà-
ííÿ, õiìiêî-òåõíîëîãi÷íèõ ïðîöåñàõ òà ií.
Çíà÷íèé iíòåðåñ ïðåäñòàâëÿþòü êðàéîâi çà-
äà÷i äëÿ òàêèõ ðiâíÿíü, ùî âèíèêàþòü ó çà-
äà÷àõ îïòèìàëüíîãî êåðóâàííÿ ñèñòåìàìè iç
çàïiçíåííÿì, ó çàäà÷àõ áàëiñòèêè, åêîëîãi¨
òîùî.

Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêiâ êðàéî-
âèõ çàäà÷ äëÿ ðiâíÿíü iç çàïiçíåííÿì âè-
â÷àëèñü ó ðîáîòàõ [1-3]. Êðàéîâi çàäà÷i äëÿ
äèôåðåíöiàëüíèõ ðiâíÿíü íåéòðàëüíîãî òè-
ïó äîñëiäæóâàëèñü ó ïðàöÿõ [4-5] iç âèêîðè-
ñòàííÿì ìåòîäó ñòèñêàþ÷èõ âiäîáðàæåíü òà
òîïîëîãi÷íèõ ìåòîäiâ.

Ó äàíié ðîáîòi âñòàíîâëåíî äîñòàòíi óìî-
âè iñíóâàííÿ ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i äëÿ
iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü íåéòðàëü-
íîãî òèïó, ÿêi ïðîäîâæóþòü äîñëiäæåííÿ
ðîáîòè [6].

2. Ïîçíà÷åííÿ òà ïîñòàíîâêà çàäà÷i

Ðîçãëÿíåìî êðàéîâó çàäà÷ó

y′′ (x) = f
(
x, y (x) , y (x− τ0 (x)) , y

′ (x) ,

y′ (x− τ1 (x)) , y
′′ (x− τ2 (x))

)
+ (1)

+

b∫
a

g
(
x, s, y (s) , y (s− τ0 (s)) , y

′ (s) ,

y′ (s− τ1 (s)) , y
′′ (s− τ2 (s))

)
ds,

y(i) (x) = φ(i) (x) , i = 0, 1, 2, (2)

x ∈ [a∗; a] , y (b) = β,

äå çàïiçíåííÿ τ0 (x) , τ1 (x) , τ2 (x) � íåïå-
ðåðâíi íåâiä'¹ìíi ôóíêöi¨, âèçíà÷åíi íà
[a, b], φ (x) � çàäàíà äâi÷i íåïåðåðâíî-
äèôåðåíöiéîâíà ôóíêöiÿ íà [a∗; a], β ∈ R,

a∗ = max

{
min
x∈[a;b]

(x− τ0 (x)) , min
x∈[a;b]

(x− τ1 (x)) ,

min
x∈[a;b]

(x− τ2 (x))

}
.

Íåõàé ôóíêöi¨ f (x, u0, u1, v0, v1, w),
g (x, s, u0, u1, v0, v1, w) íåïåðåðâíi çà ñóêóïíi-
ñòþ çìiííèõ â îáëàñòiG = [a, b]×G2

1×G2
2×G3

òàQ = [a, b]×G, äå G1 = {u ∈ R : |u| < P1},
G2 = {v ∈ R : |v| < P2}, G3 =
{w ∈ R : |w| < P3}, P1, P2, P3 � äîäàòíi
ñòàëi.

Ââåäåìî ìíîæèíè òî÷îê, ùî âèçíà÷àþ-
òüñÿ çàïiçíåííÿìè τ1 (x) , τ2 (x):

E1 =
{
xi ∈ [a, b] : xi−τ1 (xi) = a, i = 1, 2, ...

}
,

E2 =
{
xj ∈ [a, b] : x0 = a,

xj+1 − τ2 (xj+1) = xj, j = 1, 2, ...
}
,

E = E1 ∪ E2.

Íåõàé ôóíêöi¨ τ1 (x) , τ2 (x) òàêi, ùî ìíî-
æèíè E1, E2 ¹ ñêií÷åííèìè. Òî÷êè ìíîæèíè
E çàíóìåðó¹ìî â ïîðÿäêó ¨õíüîãî çðîñòàííÿ:

a = x0 < x1 < ... < xk < b.
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Ââåäåìî òàêi ïîçíà÷åííÿ:

P = sup

{∣∣∣f (x, u, u1, v, v1, w)∣∣∣+∣∣∣∣∣
b∫

a

g(x, s, u, u1, v, v1, w)ds

∣∣∣∣∣ : |ui| < P1,

|vi| < P2, i = 0, 1, |w| < P3, x, s ∈ [a, b]

}
,

J = [a∗, a], I = [a, b], I1 = [a, x1], I2 = [x1, x2],

. . . , Ik = [xk−1, xk] , Ik+1 = [xk, b] .

Îçíà÷èìî ìíîæèíó ôóíêöié

B (J ∪ I) =
{
y (x) : (3)

y(x) ∈
(
C(J ∪ I) ∩

(
C1(I)

)
∩
( k+1∪
j=1

C2(Ij)
))
,

|y (x)| ≤ P1, |y′ (x)| ≤ P2, |y′′ (x)| ≤ P3

}
.

Ôóíêöiþ y = y (x) iç ïðîñòîðó B (J ∪ I)
íàçèâàòèìåìî ðîçâ'ÿçêîì çàäà÷i (1)-(2),
ÿêùî âîíà çàäîâîëüíÿ¹ ðiâíÿííÿ (1) íà [a; b]
(çà ìîæëèâèì âèíÿòêîì òî÷îê ìíîæèíè E)
i êðàéîâi óìîâè (2).

3. Iñíóâàííÿ ðîçâ'ÿçêó
Ââåäåìî ó ïðîñòîði B (J ∪ I) íîðìó

∥y∥B = max

{
8

(b− a)2
max
x∈J ∪ I

|y (x)| , (4)

2

b− a
max

(
max
x∈J

|y′ (x)| ,max
x∈I

|y′ (x)|
)

max
(
max
x∈J

|y′′ (x)| ,max
x∈I1

|y′′ (x)| , . . . ,

max
x∈Ik+1

|y′′ (x)|
)}

.

Ïðîñòið B (J ∪ I) iç öi¹þ íîðìîþ ¹ áàíàõî-
âèì ïðîñòîðîì.

Êðàéîâà çàäà÷à (1)-(2) åêâiâàëåíòíà òà-
êîìó iíòåãðàëüíîìó ðiâíÿííþ [1, 5]:

y (x) =

b∫
a∗

[
f
(
s, y (s) , y (s− τ0 (s)) , y

′ (s) ,

y′ (s− τ1 (s)) , y
′′ (s− τ2 (s))

)
+ (5)

+

b∫
a

g
(
s, ξ, y (ξ) , y (ξ − τ0 (ξ)) , y

′ (ξ) ,

y′ (ξ − τ1 (ξ)) , y
′′ (ξ − τ2 (ξ))

)
dξ

]
Ḡ (x, s) ds+

l (x) , x ∈ J ∪ I,

äå Ḡ (x, s) =

{
G (x, s) , x, s ∈ I,

0, x, s /∈ I,

l(x) =

{
φ (x) , x ∈ J,

β−φ(a)
b−a (x− a) + φ (a) , x ∈ I,

à G (x, s) � ôóíêöiÿ Ãðiíà äëÿ òàêî¨ êðàéîâî¨
çàäà÷i:

y′′ (x) = 0, x ∈ I, y (a) = y (b) = 0.

Çàçíà÷èìî, ùî, íå çìåíøóþ÷è çàãàëüíîñòi,
ìîæíà ââàæàòè êðàéîâi óìîâè (2) íóëüîâè-
ìè. Ó ïðîòèëåæíîìó âèïàäêó, ëiíiéíà çàìi-
íà

z (x) = y (x)− ψ (x) ,

äå ψ (x) =

{
φ (x) , x ∈ [a∗, a] ,

φ(a)(b−x)+β(x−a)
b−a , x ∈ [a, b] ,

ïðèâîäèòü äî êðàéîâî¨ çàäà÷i òèïó (1)-(2) ç
íóëüîâèìè êðàéîâèìè óìîâàìè

y(i) = 0, x ∈ [a∗, a] , i = 0, 1, 2, y (b) = 0. (6)

Âèçíà÷èìî îïåðàòîð T , ùî äi¹ â ïðîñòîði
B (J ∪ I), ôîðìóëîþ

(Ty) (x) =

b∫
a∗

[
f
(
s, y (s) , y (s− τ0 (s)) , y

′ (s) ,

y′ (s− τ1 (s)) , y
′′ (s− τ2 (s))

)
+ (7)

+

b∫
a

g
(
s, ξ, y (ξ) , y (ξ − τ0 (ξ)) , y

′ (ξ) ,

y′ (ξ − τ1 (ξ)) , y
′′ (ξ − τ2 (ξ))

)
dξ

]
Ḡ (x, s) ds+

+l (x) , x ∈ J ∪ I.
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Òîäi

(Ty)′ (x) =

b∫
a∗

[
f
(
s, y (s) , y (s− τ0 (s)) , y

′ (s) ,

y′ (s− τ1 (s)) , y
′′ (s− τ2 (s))

)
+ (8)

+

b∫
a

g
(
s, ξ, y (ξ) , y (ξ − τ0 (ξ)) , y

′ (ξ) ,

y′ (ξ − τ1 (ξ)) , y
′′ (ξ − τ2 (ξ))

)
dξ

]
Ḡ′
x (x, s) ds+

+l′ (x) , x ∈ J ∪ I,

(Ty)′′ (x) = f
(
s, y (s) , y (s− τ0 (s)) , y

′ (s) ,

y′ (s− τ1 (s)) , y
′′ (s− τ2 (s))

)
+ (9)

+

b∫
a

g
(
s, ξ, y (ξ) , y (ξ − τ0 (ξ)) , y

′ (ξ) ,

y′ (ξ − τ1 (ξ)) , y
′′ (ξ − τ2 (ξ))

)
dξ+

+l′′ (x) , x ∈ J ∪ I.

Òåîðåìà 1. Íåõàé ñïðàâäæóþòüñÿ òàêi
ïðèïóùåííÿ:

1) max

{
max
x∈J

|φ (x)| , (b−a)2
8

P +

max (|φ (a)| , |γ|)
}

≤ P1,

2) max

{
max
x∈J

|φ′ (x)| , b−a
2
P +

∣∣∣γ−φ(a)b−a

∣∣∣} ≤

P2,

3) max

{
max
x∈J

|φ′′ (x)| , P
}

≤ P3,

4) ôóíêöi¨ f (x, u0, u1, v0, v1, w) ,
g (x, s, u0, u1, v0, v1, w) çàäîâîëüíÿ-
þòü óìîâó Ëiïøèöÿ ïî çìií-
íèõ ui, vi, i = 0, 1, w çi ñòàëèìè
Lj,Mj, j = 1, 5 â G òà Q,

5) (b−a)2
8

2∑
j=1

(
Lj+(b− a)Mj

)
+ b−a

2

4∑
j=3

(
Lj+

(b− a)Mj

)
+ L5 + (b− a)M5 < 1.

Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i
(1)-(2) â B (J ∪ I).
Äîâåäåííÿ. Äëÿ ôóíêöi¨ Ãðiíà ìà¹ ìi-

ñöå ñïiââiäíîøåííÿ [5]

G (x, s) =

{
(s−a)(x−b)

b−a , a ≤ s ≤ x ≤ b,
(x−a)(s−b)

b−a , a ≤ x ≤ s ≤ b,

i ïðàâèëüíi òàêi îöiíêè

b∫
a

|G (x, s)| ds ≤ (b− a)2

8
, (10)

b∫
a

∣∣∣G′

x (x, s)
∣∣∣ ds ≤ b− a

2
.

ßêùî óìîâè 1)-3) òà íåðiâíîñòi (10)
ñïðàâäæóþòüñÿ, òîäi îïåðàòîð T âiäîáðàæà¹
ïðîñòið B (J ∪ I) ó ñåáå.

Íåõàé y1, y2 ∈ B(J ∪ I). Âðàõîâóþ÷è óìî-
âó 4) òà îöiíêè (10), îäåðæó¹ìî:∣∣∣(Ty1)(x)− (Ty2)(x)

∣∣∣ ≤
≤

b∫
a∗

[
(L1 + L2) max

x∈J ∪ I
|y1(x)− y2(x)|+

+(L3 + L4)max

{
max
x∈I

∣∣∣y′

1 (x)− y
′

2 (x)
∣∣∣ ,

max
x∈J

∣∣∣y′

1 (x)− y
′

2 (x)
∣∣∣}+

+L5 max

{
max
x∈J

∣∣∣y′′

1 (x)− y
′′

2 (x)
∣∣∣ ,

max
x∈I1

∣∣∣y′′

1 (x)− y
′′

2 (x)
∣∣∣ , . . . ,

max
x∈Ik+1

∣∣∣y′′

1 (x)− y
′′

2 (x)
∣∣∣}+

+(b− a) (M1 +M2) max
x∈J ∪ I

|y1 (x)− y2 (x)|+

+(b− a) (M3 +M4)max

{
max
x∈I

∣∣∣y′

1 (x)− y
′

2 (x)
∣∣∣ ,

max
x∈J

∣∣∣y′

1 (x)− y
′

2 (x)
∣∣∣}+

+M5 (b− a)max

{
max
x∈J

∣∣∣y′′

1 (x)− y
′′

2 (x)
∣∣∣ ,
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max
x∈I1

∣∣∣y′′

1 (x)− y
′′

2 (x)
∣∣∣ , . . . ,

max
x∈Ik+1

∣∣∣y′′

1 (x)− y
′′

2 (x)
∣∣∣}]

×Ḡ (x, s) ds ≤

≤ (b− a)2

8

[
(b− a)2

8

(
L1 + L2+

+(b− a) (M1 +M2)
)
+

+
b− a

2

(
L3 + L4 + (b− a) (M3 +M4)

)
+

+L5 + (b− a)M5

]
∥y1 − y2∥B,∣∣∣(Ty1)′ (x)− (Ty2)

′
(x)
∣∣∣ ≤

≤ b− a

2

[
(b− a)2

8

(
L1 + L2+

+(b− a)
(
M1 +M2

))
+

+
b− a

2

(
L3 + L4 + (b− a) (M3 +M4)

)
+

+L5 + (b− a)M5

]
∥y1 − y2∥B,

∣∣∣(Ty1)′′ (x)− (Ty2)
′′
(x)
∣∣∣ ≤

≤
[
(b− a)2

8

(
L1 + L2 + (b− a)

(
M1 +M2

))
+

+
b− a

2

(
L3 + L4 + (b− a) (M3 +M4)

)
+

+L5 + (b− a)M5

]
∥y1 − y2∥B.

Âèõîäÿ÷è iç îäåðæàíèõ îöiíîê òà îçíà÷å-
ííÿ íîðìè â ïðîñòîði B (J ∪ I), ìà¹ìî

∥(Ty1) (x)− (Ty2) (x)∥B ≤ (11)

≤

[
(b− a)2

8

2∑
j=1

(Lj + (b− a)Mj)+

+
b− a

2

4∑
j=3

(Lj + (b− a)Mj)+

+L5 + (b− a)M5

]
∥y1 − y2∥B.

Iç íåðiâíîñòi (11), ïðè âèêîíàííi óìîâè
5), äiñòà¹ìî, ùî îïåðàòîð T ¹ ñòèñêàþ÷èì ó
ïðîñòîði B (J ∪ I) i ìà¹ ¹äèíó íåðóõîìó òî-
÷êó â öüîìó ïðîñòîði. Îòæå, êðàéîâà çàäà÷à
(1)-(2) ìà¹ ¹äèíèé ðîçâ'ÿçîê ó B (J ∪ I). Òå-
îðåìó äîâåäåíî.
Çàóâàæåííÿ. Iòåðàöiéíà ñõåìà çíàõî-

äæåííÿ íàáëèæåíîãî ðîçâ'ÿçêó êðàéîâî¨ çà-
äà÷i (1)-(2) çà äîïîìîãîþ êóái÷íèõ ñïëàéíiâ
äåôåêòó 2 äîñëiäæåíà â ðîáîòi [7].
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ÓÄÊ 517.956.4

c⃝2016 ð. Â.Ñ. Äðîíü, Ñ.Ä. Iâàñèøåí

Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè iì. ß.Ñ.Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè,
Ëüâiâ

ÂËÀÑÒÈÂÎÑÒI ÎÁ'�ÌÍÎÃÎ ÏÎÒÅÍÖIÀËÓ ÄËß ÎÄÍÎÃÎ ÊËÀÑÓ
ÓËÜÒÐÀÏÀÐÀÁÎËI×ÍÈÕ ÐIÂÍßÍÜ ÄÎÂIËÜÍÎÃÎ ÏÎÐßÄÊÓ

Ðîçãëÿäà¹òüñÿ çàäà÷à Êîøi äëÿ âèðîäæåíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ òèïó Êîëìîãîðîâà
äîâiëüíîãî ïîðÿäêó iç çàëåæíèìè ëèøå âiä ÷àñîâî¨ çìiííî¨ t êîåôiöi¹íòàìè. Âñòàíîâëþþòüñÿ
âëàñòèâîñòi âiäïîâiäíîãî òàêié çàäà÷i îá'¹ìíîãî ïîòåíöiàëó â ïðîñòîðàõ Ãåëüäåðà çðîñòàþ÷èõ
ïðè |x| → ∞ ôóíêöié. Ç öèõ âëàñòèâîñòåé âèïëèâà¹ êîðåêòíà ðîçâ'ÿçíiñòü çàäà÷i Êîøi ç
îäíîðiäíèìè ïî÷àòêîâèìè óìîâàìè.

A Cauchy problem for degenerate parabolic equation of Kolmogorov type of arbitrary order
with dependent on only time-variable t coe�cients is considered. Properties of a volume potential
which corresponding to the problem are established in H�older spaces of increased as |x| → ∞
functions. From these properties a well-posedness of the Cauchy problem with homogeneous initial
conditions is implied.

Âñòóï. Ðîçãëÿäàòèìåìî îäíîâèìiðíó ÷à-
ñîâó çìiííó t i n-âèìiðíó ïðîñòîðîâó çìií-
íó x, ÿêà ñêëàäà¹òüñÿ ç ãðóï çìiííèõ xj :=
(xj1, ...xjnj

) ∈ Rnj , j ∈ {1, 2, 3}, äå n1 ≥ n2 ≥
n3 ≥ 0, n = n1+n2+n3. Îá'¹êòîì äîñëiäæå-
ííÿ â öié ñòàòòi ¹ çàäà÷à Êîøi âèãëÿäó(
∂t−

n2∑
j=1

x1j∂x2j−
n3∑
j=1

x2j∂x3j−
∑

|k1|≤2b

ak1(t)∂
k1
x1

)
×

×u(t, x) = f(t, x), (t, x) ∈ Π(0,T ], (1)

u(t, x)|t=0 = 0, x ∈ Rn, (2)

äå b � çàäàíå íàòóðàëüíå ÷èñëî, Π(0,T ] :=
(0, T ] × Rn, T � äîäàòíå ÷èñëî. Ïðèïóñêà¹-
òüñÿ, ùî êîåôiöi¹íòè ak1 , k1 ∈ Zn1

+ , |k1| ≤ 2b,
¹ íåïåðåðâíèìè êîìïëåêñíîçíà÷íèìè ôóí-
êöiÿìè íà [0, T ] i òàêèìè, ùî äèôåðåíöiàëü-
íèé âèðàç ∂t −

∑
|k1|≤2b

ak1(t)∂
k1
x1

ðiâíîìiðíî íà

[0, T ]× Rn1 ïàðàáîëi÷íèé çà Ïåòðîâñüêèì.
ßêùî n3 ≥ 1, òî ðiâíÿííÿ (1) âèðîäæó¹-

òüñÿ çà äâîìà ãðóïàìè çìiííèõ x2 i x3. Êîëè
n3 = 0, à n2 ≥ 1, òî ¹ âèðîäæåííÿ çà îäíi¹þ
ãðóïîþ çìiííèõ x2. Ó âèïàäêó n2 = n3 = 0
ðiâíÿííÿ (1) íåâèðîäæåíå.

Äëÿ ðiâíÿííÿ (1) iñíó¹ ôóíäàìåíòàëüíèé
ðîçâ'ÿçîê çàäà÷i Êîøi (ÔÐÇÊ) G, äåòàëüíi
âëàñòèâîñòi ÿêîãî íàâåäåíî â [1]. Ôóíêöiÿ G
ïîðîäæó¹ îá'¹ìíèé ïîòåíöiàë ç ãóñòèíîþ f

âèãëÿäó

u(t, x) :=
t∫
0

dτ
∫
Rn

G(t, x; τ, ξ)f(τ, ξ)dξ,

(t, x) ∈ Π(0,T ]. (3)

Äëÿ âèïàäêó, êîëè ðiâíÿííÿ (1) 2-ãî ïî-
ðÿäêó, òîáòî b = 1, â [1] äîñëiäæóâàëèñü âëà-
ñòèâîñòi ôóíêöi¨ (3) â ïðèïóùåííi ëîêàëüíî¨
ãåëüäåðîâîñòi é åêñïîíåíöiàëüíîãî çðîñòàí-
íÿ ïðè |x| → ∞ ôóíêöi¨ f , ó [2] ç'ÿñîâóâàâñÿ
çâ'ÿçîê ãåëüäåðiâñüêèõ âëàñòèâîñòåé i ïîâå-
äiíêè ïðè |x| → ∞ ãóñòèíè f i ôóíêöi¨ u òà
¨¨ ïîõiäíèõ. Òóò ìè äîñëiäæó¹ìî àíàëîãi÷íi
âëàñòèâîñòi (3) äëÿ ðiâíÿííÿ (1) äîâiëüíîãî
ïîðÿäêó 2b.
1. Îçíà÷åííÿ íîðì i ïðîñòîðiâ. Êîðè-

ñòóâàòèìåìîñü òàêèìè ïîçíà÷åííÿìè: M :=
{1, 2, 3}; N := (n1 + (2b + 1)n2 + (4b +
1)n3)/(2b), N1 := n1/(2b), N2 := (n1 + (2b +
1)n2)/(2b); q := 2b/(2b − 1); x1j(t) := x1j,
j ∈ {1, ..., n1}; x2j(t) := x2j + tx1j, j ∈
{1, ..., n2}; x3j(t) := x3j + tx2j + (t2/2)x1j,
j ∈ {1, ..., n3}; xl(t) := (xl1(t), ..., xlnl

(t)),
l ∈ M ; X1(t) := (x1(t), x2(t), x3(t)); X2(t) :=
(ξ1, x2(t), x3(t)); X3(t) := (ξ1, ξ2, x3(t));

ρs(t, x, ξ) :=
s∑
l=1

t1−lq|xl(t) − ξl|q, s ∈ M ;

ρ0(t, x, ξ) := 0; ρ(t, x, ξ) := ρ3(t, x, ξ);
Ec(t, x; τ, ξ) := exp{−cρ(t − τ, x, ξ)}, ÿêùî
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c � äîäàòíà ñòàëà; [a, x] :=
3∑
l=1

al|xl|q, ÿêùî

a = (a1, a2, a3) ∈ R3, x = (x1, x2, x3) ∈ Rn,

|xl| :=
( nl∑
j=1

x2lj

)1/2
, xl ∈ Rnl , l ∈ M ; Zl+

� ìíîæèíà âñiõ l-âèìiðíèõ ìóëüòèiíäåêñiâ;
ml := (ml1, ...,mlnl

) � åëåìåíò ìíîæèíè Znl
+ ,

l ∈ M ; m := (m1,m2,m3) � åëåìåíò ìíî-
æèíè Zn+; |ml| := ml1 + ... + mlnl

, ÿêùî
ml ∈ Znl

+ , l ∈ M ; ∂t, ∂y � îïåðàöi�� äèôå-
ðåíöiþâàííÿ ïåðøîãî ïîðÿäêó âiäïîâiäíî çà
çìiííèìè t, y; ∂ky � îïåðàöiÿ äèôåðåíöiþâà-
ííÿ ïîðÿäêó k > 1 çà çìiííîþ y; ∂ml

xl
:=

∂ml1
xl1
...∂

mlnl
xlnl

, ÿêùî xl ∈ Rnl , ml ∈ Znl
+ , l ∈ M ;

∆x′
x f(·, x, ·) := f(·, x, ·)−f(·, x′, ·); d(x, ξ;α) :=

d(x, ξ;α1, α2, α3) :=
3∑
l=1

|xl − ξl|αl/(2b(l−1)+1),

d(x, ξ) := d(x, ξ; 1, 1, 1), ÿêùî {x, ξ} ⊂ Rn,
α = (α1, α2, α3), α1 ∈ [0, 1], α2 ∈ [0, 2b + 1],
α3 ∈ [0, 4b+ 1]; BR := {x ∈ Rn|d(x, 0) ≤ R}.

Çàóâàæèìî, ùî iñíþþòü äîäàòíi ÷èñëà b1,
b2 òàêi, ùî äëÿ äîâiëüíèõ {x, ξ} ⊂ Rn i γ > 0:
b1(d(x; ξ))

γ ≤ d(x, ξ; γ, γ, γ) ≤ b2(d(x; ξ))
γ.

Îäíàêîâî ïîçíà÷àþòüñÿ ðiçíi ñòàëi, ÿêùî
��õ âåëè÷èíè íàñ íå öiêàâëÿòü.

Äëÿ äîäàòíîãî ÷èñëà c0 i íàáîðó a :=
(a1, a2, a3) íåâiä'¹ìíèõ ÷èñåë al, l ∈ M , òà-
êèõ, ùî T < min

l∈M
(c0/al)

(2b−1)/(2b(l−1)+1), ðîç-

ãëÿíåìî ôóíêöi�� [1]
kl(t, al) :=c0al(c

2b−1
0 −a2b−1

l t2b(l−1)+1)1−q, l∈M ,
k(t) := (k1(t, a1), k2(t, a2), k3(t, a3)),
s1(t) :=k1(t,a1)+2

q−1tqk2(t,a2)+2
q−2t2qk3(t,a3),

s2(t) := 2q−1k2(t, a2) + 4q−1tqk3(t, a3),
s3(t) := 4q−1k3(t, a3),
s(t) := (s1(t), s2(t), s3(t)), t ∈ [0, T ],
ÿêi ìàþòü òàêi âëàñòèâîñòi:
k(0) = a, al ≤ kl(τ, al) < kl(t, al) < sl(t),
0 ≤ τ < t ≤ T, l ∈M ; (4)
kl(t− τ, kl(τ, al)) ≤ kl(t, al), 0 ≤ τ ≤ t ≤ T,
l ∈M ; (5)
−c0ρ(t, x, ξ) + [a, ξ] ≤ [k(t), X1(t)] ≤ [s(t), x],
t ∈ (0, T ], {x, ξ} ⊂ Rn. (6)

Êðiì òîãî, ëåãêî ïåðåêîíàòèñÿ, ùî ñïðàâ-
äæóþòüñÿ ùå òàêi íåðiâíîñòi:
−c0ρ(t−τ, x, ξ)+[k(τ), ξ)] ≤ [k(t), X1(t−τ)] ≤
≤ [s(t), x], 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn; (7)
−c0ρl−1(t− τ, x, ξ) + [k(τ), Xl(t− τ)] ≤
≤ [k(t), X1(t−τ)], 0 ≤ τ < t ≤ T, {x, ξ}⊂Rn,

l ∈M ; (8)
[k(T ), X1(t)] ≤ [s(T ), x], t ∈ [0, T ], x ∈ Rn. (9)

Îçíà÷èìî íîðìè i ïðîñòîðè ôóíêöié. Íå-
õàé α1 ∈ (0, 1], α2 ∈ (1, 2b + 1], α3 ∈ (2b +
1, 4b + 1], α := (α1, α2, α3), p1 ∈ {0, 1, ..., 2b},
{p2, p3} ⊂ {0, 1}, p := (p1, p2, p3). Âèêîðèñòî-
âóâàòèìåìî òàêi ãåëüäåðîâi ïðîñòîðè ôóí-
êöié w : Π[0,T ] → C:
Ck(·) � ïðîñòið óñiõ íåïåðåðâíèõ ôóíêöié

w, äëÿ ÿêèõ ñêií÷åííîþ ¹ íîðìà
||w||k(·) := sup

(t,x)∈Π[0,T ]

(|w(t, x)| exp{−[k(t), x]});

Cα
k(·) � ïðîñòið óñiõ ôóíêöié w, äëÿ ÿêèõ

ñêií÷åííîþ ¹ íîðìà
||w||αk(·) := ||w||k(·) + [w]αk(·),

äå [w]αk(·) := sup
{(t,x),(t,x′)}⊂Π[0,T ]

x̸=x′

|∆x′
x w(t,x)|
d(x,x′;α)

×

×(exp{[k(t), x]}+ exp{[k(t), x′]})−1;

Cp,α
k(·) � ïðîñòið óñiõ ôóíêöié w, ÿêi ðàçîì

çi ñâî��ìè ïîõiäíèìè ∂ml
xl
w, |ml| ≤ pl, l ∈ M ,

íàëåæàòü äî ïðîñòîðó Cα
k(·), òîáòî ¹ ñêií÷åí-

íîþ íîðìà

||w||p,αk(·) := ||w||αk(·) +
3∑
l=1

∑
0<|ml|≤pl

||∂ml
xl
w||αk(·);

Cp,α
s(·) � ïðîñòið, îçíà÷åííÿ ÿêîãî îäåðæó-

¹òüñÿ ç îçíà÷åííÿ ïðîñòîðó Cp,α
k(·) çàìiíîþ

ôóíêöi�� k íà ôóíêöiþ s.
2. Âiäîìîñòi ïðî ôóíäàìåíòàëüíèé

ðîçâ'ÿçîê çàäà÷i Êîøi. Â [1] âñòàíîâëåíî,
ùî ÔÐÇÊ G äëÿ ðiâíÿííÿ (1) ìà¹ âèãëÿä

G(t, x; τ, ξ) =
= (t− τ)−NF−1

σ→y[Ṽ (t, τ, σ)](t, τ, y)|y=y(t−τ,x,ξ),
0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn,

äå F−1 � îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹ çà
ïðîñòîðîâèìè çìiííèìè,
Ṽ (t, τ, σ) := exp{

∑
|k1|≤2b

i|k1|(t− τ)1−|k1|/(2b)×

×
1∫
0

ak1(τ + (t− τ)β)(σ′
1 + βσ′

2 +
β2

2
σ3)

k′1×

×(σ′′
1 + βσ′′

2)
k′′1 (σ′′′

1 )
k′′′1 dβ},

y(t, x, ξ) := (t−1/(2b)(x1 − ξ1), t
−1−1/(2b)(x2 +

tx̂1 − ξ2), t
−2−1/(2b)(x3 + tx′2 +

t2

2
x′1 − ξ3)),

x′1 := (x11, ..., x1n3), x
′′
1 := (x1(n3+1), ..., x1n2),

x′′′1 := (x1(n2+1), ..., x1n1), x̂1 := (x11, ..., x1n2),
i òàêi âëàñòèâîñòi:

1) ôóíêöiÿ G(t, x; τ, ξ), 0 ≤ τ < t ≤ T ,
{x, ξ} ⊂ Rn, íåïåðåðâíà ïðè (t, x) ̸= (τ, ξ) ðà-
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çîì çi ñâî��ìè ïîõiäíèìè ∂m1
x1
∂m2
x2
∂m3
x3
G i ñïðàâ-

äæóþòüñÿ îöiíêè
|∂m1
x1
∂m2
x2
∂m3
x3
G(t, x; τ, ξ)| ≤

≤ Cm(t− τ)−N−(|m1|+(2b+1)|m2|+(4b+1)|m3|)/(2b)×
×Ec(t, x; τ, ξ), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn,

ml ∈ Znl
+ , l ∈M, (10)

äå Cm i c � äåÿêi äîäàòíi ñòàëi;
2) äëÿ äîâiëüíîãî γ ∈ (0, 1] i òîãî ñàìîãî

c, ùî â (10), ïðàâèëüíèìè ¹ îöiíêè
|∆x′

x ∂
m
x G(t, x; τ, ξ)| ≤ Cm(d(x; x

′))γ×
×(t− τ)−N−(|m1|+(2b+1)|m2||(4b+1)|m3|+γ)/(2b)×

×Ec(t, x; τ, ξ), (d(x;x′))2b ≤ t− τ,

0 ≤ τ < t ≤ T, {x, x′, ξ} ⊂ Rn,m ∈ Zn+; (11)

3) ñïðàâäæó¹òüñÿ ðiâíiñòü∫
Rn

G(t, x; τ, ξ)dξ =

= exp{(t− τ)
1∫
0

a0(τ + (t− τ)β)dβ},

0 ≤ τ < t ≤ T, x ∈ Rn; (12)

4) äëÿ 0 ≤ τ < t ≤ T i x ∈ Rn ïðàâèëüíi
ðiâíîñòi

∂mx
∫
Rn

G(t, x; τ, ξ)dξ = 0, m ∈ Zn+ \ {0};

∂m2
x2
∂m3
x3

∫
Rn2+n3

G(t, x; τ, ξ)dξ2dξ3 = 0,

(m2,m3) ∈ Zn2+n3
+ \ {0};

∂m3
x3

∫
Rn3

G(t, x; τ, ξ)dξ3=0,m3 ∈ Zn3
+ \{0}. (13)

Çàóâàæåííÿ 1. Çi ñòðóêòóðè ðiâíÿííÿ
(1) òà ÔÐÇÊ äëÿ íüîãî âèïëèâà¹, ùî ôóí-
êöiÿ

∫
Rn3

G(t, x; τ, ξ)dξ3 ¹ ÔÐÇÊ äëÿ ðiâíÿí-

íÿ (1), ÿêùî â íüîãî âõîäÿòü òiëüêè ïåðøi
äâi ãðóïè ïðîñòîðîâèõ çìiííèõ (n3 = 0), à∫
Rn2+n3

G(t, x; τ, ξ)dξ2dξ3 � ÔÐÇÊ äëÿ íåâèðî-

äæåíîãî ïàðàáîëi÷íîãî çà Ïåòðîâñüêèì ðiâ-
íÿííÿ (n2 = n3 = 0), àäæå∫

Rn3

G(t, x; τ, ξ)dξ3 = (t− τ)−N2×

×F−1
(σ1,σ2)→(y1,y2)

[Ṽ (t, τ, (σ1, σ2, 0))](t, τ, y1, y2),∫
Rn2+n3

G(t, x; τ, ξ)dξ2dξ3 = (t− τ)−N1×

×F−1
σ1→y1

[Ṽ (t, τ, (σ1, 0, 0))](t, τ, y1),
äå y1 = y1(t− τ, x, ξ), y2 = y2(t− τ, x, ξ).

Òâåðäæåííÿ iç çàóâàæåííÿ 1 áóëî âðàõî-
âàíî â [1], çîêðåìà, ïðè äîâåäåííi ðiâíîñòåé
(13).

Íàäàëi ñòàëó c0 ç îçíà÷åííÿ ôóíêöié
kl(t, al), l ∈M , áðàòèìåìî ç iíòåðâàëó (0, c),
äå c � ñòàëà ç îöiíîê (10). Ïðàâà ÷àñòèíà
íåðiâíîñòi (10) ìiñòèòü ôóíêöi�� Ec i ρ, ÿêi
ìàþòü òàêi âëàñòèâîñòi [1]:∫

Rn

(t− τ)−NEδ(t, x; τ, ξ)dξ = C, τ < t,

{x, ξ} ⊂ Rn, δ > 0; (14)

(d(Xs(t− τ); ξ))βEc̄(t, x; τ, ξ) ≤
≤ C(t− τ)β/(2b)Ec̄1(t, x; τ, ξ), 0 ≤ τ < t ≤ T,

{x, ξ} ⊂ Rn, c̄1 ∈ (0, c̄), β ∈ (0, 1]; (15)

∀{c1, c2} ⊂ R, 0 < c2 < c1, ∃C > 0:
exp{−c1ρ(t, x′, ξ)} ≤ C exp{−c2ρ(t, x, ξ)},

x ∈ Rn, t > 0, d(x, x′) < t1/(2b). (16)

Êðiì òîãî, ïðàâèëüíà íåðiâíiñòü
∀R̄ > 0 : ρ(t, x, ξ) ≥ t−λRq, t ∈ (0, T ],

x ∈ BR̄, ξ ∈ Rn \B2R, (17)

äå R := R̄(1 + T + T 2/2), λ = q − 1 ïðè
t ∈ (0, 1], λ = 3q − 1 ïðè t > 1.

Äîâåäåìî íåðiâíiñòü (17). Ìà¹ìî

ρ(t, x, ξ)≥ t−λ
3∑
l=1

|x̄l(t)− ξl|q≥ t−λ||ξ|−|X1(t)||q.

ßêùî t ∈ (0, T ], x ∈ BR̄, òî |X1(t)| =
= |x+ t(0, (x11, ..., x1n2), (x21, ..., x2n3))+

+(t2/2)(0, 0, (x11, ..., x1n3)) ≤
≤ |x|+ t(|x1|+ |x2|) + (t2/2)|x1| ≤

≤ (1 + t + t2/2)|x| ≤ (1 + T + T 2/2)R̄. Òîìó
äëÿ ξ ∈ Rn \ B2R, R = R̄(1 + T + T 2/2):
ρ(t, x, ξ)≥ t−λ(2R− R̄(1 + T + T 2/2))q= t−λRq.

3. Ôîðìóëè äëÿ ïîõiäíèõ âiä îá'¹ì-
íîãî ïîòåíöiàëó, ïîðîäæåíîãî ôóíäà-
ìåíòàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (1).
Äàëi ïîçíà÷àòèìåìî: r1 := 2b; r2 := 1; r3 := 1.
Òåîðåìà 1. Íåõàé f ∈ Ck(·) i çàäîâîëüíÿ-

¹òüñÿ òàêà óìîâà Ãåëüäåðà ç ÷èñëàìè α1 ∈
(0, 1], α2 ∈ (1, 2b+ 1] i α3 ∈ (2b+ 1, 4b+ 1] :

∀R > 0 ∃C > 0 ∀(t, x) ∈ [0, T ]×BR :

|∆x′

x f(t, x)| ≤ Cd(x, x′;α1, α2, α3). (18)
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Òîäi îá'¹ìíèé ïîòåíöiàë (3) ìà¹ íåïåðåðâ-
íi ïîõiäíi, ùî âõîäÿòü ó ðiâíÿííÿ (1), ÿêi
âèçíà÷àþòüñÿ äëÿ (t, x) ∈ Π(0,T ] ôîðìóëàìè

∂m1
x1
u(t, x) =

t∫
0

dτ

∫
Rn

∂m1
x1
G(t, x; τ, ξ)f(τ, ξ)dξ,

|m1| < 2b; (19)

∂ml
xl
u(t, x) =

t∫
0

dτ

∫
Rn

∂ml
xl
G(t, x; τ, ξ)×

×∆
Xl(t−τ)
ξ f(τ, ξ)dξ, |ml| = rl, l ∈M ; (20)

∂tu(t, x) = f(t, x)+

+

t∫
0

dτ

∫
Rn

∂tG(t, x; τ, ξ)∆
X3(t−τ)
ξ f(τ, ξ)dξ+

+

t∫
0

dτ

∫
Rn1+n2

∂t

∫
Rn3

G(t, x; τ, ξ)dξ3×

×∆
X2(t−τ)
X3(t−τ)f(τ,X3(t− τ))dξ1dξ2+

+

t∫
0

dτ

∫
Rn1

∂t

∫
Rn2+n3

G(t, x; τ, ξ)dξ2dξ3×

×∆
X1(t−τ)
X2(t−τ)f(τ,X2(t− τ))dξ1+

+

t∫
0

∂t

∫
Rn

G(t, x; τ, ξ)dξf(τ,X1(t− τ))dτ.

(21)
Êðiì òîãî çàäîâîëüíÿ¹òüñÿ óìîâà

∂ml
xl
u(t, x)−→

t→0
0, |ml| ≤ rl, l ∈M, (22)

ðiâíîìiðíî ñòîñîâíî x ∈ BR ç äîâiëüíèì äî-
äàòíèì R.
Äîâåäåííÿ. Ïîêëàäåìî
I(t, x; τ) :=

∫
Rn

G(t, x; τ, ξ)f(τ, ξ)dξ,

Km1(t, x; τ) :=
∫
Rn

∂m1
x1
G(t, x; τ, ξ)f(τ, ξ)dξ,

0 ≤ τ < t ≤ T, x ∈ Rn. (23)

Òîäi

u(t, x) =
t∫
0

I(t, x; τ)dτ, (t, x) ∈ Π(0,T ].

Ñïî÷àòêó äîâåäåìî ïðàâèëüíiñòü ôîðìó-
ëè (19). Ùîá äîâåñòè, ùî
∂m1
x1
I(t, x; τ) = Km1(t, x; τ), 0 ≤ τ < t ≤ T,

x ∈ Rn, |m1| < 2b, (24)

íåîáõiäíî ïåðåêîíàòèñÿ, ùî �íòåãðàë
Km1(t, x; τ) çáiãà¹òüñÿ ðiâíîìiðíî ñòîñîâíî
x ∈ BR äëÿ äîâiëüíîãî R > 0 òà ôiêñîâà-
íèõ t i τ . Îöiíèìî ïiäiíòåãðàëüíó ôóíêöiþ
ç Km1 . Íà ïiäñòàâi (10) òà íàëåæíîñòi ôóí-
êöi�� f äî ïðîñòîðó Ck(·) ìà¹ìî
|∂m1
x1
G(t, x; τ, ξ)f(τ, ξ)|≤Cm(t−τ)−N−|m1|/(2b)×
×Ec(t, x; τ, ξ) exp{[k(τ), ξ]}||f ||k(·).

Çà äîïîìîãîþ íåðiâíîñòi (7) îòðèìó¹ìî
|∂m1
x1
G(t, x; τ, ξ)f(τ, ξ)|≤Cm(t−τ)−N−|m1|/(2b)×
×Ec−c0(t, x; τ, ξ) exp{[s(t), x]}||f ||k(·) =

= Cm||f ||k(·) exp{[s(t), x]}(t− τ)−N−|m1|/(2b)×

×exp{−(c−c0)
3∑
l=1

(t− τ)1−lq|x̄l(t− τ)−ξl|q}=

=: J1(t, x; τ, ξ).

ßêùî â iíòåãðàëi ïî ξ ∈ Rn âiä îöiííî��
ôóíêöi�� J1 çðîáèòè çàìiíó çìiííèõ ξl çà ôîð-
ìóëàìè

ηl = (t− τ)1/q−l(ξl − x̄l(t− τ)), l ∈M, (25)

òî äiñòàíåìî ∫
Rn

J1(t, x; τ, ξ)dξ =

=
∫
Rn

Cm(t− τ)−|m1|/(2b) exp{[s(t), x]}||f ||k(·)×

× exp{−(c− c0)
3∑
l=1

|ηl|q}dη =

= C(t− τ)−|m1|/(2b) exp{[s(t), x]}||f ||k(·).
Îòæå, iíòåãðàëKm1(t, x; τ) çáiãà¹òüñÿ ðiâ-

íîìiðíî ñòîñîâíî x ∈ BR äëÿ äîâiëüíîãî
R > 0 òà ôiêñîâàíèõ t i τ , òîìó ñïðàâäæóþ-
òüñÿ ðiâíiñòü (24) òà îöiíêà

|∂m1
x1
I(t, x; τ)| ≤

≤ C(t− τ)−|m1|/(2b) exp{[s(t), x]}||f ||k(·),

0 ≤ τ < t ≤ T, x ∈ Rn, |m1| < 2b. (26)

Çà äîïîìîãîþ íåðiâíîñòi (26) äîâîäè-
òüñÿ ðiâíîìiðíà çáiæíiñòü ñòîñîâíî (t, x) ∈
[0, T ]×BR, R > 0, iíòåãðàëà

t∫
0

∂m1
x1
I(t, x; τ)dτ.
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Îòæå, ïðàâèëüíà ðiâíiñòü

∂m1
x1
u(t, x) =

t∫
0

∂m1
x1
I(t, x; τ)dτ,

(t, x) ∈ [0, T ]×BR, R > 0,
çâiäêè íà ïiäñòàâi äîâiëüíîñòi R > 0 òà (24)
âèïëèâà¹ ôîðìóëà (19). Êðiì òîãî, ñïðàâ-
äæó¹òüñÿ îöiíêà
|∂m1
x1
u(t, x)|≤Ct1−|m1|/(2b) exp{[s(t), x]}||f ||k(·),

(t, x) ∈ Π(0,T ], |m1| < 2b. (27)

Äëÿ äîâåäåííÿ ðiâíîñòi (20) ïîêëàäåìî
I ′(t, x; τ) :=

∫
Rn

G(t, x; τ, ξ)∆y
ξf(τ, ξ)|y=Xl(t−τ)dξ,

K ′
ml
(t, x; τ) :=

=
∫
Rn

∂ml
xl
G(t, x; τ, ξ)∆

Xl(t−τ)
ξ f(τ, ξ)dξ,

0 ≤ τ < t ≤ T, x ∈ Rn.
Äîâåäåìî, ùî

∂ml
xl
I ′(t, x; τ) = K ′

ml
(t, x; τ), 0 ≤ τ < t ≤ T,

x ∈ Rn, |ml| = rl, l ∈M. (28)

Äëÿ öüîãî îöiíèìî ïiäiíòåãðàëüíó ôóíêöiþ
ç K ′

ml
. Íåõàé R̄ > 0, R := R̄(1 + T + T 2/2).

Ïðè (t, x) ∈ (0, T ] × BR̄ i (τ, ξ) ∈ [0, t) × B2R

íà ïiäñòàâi (10) òà (18), à ïîòiì (15) ç c̄ = c ç
óðàõóâàííÿì òîãî, ùî α1 < α2 < α3, ìà¹ìî

|∂ml
xl
G(t, x; τ, ξ)∆

Xl(t−τ)
ξ f(τ, ξ)| ≤

≤ Cm(t− τ)−N−(l−1/q)|ml|×
×Ec(t, x; τ, ξ)d(ξ,Xl(t− τ);α1, α2, α3) ≤

≤ Cm(t− τ)−N−(l−1/q)|ml|+αl/(2b)Ec̄1(t, x; τ, ξ).
(29)

Âèêîðèñòîâóþ÷è íåðiâíîñòi (7), (8), (10)
i (17), à òàêîæ òå, ùî f ∈ Ck(·), äëÿ (t, x) ∈
(0, T ]× BR̄ i (τ, ξ) ∈ [0, t)× (Rn \ B2R) îòðè-
ìó¹ìî

|∂ml
xl
G(t, x; τ, ξ)∆

Xl(t−τ)
ξ f(τ, ξ)| ≤

≤ Cm(t− τ)−N−(l−1/q)|ml|Ec(t, x; τ, ξ)×
×(exp{[k(τ), ξ]}+ exp{[k(τ), Xl(t− τ)]})×

×||f ||k(·) ≤ Cm(t− τ)−N−(l−1/q)|ml|×
×Ec−c0(t, x; τ, ξ) exp{[s(t), x]}||f ||k(·) ≤

≤ Cm(t− τ)−N−(l−1/q)|ml|×
× exp{− c−c0

2
(t− τ)−λRq}×

×E(c−c0)/2(t, x; τ, ξ) exp{[s(t), x]}||f ||k(·).
Î÷åâèäíî, ùî iñíó¹ òàêå c2 ∈ (0, c−c0

2
), ùî

(t− τ)−(l−1/q)|ml| exp{− c−c0
2

(t− τ)−λRq} ≤

≤ C exp{−c2(t− τ)−λRq}.
Òîìó

|∂ml
xl
G(t, x; τ, ξ)∆

Xl(t−τ)
ξ f(τ, ξ)| ≤

≤ C(t− τ)−N exp{−c2(t− τ)−λRq}×
×E(c−c0)/2(t, x; τ, ξ) exp{[s(t), x]}||f ||k(·),

(t, x)∈(0, T ]×BR̄, (τ, ξ)∈ [0, t)×(Rn \B2R).
(30)

ßêùî ïîäàòè K ′
ml

ó âèãëÿäi ñóìè iíòåãðà-
ëiâ ïî B2R i ïî Rn \ B2R, òî íà ïiäñòàâi (29)
i (30) ïåðøèé äîäàíîê îöiíèòüñÿ ÷åðåç
J2(t, x; τ) :=

∫
B2R

Cm(t− τ)−N−(l−1/q)|ml|+αl/(2b)×

×Ec̄1(t, x; τ, ξ)dξ, 0 ≤ τ < t ≤ T, x ∈ BR̄,
à äðóãèé � ÷åðåç

J3(t, x; τ) :=
=

∫
Rn\B2R

C(t− τ)−N exp{−c2(t− τ)−λRq}×

×E(c−c0)/2(t, x; τ, ξ) exp{[s(t), x]}||f ||k(·)dξ,
0 ≤ τ < t ≤ T, x ∈ BR̄.

Âðàõîâóþ÷è ðiâíîñòi (14) i òå, ùî ïðè çà-
äàíèõ αl i |ml| = rl âèêîíó¹òüñÿ íåðiâíiñòü
−(l − 1/q)|ml| + αl/(2b) > −1, l ∈ M , äiñòà-
¹ìî çáiæíiñòü iíòåãðàëiâ J2 i J3 òà ðiâíîìið-
íó çáiæíiñòü iíòåãðàëà K ′

ml
(t, x; τ) ñòîñîâíî

x ∈ BR̄ ïðè ôiêñîâàíèõ t i τ . Íà ïiäñòàâi
äîâiëüíîñòi R̄ > 0 çâiäñè âèïëèâà¹ ðiâíiñòü
(28). Êðiì òîãî, îñêiëüêè
J2(t, x; τ)≤

∫
Rn

Cm(t− τ)−N−(l−1/q)|ml|+αl/(2b)×

×Ec̄1(t, x; τ, ξ)dξ = C(t− τ)−(l−1/q)|ml|+αl/(2b),
J3(t, x; τ)≤

∫
Rn

C(t− τ)−NE(c−c0)/2(t, x; τ, ξ)dξ×

× exp{[s(t), x]}||f ||k(·)=C exp{[s(t), x]}||f ||k(·),
0 ≤ τ < t ≤ T, x ∈ Rn,

òî ìà¹ìî ùå òàêó îöiíêó äëÿ |ml| = rl,
l ∈M :
|∂ml
xl
I ′(t, x; τ)| ≤ C((t− τ)−(l−1/q)|ml|+αl/(2b)+

+exp{[s(t), x]}||f ||k(·)), 0 ≤ τ < t ≤ T,

x ∈ Rn. (31)

Âèðàç ∂ml
xl
I ′(t, x; τ) ìîæíà çàïèñàòè ó âè-

ãëÿäi
∂ml
xl
I ′(t, x; τ) = ∂ml

xl
I(t, x; τ) + ∂ml

xl
I ′1(t, x; τ),

äå I � iíòåãðàë ç ôîðìóëè (23), à
I ′1(t, x; τ) :=

∫
Rn

G(t, x; τ, ξ)f(τ, y)|y=Xl(t−τ)dξ,

0 ≤ τ < t ≤ T, x ∈ Rn.
Îñêiëüêè

I ′1(t, x; τ) =
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=
∫

Rn1×...×Rnl−1

( ∫
Rnl×...×Rn3

G(t, x; τ, ξ)dξl...dξ3

)
×

×f(τ, y)|y=Xl(t−τ)dξ1...dξl−1,
òî íà ïiäñòàâi âiäïîâiäíî�� ðiâíîñòi ç (13)

∂ml
xl
I ′1(t, x; τ) =

=
∫

Rn1×...×Rnl−1

∂ml
xl

( ∫
Rnl×...×Rn3

G(t, x; τ, ξ)dξl...dξ3

)
×

×f(τ, y)|y=Xl(t−τ)dξ1...dξl−1 = 0.
Îòæå,

∂ml
xl
I ′(t, x; τ) = ∂ml

xl
I(t, x; τ),

0 ≤ τ < t ≤ T, x ∈ Rn. (32)

Îöiíêà (31), â ÿêié −(l − 1
q
)|ml| + αl

2b
>

−1, òà ðiâíiñòü (32) äîâîäÿòü ðiâíîìiðíó çái-
æíiñòü ñòîñîâíî (t, x) ∈ (0, T ] × BR ïðè äî-
âiëüíîìó R > 0 iíòåãðàëà

t∫
0

∂ml
xl
I(t, x; τ)dτ.

Çâiäñè òà äîâiëüíîñòi R > 0 âèïëèâà¹ ðiâ-
íiñòü

∂ml
xl
u(t, x) =

t∫
0

∂ml
xl
I(t, x; τ)dτ,

(t, x) ∈ Π(0,T ], |ml| = rl, l ∈M,
ùî ðàçîì ç (32) i (28) äîâîäèòü ôîðìóëó
(20). Êðiì òîãî, ñïðàâäæó¹òüñÿ îöiíêà

|∂ml
xl
u(t, x)| ≤ C(t1−(l−1/q)|ml|+αl/(2b)+
+t exp{[s(t), x]}||f ||k(·)),

(t, x) ∈ Π(0,T ], |ml| = rl, l ∈M. (33)

Òåïåð äîâåäåìî ïðàâèëüíiñòü ôîðìóëè
(21) äëÿ (t, x) ∈ Π[t0,T ], äå t0 > 0. Äëÿ öüîãî
ðîçãëÿíåìî ñóêóïíiñòü ôóíêöié

uh(t, x) :=
t−h∫
0

dτ
∫
Rn

G(t, x; τ, ξ)f(τ, ξ)dξ =

=

t−h∫
0

I(t, x; τ)dτ, (t, x)∈Π[t0,T ], 0<h<t0.

(34)
Îñêiëüêè ïiäiíòåãðàëüíà ôóíêöiÿ I íà

ïiäñòàâi îöiíêè (26) ¹ îáìåæåíîþ, òî iñíó¹
ïîõiäíà ∂tuh â Π[t0,T ], ïðè÷îìó

∂tuh(t, x) = I(t, x; t− h) +
t−h∫
0

∂tI(t, x; τ)dτ,

(t, x) ∈ Π[t0,T ]. (35)

Î÷åâèäíî, ùî iíòåãðàë I ìîæíà ïîäàòè ó âè-
ãëÿäi òàêî�� ñóìè:

I(t, x; τ) =
=
∫
Rn

G(t, x; τ, ξ)∆y3
ξ f(τ, ξ)|y3=X3(t−τ)dξ+

+
∫
Rn

G(t, x; τ, ξ)∆y2
y3
f(τ, y3)| y2=X2(t−τ)

y3=X3(t−τ)

dξ+

+
∫
Rn

G(t, x; τ, ξ)∆y1
y2
f(τ, y2)| y1=X1(t−τ)

y2=X2(t−τ)

dξ+

+
∫
Rn

G(t, x; τ, ξ)f(τ, y1)|y1=X1(t−τ)dξ =

=:
4∑
l=1

I ′′l (t, x; τ), 0 ≤ τ < t ≤ T, x ∈ Rn.

Òîìó

∂tI(t, x; τ) =
4∑
l=1

∂tI
′′
l (t, x; τ),

0 ≤ τ < t ≤ T, x ∈ Rn. (36)

Ïîêëàäåìî
K1(t, x; τ) :=

∫
Rn

∂tG(t, x; τ, ξ)∆
X3(t−τ)
ξ f(τ, ξ)dξ,

K2(t, x; τ) :=
∫

Rn1+n2

∂t
∫

Rn3

G(t, x; τ, ξ)dξ3×

×∆
X2(t−τ)
X3(t−τ)f(τ,X3(t− τ))dξ1dξ2,

K3(t, x; τ) :=
∫

Rn1

∂t
∫

Rn2+n3

G(t, x; τ, ξ)dξ2dξ3×

×∆
X1(t−τ)
X2(t−τ)f(τ,X2(t− τ))dξ1,

K4(t, x; τ) :=∂t
∫
Rn

G(t, x; τ, ξ)dξf(τ,X1(t− τ)),

i äîâåäåìî, ùî
∂tI

′′
l (t, x; τ) = Kl(t, x; τ), 0 ≤ τ < t ≤ T,

x ∈ Rn, l ∈ {1, 2, 3, 4}. (37)

Äëÿ öüîãî âñòàíîâèìî, ùî iíòåãðàëè
Kl(t, x; τ) çáiãàþòüñÿ ðiâíîìiðíî ñòîñîâíî
t ∈ [t1 −h/3,min(t1 +h/3, T )], äå t1 � äîâiëü-
íî ôiêñîâàíå ÷èñëî ç [t0, T ], äëÿ ôiêñîâàíèõ
x ∈ Rn i τ ∈ [0, t1 − 2h/3].

Ïðè l ∈ {1, 2, 3} öå äîâîäèòüñÿ àíàëîãi÷íî
äî äîâåäåííÿ çáiæíîñòi iíòåãðàëiâK ′

ml
, òiëü-

êè äëÿ îöiíþâàííÿ ïiäiíòåãðàëüíèõ ôóí-
êöié ç Kl âèêîðèñòîâóþòüñÿ íå áåçïîñåðå-
äíüî îöiíêè (10), à îöiíêè

|∂tG(t, x; τ, ξ)| ≤ C(t− τ)−N−2−1/(2b)×
×Ec(t, x; τ, ξ)(|x1|+ |x2|),

|∂t
∫

Rn3

G(t, x; τ, ξ)dξ3| ≤ C(t− τ)−N2−1−1/(2b)×

× exp{−cρ2(t− τ, x, ξ)}|x1|,
|∂t

∫
Rn2+n3

G(t, x; τ, ξ)dξ2dξ3| ≤ C(t− τ)−N1−1×

× exp{−cρ1(t− τ, x, ξ)},

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn. (38)
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Ùîá îòðèìàòè ïåðøó ç îöiíîê (38), ïîòði-
áíî ïiäñòàâèòè G â îäíîðiäíå ðiâíÿííÿ (1),
ñêîðèñòàòèñÿ òèì, ùî G ¹ ðîçâ'ÿçêîì öüîãî
ðiâíÿííÿ, îöiíêàìè (10) òà îáìåæåíiñòþ êî-
åôiöi¹íòiâ. Äâi íàñòóïíi îöiíêè ç (38) îòðè-
ìóþòüñÿ ïîäiáíèì ÷èíîì, òiëüêè ç óðàõóâà-
ííÿì çàóâàæåííÿ 1.

Çàçíà÷èìî, ùî ïðè äîâåäåííi (37) ïðè l ∈
{1, 2, 3} îòðèìó¹ìî òàêi îöiíêè:

|∂tI ′′1 (t, x; τ)| = |K1(t, x; τ)| ≤
≤ C((t− τ)−2−1/(2b)+α3/(2b)×

×(|x1|+ |x2|) + exp{[s(t), x]}||f ||k(·)),
|∂tI ′′2 (t, x; τ)| = |K2(t, x; τ)| ≤ C(|x1|×

×(t−τ)−1−1/(2b)+α2/(2b)+exp{[s(t), x]}||f ||k(·)),
|∂tI ′′3 (t, x; τ)|= |K3(t, x; τ)|≤C((t− τ)−1+

α1
2b +

+exp{[s(t), x]}||f ||k(·)),

0 ≤ τ < t ≤ T, x ∈ Rn. (39)

Íà ïiäñòàâi ðiâíîñòi (12), íàëåæíîñòi f äî
ïðîñòîðó Ck(·), à òàêîæ íåðiâíîñòåé (4) i (7)
ìà¹ìî
|K4(t, x; τ)|≤ Cexp{[k(τ), X1(t− τ)]}||f ||k(·)≤

≤ C exp{[k(t), X1(t− τ)]}||f ||k(·) ≤
≤ C exp{[s(t), x]}||f ||k(·),
0 ≤ τ < t ≤ T, x ∈ Rn.

Çâiäñè âèïëèâà¹, ùî K4(t, x; τ) òàêîæ ðiâ-
íîìiðíî çáiãà¹òüñÿ ñòîñîâíî t ∈ [t1 −
h/3,min(t1 + h/3, T )], ñïðàâäæóþòüñÿ ðiâ-
íiñòü (37) ç l = 4 òà îöiíêà
|∂tI ′′4 (t, x; τ)|= |K4(t, x; τ)|≤C exp{[s(t), x]}×

×||f ||k(·), 0 ≤ τ < t ≤ T, x ∈ Rn. (40)

Îá'¹äíàâøè ðiâíîñòi (35), (36) i (37),
îòðèìà¹ìî

∂tuh(t, x) = I(t, x; t− h)+

+
t−h∫
0

4∑
l=1

Kl(t, x; τ)dτ =

= I(t, x; t− h) +
4∑
l=1

t−h∫
0

Kl(t, x; τ)dτ,

(t, x) ∈ Π[t0,T ], h ∈ (0, t0). (41)

Îñêiëüêè äëÿ äîâiëüíèõ R̄ > 0 i t0 ∈ (0, T )
ðiâíîìiðíî ñòîñîâíî (t, x) ∈ [t0, T ] × BR̄ ¹
ïðàâèëüíèìè òàêi ãðàíè÷íi ñïiââiäíîøåííÿ:

uh(t, x)−→
h→0

u(t, x); (42)

I(t, x; t− h)−→
h→0

f(t, x); (43)

t−h∫
0

Kl(t, x; τ)dτ −→
h→0

t∫
0

Kl(t, x; τ)dτ,

l ∈ {1, 2, 3, 4}, (44)

òî ïðè ïðÿìóâàííi â ðiâíîñòi (41) äî ãðàíèöi
ïðè h→ 0 îòðèìà¹ìî ôîðìóëó (21).

Äîâåäåìî ñïiââiäíîøåííÿ (42)�(44). Çà
äîïîìîãîþ îöiíêè (26) ìà¹ìî

|u(t, x)− uh(t, x)| =

= |
t∫

t−h
dτ
∫
Rn

G(t, x; τ, ξ)f(τ, ξ)dξ| ≤

≤ |
t∫

t−h
|I(t, x; τ)|dτ ≤

≤
t∫

t−h
C exp{[s(t), x]}||f ||k(·)dτ =

= C exp{[s(t), x]}||f ||k(·)h,
(t, x) ∈ Π[t0,T ], 0 < h < t0,

çâiäêè âèïëèâà¹ (42).
Ðîçïèøåìî
I(t, x; t− h) =

∫
Rn

G(t, x; t− h, ξ)f(t, ξ)dξ+

+

∫
Rn

G(t, x; t− h, ξ)∆t
t−hf(t− h, ξ)dξ. (45)

Íà ïiäñòàâi ãðàíè÷íî�� âëàñòèâîñòi iíòå-
ãðàëà Ïóàññîíà çàäà÷i Êîøi [1]∫
Rn

G(t, x; t− h, ξ)f(t, ξ)dξ−→
h→0

f(t, x) (46)

ðiâíîìiðíî ñòîñîâíî (t, x) ∈ [t0, T ]×BR̄.
Óíàñëiäîê îöiíîê (10) i (17), íàëåæíîñòi

f äî Ck(·) òà íåïåðåðâíîñòi ôóíêöi�� f çà t â
[t0, T ]×BR îòðèìà¹ìî

|
∫
Rn

G(t, x; t− h, ξ)∆t
t−hf(t− h, ξ)dξ| ≤

≤
∫
B2R

|G(t, x; t− h, ξ)∆t
t−hf(t− h, ξ)|dξ+

+
∫

Rn\B2R

|G(t, x; t− h, ξ)∆t
t−hf(t− h, ξ)|dξ ≤

≤
∫
B2R

Ch−NEc(t, x; t− h, ξ)ω(h,R)dξ+

+
∫

Rn\B2R

Ch−NEc(t, x; t− h, ξ)×

×(exp{[k(t− h), ξ)]}+ exp{[k(t), ξ)]})×
×||f ||k(·)dξ =: J4(t, x;h) + J5(t, x;h),

äå R = R̄(1 + T + T 2/2), ω(h,R) → 0 ïðè
h→ 0.

Âèêîðèñòîâóþ÷è ðiâíiñòü (14), ìà¹ìî
J4(t, x;h) ≤
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≤
∫
Rn

Ch−NEc(t, x; t− h, ξ)ω(h,R)dξ =

= Cω(h,R), (t, x) ∈ [t0, T ]×BR̄,
à íà ïiäñòàâi (7), (14) i (17)
J5(t, x;h)=

∫
Rn\B2R

Ch−Nexp{−cρ(h, x, ξ)}||f ||k(·)×

×(exp{[k(t− h), ξ)]}+ exp{[k(t), ξ)]})dξ ≤
≤ C

∫
Rn\B2R

h−N exp{−(c− c0)ρ(h, x, ξ)}×

×(exp{[k(t), X1(h)]}+
+exp{[k(t+ h), X1(h))]})dξ||f ||k(·) ≤
≤ C

∫
Rn\B2R

h−N exp{− c−c0
2
h−λRq}×

×E(c−c)/2(h, x; 0, ξ)dξ(exp{[k(t), X1(h)]}+
+exp{[k(t+ h), X1(h)]})||f ||k(·) ≤
≤ C exp{− c−c0

2
h−λRq}||f ||k(·)×

×(exp{[k(t), X1(h)]}+exp{[k(t+h), X1(h)]}),
(t, x) ∈ [t0, T ]×BR̄.

Îñêiëüêè J4 òà J5 ïðÿìóþòü äî íóëÿ ïðè
h → 0 ðiâíîìiðíî ùîäî (t, x) ∈ [t0, T ] × BR̄,
òî äðóãèé äîäàíîê ïðàâî�� ÷àñòèíè (45) ðiâ-
íîìiðíî â öié îáëàñòi ïðÿìó¹ äî íóëÿ ïðè
h→ 0, à ç óðàõóâàííÿì (46) îòðèìó¹ìî (43).

Ñïiââiäíîøåííÿ (44) âèïëèâà¹ ç
îöiíîê (39) i (40), íà ïiäñòàâi ÿêèõ∣∣∣∣∣ t∫
t−h

Kl(t, x; τ)dτ

∣∣∣∣∣−→h→0
0 ðiâíîìiðíî ùîäî

(t, x) ∈ [t0, T ]×BR̄, l ∈ {1, 2, 3, 4}.
Îòæå, äîâåäåíà ïðàâèëüíiñòü ôîðìóë

(19)�(21). Ïðàâèëüíiñòü (22) áåçïîñåðåäíüî
âèïëèâà¹ ç îöiíîê (27) i (33). ◃
Çàóâàæåííÿ 2. Ç âèâåäåíèõ ôîðìóë

(19)�(21) íà ïiäñòàâi òîãî, ùî ôóíêöiÿ
G(t, x; τ, ξ) ÿê ôóíêöiÿ t i x ïðè äîâiëüíî
ôiêñîâàíèõ τ ∈ [0, t) i ξ ∈ Rn ¹ ðîçâ'ÿçêîì
ðiâíÿííÿ (1) ç f = 0, âèïëèâà¹, ùî ôóíêöiÿ
(3) ¹ ðåãóëÿðíèì ðîçâ'ÿçêîì íåîäíîðiäíîãî
ðiâíÿííÿ (1).
4. Âëàñòèâîñòi îá'¹ìíîãî ïîòåíöià-

ëó. Êðiì íàâåäåíèõ ó òåîðåìi 1 i çàóâàæåííi
2 âëàñòèâîñòåé îá'¹ìíîãî ïîòåíöiàëó, íàñòó-
ïíà òåîðåìà ìiñòèòü íîâi éîãî âëàñòèâîñòi.
Òåîðåìà 2. ßêùî f ∈ Cα

k(·), äå α :=

(β, β + 1, β + 2b + 1) ç äåÿêèì β ∈ (0, 1], òî
u ∈ Cr,α′

s(·) , äå α
′ := (β, β, β), r := (r1, r2, r3),

ñïðàâäæóþòüñÿ îöiíêà

||u||r,α
′

s(·) ≤ C||f ||αk(·) (47)

i ðiâíîñòi

lim
t→0

(
sup
x∈Rn

(|∂ml
xl
u(t, x)| exp{−[s(t), x]})

)
= 0,

|ml| ≤ rl, l ∈M. (48)

Äîâåäåííÿ. Ïåðø çà âñå çàóâàæèìî, ùî
îñêiëüêè f ∈ Cα

k(·), α = (β, β+1, β+2b+1) ç
äåÿêèì β ∈ (0, 1], òî ôóíêöiÿ f çàäîâîëüíÿ¹
óìîâè òåîðåìè 1, çîêðåìà óìîâó (18) ç α1 =
β, α2 = β + 1, α3 = β + 2b + 1. Òîìó äëÿ u
ïðàâèëüíi âñi òâåðäæåííÿ òåîðåìè 1.

Ñïî÷àòêó ðîçãëÿíåìî âèïàäîê, êîëè
|m1| < 2b. Íà ïiäñòàâi (27) ïðè d(x, x′) ≥
t1/(2b) äëÿ äîâiëüíîãî γ ∈ (0, 1] îäåðæó¹ìî

|∆x′
x ∂

m1
x1
u(t, x)| ≤ |∂m1

x1
u(t, x)|+

+|∂m1
x1
u(t, x)|x=x′ | ≤ Ct1−|m1|/(2b)×

×(exp{[s(t), x]}+ exp{[s(t), x′]})||f ||k(·) ≤
≤ C(d(x, x′))γt1−(|m1|+γ)/(2b)(exp{[s(t), x]}+

+exp{[s(t), x′]})||f ||k(·).
ßêùî d(x, x′) < t1/(2b), òî çà äîïîìîãîþ

(7), (11), (14), (19) i íàëåæíîñòi f äî Cα
k(·)

ìà¹ìî
|∆x′

x ∂
m1
x1
u(t, x)| ≤

≤
t∫
0

dτ
∫
Rn

|∆x′
x ∂

m1
x1
G(t, x; τ, ξ)||f(τ, ξ)|dξ ≤

≤ C(d(x, x′))γ
t∫
0

dτ
∫
Rn

(t− τ)−N−(|m1|+γ)/(2b)×

×Ec(t, x; τ, ξ) exp{[k(τ), ξ]}dξ||f ||k(·) ≤

≤ C(d(x, x′))γ
t∫
0

(t− τ)−(|m1|+γ)/(2b)dτ×

× exp{[s(t), x]}||f ||k(·) =
= C(d(x, x′))γt1−(|m1|+γ)/(2b)×

× exp{[s(t), x]}||f ||k(·).
Ç öèõ îöiíîê òà (27) âèïëèâà¹, ùî u ∈ Cp,α′′

s(·) ,
äå p = (p1, 0, 0), p1 < 2b, α′′ = (γ, γ, γ), γ ∈
(0, 1], i

||u||p,α
′′

s(·) ≤ C||f ||k(·). (49)

Íåõàé òåïåð |ml| = rl, l ∈M . Îöiíêè (33)
çà óìîâ òåîðåìè íà f íå ¹ òî÷íèìè. Òîìó
îöiíèìî ∂ml

xl
u çà äîïîìîãîþ ôîðìóëè (20),

íàëåæíîñòi f äî Cα
k(·), íåðiâíîñòåé (7), (8),

(10) i (15) òà ðiâíîñòi (14). Ìà¹ìî

|∂ml
xl
u(t, x)|≤Cm

t∫
0

dτ

∫
Rn

(t− τ)−N−(l− 1
q
)|ml|×
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×Ec(t, x; τ, ξ)d(ξ,Xl(t−τ); β, β+1, β+2b+1)×

×(exp{[k(τ), ξ]}+exp{[k(τ), Xl(t−τ)]})dξ×

×[f ]αk(·) ≤ C

t∫
0

dτ

∫
Rn

(t− τ)−N−(l− 1
q
)|ml|×

×Ec−c0(t, x; τ, ξ)×

×d(ξ,Xl(t− τ); β, β + 1, β + 2b+ 1)dξ×

× exp{[s(t), x]}[f ]αk(·) ≤

≤ C

t∫
0

dτ

∫
Rn

(t− τ)−N−(l− 1
q
)|ml|+αl/(2b)×

×Ec̄1(t, x; τ, ξ)dξ exp{[s(t), x]}[f ]αk(·) =

= C

t∫
0

(t− τ)−(l− 1
q
)|ml|+αl/(2b)dτ×

× exp{[s(t), x]}[f ]αk(·) =

= Ct1−(l− 1
q
)|ml|+αl/(2b) exp{[s(t), x]}[f ]αk(·).

Îñêiëüêè |ml| = rl, l ∈ M , i α1 = β, α2 =
β+1, α3 = β+2b+1, òî−(l− 1

q
)|ml|+αl/(2b) =

−1+β/(2b), l ∈M , i îòðèìó¹ìî òàêó îöiíêó:

|∂ml
xl
u(t, x)| ≤ Ctβ/(2b) exp{[s(t), x]}[f ]αk(·),

(t, x) ∈ Π(0,T ], |ml| = rl, l ∈M. (50)

ßêùî d(x, x′) ≥ t1/(2b), òî ç (50) âiäðàçó
ìà¹ìî

|∆x′

x ∂
ml
xl
u(t, x)|≤C(d(x, x′))β(exp{[s(t), x]}+

+exp{[s(t), x′]})[f ]αk(·), {(t, x), (t, x′)}⊂Π(0,T ].
(51)

Íåõàé òåïåð {(t, x), (t, x′)} ⊂ Π(0,T ] i d :=

d(x, x′) < t1/(2b). Òîäi

|∆x′

x ∂
ml
xl
u(t, x)| ≤

≤

∣∣∣∣∣∣
t−d2b∫
0

dτ

∫
Rn

∆x′

x ∂
ml
xl
G(t, x; τ, ξ)f(τ, ξ)dξ

∣∣∣∣∣∣+
+

∣∣∣∣∣∣
t∫

t−d2b

dτ

∫
Rn

∂ml
xl
G(t, x; τ, ξ)∆

Xl(t−τ)
ξ f(τ, ξ)dξ

∣∣∣∣∣∣+

+

∣∣∣∣∣∣
t∫

t−d2b

dτ

∫
Rn

∂ml
xl
G(t, x; τ, ξ)∆

X′
l(t−τ)

ξ f(τ, ξ)dξ

∣∣∣∣∣∣ =
=: P1 + P2 + P3,

äå X ′
l(t− τ) = Xl(t− τ)|x=x′ , l ∈M .

Çà äîïîìîãîþ (11), ïåðøî�� ðiâíîñòi ç (13)
i íàëåæíîñòi f äî Cα

k(·) ìà¹ìî

P1 ≤
t−d2b∫
0

dτ

∫
Rn

|∆x′

x ∂
ml
xl
G(t, x; τ, ξ)|×

×|∆Xl(t−τ)
ξ f(τ, ξ)|dξ ≤

≤ Cdγ
t−d2b∫
0

dτ

∫
Rn

(t− τ)−N−(l− 1
q
)|ml|−γ/(2b)×

×Ec(t, x; τ, ξ)d(ξ,Xl(t−τ); β, β+1, β+2b+1)×
×(exp{[k(τ), ξ]}+exp{[k(τ), Xl(t− τ)]})dξ)×

×[f ]αk(·).

Äàëi âèêîðèñòà¹ìî íåðiâíîñòi (7), (8) i
(15) òà ðiâíiñòü (14). Îäåðæó¹ìî

P1≤Cdγ
t−d2b∫
0

dτ

∫
Rn

(t− τ)−N−(l− 1
q
)|ml|−γ/(2b)×

×d(ξ,Xl(t− τ); β, β + 1, β + 2b+ 1)dξ×
×Ec−c0(t, x; τ, ξ) exp{[s(t), x]}[f ]αk(·) ≤

≤ Cdγ
t−d2b∫
0

(t− τ)−(l− 1
q
)|ml|+(αl−γ)/(2b)dτ×

× exp{[s(t), x]}[f ]αk(·) = Cdγ×

×
t−d2b∫
0

(t− τ)−1+(β−γ)/(2b)dτ exp{[s(t), x]}[f ]αk(·)

àáî ïðè γ ∈ (β, 1)

P1 ≤ Cdγ(t− τ)(β−γ)/(2b)
∣∣∣t−d2b
0

exp{[s(t), x]}×

×[f ]αk(·) = Cdγ(dβ−γ − t(β−γ)/(2b))×
× exp{[s(t), x]}[f ]αk(·) ≤

≤ C(d(x, x′))β exp{[s(t), x]}[f ]αk(·). (52)
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Íà ïiäñòàâi (7), (8), (10), (14) i (15) òà íà-
ëåæíîñòi f äî Cα

k(·) ìà¹ìî

P2 ≤ C

t∫
t−d2b

dτ

∫
Rn

(t− τ)−N−(l− 1
q
)|ml|×

×Ec(t, x; τ, ξ)d(ξ,Xl(t−τ); β, β+1, β+2b+1)×
×(exp{[k(τ), ξ]}+exp{[k(τ), Xl(t− τ)]})dξ×

×[f ]αk(·) ≤ C

t∫
t−d2b

(t− τ)−(l− 1
q
)|ml|+αl/(2b)dτ×

×exp{[s(t), x]}[f ]αk(·)=C
t∫

t−d2b

(t−τ)−1+β/(2b)dτ×

× exp{[s(t), x]}[f ]αk(·)=C(t− τ)β/(2b)
∣∣∣t−d2b
t

×

× exp{[s(t), x]}[f ]αk(·) =

= C(d(x, x′))β exp{[s(t), x]}[f ]αk(·). (53)

Àíàëîãi÷íî

P3 ≤ C(d(x, x′))β exp{[s(t), x′]}[f ]αk(·). (54)

Ç îöiíîê (51)�(54) âèïëèâà¹, ùî u ∈ Cr,α′

s(·) ,
äå α′ = (β, β, β), r = (r1, r2, r3) = (2b, 1, 1) i
ïðàâèëüíà îöiíêà (47). Ç îöiíîê (27) i (50)
áåçïîñåðåäíüî âèïëèâà¹ (48). ◃
5. Êîðåêòíà ðîçâ'ÿçíiñòü çàäà÷i Êî-

øi (1), (2). Âèáåðåìî íåâiä'¹ìíi ÷èñëà al,
l ∈ M , ÿêi âõîäÿòü ó âèðàçè äëÿ ôóíêöié kl
i sl, l ∈M , òàê, ùîá âèêîíóâàëàñÿ óìîâà

T < min
l∈M

(c0/sl(T ))
(2b−1)/(2b(l−1)+1).

Íà ïiäñòàâi çàóâàæåííÿ 2 òà ðiâíîñòi
(48) çà óìîâ òåîðåìè 2 îá'¹ìíèé ïîòåíöi-
àë (3), ïîðîäæåíèé ÔÐÇÊ äëÿ ðiâíÿííÿ (1),
¹ ðîçâ'ÿçêîì íåîäíîðiäíîãî ðiâíÿííÿ (1) ç
îäíîðiäíîþ ïî÷àòêîâîþ óìîâîþ (2).

Ç ðåçóëüòàòiâ, îòðèìàíèõ â [1] (òåîðåìà
3.8), âèïëèâà¹, ùî íå iñíó¹ áiëüøå îäíîãî
ðîçâ'ÿçêó ðiâíÿííÿ (1), ÿêèé çàäîâîëüíÿ¹
òàêi óìîâè:

1) ∃C > 0 ∀t ∈ (0, T ]:

sup
x∈Rn

(|u(t, x)| exp{−[s(t), x]}) ≤ C;

2) lim
t→0

∫
Rn

u(t, x)ψ(x)dx = 0

äëÿ äîâiëüíî�� ôóíêöi�� ψ òàêî��, ùî∫
Rn

|ψ(x)| exp{[s(T ), x]}dx <∞.

Íàñëiäêîì öüîãî ¹ òàêèé ðåçóëüòàò.
Òâåðäæåííÿ. Ó ïðîñòîði Cr,α′

s(·) , äå r =

(2b, 1, 1), α′ = (β, β, β) ç äåÿêèì β ∈ (0, 1], íå
iñíó¹ áiëüøå îäíîãî ðîçâ'ÿçêó ðiâíÿííÿ (1),
äëÿ ÿêîãî âèêîíó¹òüñÿ óìîâà (48).

Ç òåîðåì 1 i 2 òà öüîãî òâåðäæåííÿ âèïëè-
âà¹ òàêà òåîðåìà ïðî êîðåêòíó ðîçâ'ÿçíiñòü
çàäà÷i Êîøi (1), (2).
Òåîðåìà 3. Íåõàé f ∈ Cα

k(·), äå α =

(β, β +1, β +2b+1) ç äåÿêèì β ∈ (0, 1]. Òîäi
ôîðìóëîþ (3) âèçíà÷à¹òüñÿ ¹äèíèé ðîçâ'ÿ-
çîê ðiâíÿííÿ (1), ÿêèé íàëåæèòü äî ïðî-
ñòîðó Cr,α′

s(·) , äå r = (2b, 1, 1), α′ = (β, β, β),
i äëÿ ÿêîãî ñïðàâäæóþòüñÿ îöiíêà (47) òà
ðiâíîñòi (48).
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ÏÀÐÀÁÎËI×ÍI ÐIÂÍßÍÍß Ç ÂÈÐÎÄÆÅÍÍßÌÈ
ÍÀ ÏÎ×ÀÒÊÎÂIÉ ÃIÏÅÐÏËÎÙÈÍI

Íàâåäåíî êîðîòêèé îãëÿä ðåçóëüòàòiâ ó÷íiâ Ñ. Ä. Åéäåëüìàíà, ùî ñòîñóþòüñÿ ïîáóäîâè,
äîñëiäæåííÿ i çàñòîñóâàííÿ ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ ïàðàáîëi÷íèõ i
äåÿêèõ óëüòðàïàðàáîëi÷íèõ òèïó Êîëìîãîðîâà ðiâíÿíü ç âèðîäæåííÿìè íà ïî÷àòêîâié ãiïåð-
ïëîùèíi.

A brief review of results of S.D. Eidelman's disciples is presented. These results relate to
construction, research and application of fundamental solution of the Cauchy problem for parabolic
and some ultraparabolic Kolmogorov equations with degenerations on initial hyperplane.

Âñòóï. Ó çâ'ÿçêó ç âiäçíà÷åííÿì ó
2016 ð. 70-ði÷÷ÿ êàôåäðè äèôåðåíöiàëüíèõ
ðiâíÿíü ×åðíiâåöüêîãî óíiâåðñèòåòó ïðèíà-
ãiäíî çãàäàòè ¨¨ ôóíäàòîðiâ, ÿêi çàïî÷àòêó-
âàëè ïåðñïåêòèâíi íàïðÿìêè íàóêîâèõ äî-
ñëiäæåíü. Îäíèì iç òàêèõ ôóíäàòîðiâ áóâ
Ñ.Ä.Åéäåëüìàí, ÿêèé, ïðàöþþ÷è â ×åðíiâ-
öÿõ, çàïðîïîíóâàâ i ïî÷àâ àêòèâíî ðîçðîá-
ëÿòè íèçêó àêòóàëüíèõ ïðîáëåì òåîði¨ ïà-
ðàáîëi÷íèõ ðiâíÿíü. Îòðèìàíi íèì i éîãî
ó÷íÿìè ðåçóëüòàòè äîáðå âiäîìi ñâiòîâié ìà-
òåìàòè÷íié ãðîìàäñüêîñòi. Ó öié ñòàòòi íà-
âîäèòüñÿ êîðîòêèé îãëÿä îäåðæàíèõ ó÷íÿ-
ìè Ñ.Ä.Åéäåëüìàíà ðåçóëüòàòiâ äîñëiäæåí-
íÿ ïàðàáîëi÷íèõ ðiâíÿíü, ÿêi ìàþòü âèðîä-
æåííÿ íà ãiïåðïëîùèíi çàäàííÿ ïî÷àòêîâèõ
äàíèõ.

Ïîøòîâõîì äî öèõ äîñëiäæåíü áóëè ïðà-
öi [1�4], â ÿêèõ ðîçãëÿäàëèñü ïàðàáîëi÷íi
çà Ïåòðîâñüêèì ðiâíÿííÿ ç âèðîäæåííÿ-
ìè íà ïî÷àòêîâié ãiïåðïëîùèíi. Ó ïðàöÿõ
À.Ñ.Êàëàøíèêîâà [1, 2] çíàéäåíî êëàñè êî-
ðåêòíîñòi äëÿ âèðîäæåíèõ çà ÷àñîâîþ çìií-
íîþ ïàðàáîëi÷íèõ ðiâíÿíü äðóãîãî ïîðÿä-
êó, ùî âêëþ÷àþòü çðîñòàþ÷i ôóíêöi¨. Öi ðå-
çóëüòàòè áóëè îäåðæàíi áåç âèêîðèñòàííÿ
ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó. À.Â. Ãëóøàê
òà Ñ.Ä.Øìóëåâè÷ [3] ïîáóäóâàëè ôóíäà-
ìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi (ÔÐÇÊ)
äëÿ âèðîäæåíèõ íà ïî÷àòêîâié ãiïåðïëîùè-

íi {t = 0} ïàðàáîëi÷íèõ ðiâíÿíü äîâiëüíî-
ãî ïîðÿäêó, çà äîïîìîãîþ ÿêîãî âèçíà÷è-
ëè êëàñ êîðåêòíîñòi çàäà÷i áåç ïî÷àòêîâèõ
óìîâ. Öåé êëàñ øèðøèé, íiæ êëàñ, îäåðæà-
íèé â [1]. Âií ìiñòèòü ôóíêöi¨, ÿêi çðîñòà-
þòü ÿê ïðè |x| → ∞, òàê i ïðè t → 0. Ó
ïðàöi Â.Ï. Ãëóøêà [4] äîâåäåíî, ùî ñèëüíî
âèðîäæåíå ðiâíÿííÿ íå äîçâîëÿ¹ ðîçãëÿäà-
òè êëàñè÷íó çàäà÷ó Êîøi ç ïî÷àòêîâèìè äà-
íèìè ïðè t = 0. Òîìó ïðèðîäíî çàäàâàòè
ïî÷àòêîâó óìîâó ç äåÿêîþ âàãîþ. Ñàìå òàêi
ðîçâ'ÿçêè, ÿêi ç äåÿêîþ âàãîþ çàäîâîëüíÿ-
þòü ïî÷àòêîâó óìîâó ñïåöiàëüíîãî âèãëÿäó,
áóëè çíàéäåíi â [3].

Ðîçãëÿäàòèìåìî ðiâíÿííÿ (ñêàëÿðíå àáî
âåêòîðíå, òîáòî ñèñòåìó ñêàëÿðíèõ ðiâíÿíü)
âèãëÿäó(

α(t)∂t − β(t)A(t, x, ∂x)− a0(t, x)
)
u = f,

t > 0, x ∈ Rn, (1)

äå a0 � çàäàíà ôóíêöiÿ, A � äèôåðåíöiàëü-
íèé âèðàç çà n-âèìiðíîþ ïðîñòîðîâîþ çìií-
íîþ x òàêèé, ùî âèðàç

∂t − A(t, x, ∂x)− a0(t, x) (2)

ðiâíîìiðíî ïàðàáîëi÷íèé â òîìó ÷è iíøîìó
ñåíñi â øàði Π[0,T ] := [0, T ]×Rn; α i β � íåïå-
ðåðâíi íà [0, T ] ôóíêöi¨, äëÿ ÿêèõ α(t) > 0,
β(t) > 0 ïðè t > 0 i α(0)β(0) = 0, ïðè÷îìó
ôóíêöiÿ β ìîíîòîííî íåñïàäíà.
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Îñêiëüêè ðiâíÿííÿ (1) ïðè t = 0 âèðîä-
æó¹òüñÿ, òî äëÿ íüîãî íå çàâæäè ìîæíà
ðîçãëÿäàòè çàäà÷ó Êîøi ç ïî÷àòêîâèìè äà-
íèìè ïðè t = 0 ó çâè÷àéíîìó ðîçóìiííi.
Àëå ìîæíà ãîâîðèòè ïðî ôóíäàìåíòàëüíèé
ðîçâ'ÿçîê çàäà÷i Êîøi (ÔÐÇÊ) çãiäíî ç òà-
êèì îçíà÷åííÿì.
Îçíà÷åííÿ 1. ÔÐÇÊ äëÿ ðiâíÿííÿ (1)

íàçèâà¹òüñÿ ôóíêöiÿ G(t, x; τ, ξ), 0 < τ <
< t ≤ T , {x, ξ} ⊂ Rn, òàêà, ùî ôîðìóëà

u(t, x) =

∫
Rn

G(t, x; τ, ξ)φ(ξ) dξ, (t, x) ∈ Π(τ,T ],

âèçíà÷à¹ ðîçâ'ÿçîê ðiâíÿííÿ (1) ïðè t > τ ,
x ∈ Rn, ÿêèé çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó

u(t, x)

∣∣∣∣
t=τ

= φ(x), x ∈ Rn,

äëÿ áóäü-ÿêîãî τ ∈ (0, T ) i äîâiëüíî¨ íåïå-
ðåðâíî¨ òà îáìåæåíî¨ ôóíêöi¨ φ.

Ðiâíÿííÿ (1) ìàþòü âèðîäæåííÿ ïðè t =
0, ÿêi êëàñèôiêóþòüñÿ çà âåëè÷èíàìè

A(t, τ) :=

t∫
τ

dθ

α(θ)
i B(t, τ) :=

t∫
τ

β(θ)

α(θ)
dθ.

Òàê, ó âèïàäêó, êîëè A(T, 0) < +∞, ðiâ-
íÿííÿ (1) ìà¹ ñëàáêå âèðîäæåííÿ, à êîëè
A(T, 0) = +∞, òî � ñèëüíå. ßêùî A(T, 0) =
+∞ i B(T, 0) = +∞, òî ìà¹ìî âèïàäîê äóæå
ñèëüíîãî âèðîäæåííÿ.

Çàóâàæèìî, ùî êîëè a0 ≡ 0, òî â ðiâíÿí-
íi (1) âiä çìiííî¨ t ∈ (0, T ] ìîæíà ïåðåéòè
äî íîâî¨ çìiííî¨ τ = −B(T, t). Ïðè öüîìó
âåëè÷èíà τ áóäå çìiíþâàòèñÿ íà iíòåðâàëi
(−B(T, 0), 0], ÿêèé ó âèïàäêó äóæå ñèëüíîãî
âèðîäæåííÿ ¹ íåîáìåæåíèì. Îòæå, ðiâíÿí-
íÿ (1) çâåäåòüñÿ äî ðiâíÿííÿ áåç âèðîäæåíü,
ÿêå òðåáà ðîçãëÿäàòè, âçàãàëi êàæó÷è, íà íå-
îáìåæåíîìó ÷àñîâîìó iíòåðâàëi. Òàêèé ðîç-
ãëÿä âèìàãà¹ ñïåöiàëüíîãî äîäàòêîâîãî äî-
ñëiäæåííÿ.

Äëÿ ñêàëÿðíèõ ðiâíÿíü, ÿêi äàëi ðîçãëÿ-
äàòèìåìî, ïîáóäîâàíî ÔÐÇÊ (â äåÿêèõ âè-
ïàäêàõ â ÿâíîìó âèãëÿäi), îäåðæàíî îöiíêè
ÔÐÇÊ òà éîãî ïîõiäíèõ, óñòàíîâëåíî ðiçíi
âëàñòèâîñòi ÔÐÇÊ. Çà äîïîìîãîþ öèõ âëà-
ñòèâîñòåé äîñëiäæåíî êîðåêòíó ðîçâ'ÿçíiñòü

ðiâíÿíü iç çâè÷àéíîþ ïî÷àòêîâîþ óìîâîþ ó
âèïàäêó ñëàáêîãî âèðîäæåííÿ i áåç ïî÷àòêî-
âî¨ óìîâè, ÿêùî âèðîäæåííÿ ñèëüíå. Ó âè-
ïàäêó ñëàáêîãî âèðîäæåííÿ çíàéäåíî íåîá-
õiäíi é äîñòàòíi óìîâè çîáðàæåííÿ ðîçâ'ÿç-
êiâ ðiâíÿíü ó âèãëÿäi ñóìè iíòåãðàëiâ Ïó-
àññîíà òà îá'¹ìíèõ ïîòåíöiàëiâ, äîñëiäæåíî,
â ÿêîìó ñåíñi äàíi ðîçâ'ÿçêè çàäîâîëüíÿþòü
ïî÷àòêîâi óìîâè, òà îïèñàíî ìíîæèíè ïî÷à-
òêîâèõ çíà÷åíü ðîçâ'ÿçêiâ.

1. Ïàðàáîëi÷íi çà Ïåòðîâñüêèì ÷è çà
Åéäåëüìàíîì ðiâíÿííÿ ç îáìåæåíèìè
êîåôiöi¹íòàìè. Ðîçãëÿíåìî ðiâíÿííÿ (1), â
ÿêîìó âèðàç (2) ¹ ðiâíîìiðíî ïàðàáîëi÷íèì
çà Ïåòðîâñüêèì ÷è çà Åéäåëüìàíîì i éîãî
êîåôiöi¹íòè îáìåæåíi. Íàâåäåìî äëÿ òàêîãî
ðiâíÿííÿ ðåçóëüòàòè, ÿêi îïóáëiêîâàíi ó ïðà-
öÿõ [5�13]. Ó ôîðìóëþâàííÿõ îáìåæèìîñü
òiëüêè ðiâíÿííÿìè Åéäåëüìàíà, ÷àñòèííèì
âèïàäêîì ÿêèõ ¹ ðiâíÿííÿ Ïåòðîâñüêîãî.

Íåõàé n, b1, . . . , bn � çàäàíi íàòóðàëüíi ÷è-
ñëà; b � íàéìåíøå ñïiëüíå êðàòíå ÷èñåë
b1, . . . , bn; qj := 2bj/(2bj − 1), 1 ≤ j ≤ n;

M :=
n∑
j=1

(b/bj); ||k|| :=
n∑
j=1

(bkj/bj), ÿêùî

k := (k1, . . . , kn) � ìóëüòèiíäåêñ; p(x; y) :=

(
n∑
j=1

|xj − yj|2bj/b)1/2 �
−→
2b-ïàðàáîëi÷íà âiä-

ñòàíü ìiæ òî÷êàìè x := (x1, . . . , xn) i y :=
(y1, . . . , yn) ç Rn ; ∆x′

x i ∆t′
t � ïðèðîñòè âiäïî-

âiäíî çà çìiííèìè x i t; a ∆t′,x′

t,x � ïðèðiñò çà
t i x;

A(t, x, ∂x) =
∑

0<||k||≤2b

ak(t, x) ∂
k
x . (3)

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè:
À1) ðiâíÿííÿ (1) ó âèïàäêó (3) ðiâíîìið-

íî
−→
2b-ïàðàáîëi÷íå íà ìíîæèíi Π[0,T ];
À2) êîåôiöi¹íòè ak, ||k|| ≤ 2b, îáìåæå-

íi, íåïåðåðâíi çà t (äëÿ âåêòîðíîãî ðiâíÿííÿ
íåïåðåðâíiñòü çà t ak ç ||k|| = 2b ðiâíîìiðíà
ùîäî x ∈ Rn) i ãåëüäåðîâi çà x ðiâíîìiðíî
ñòîñîâíî t ç ïîêàçíèêîì γ ∈ (0, 1) â Π[0,T ].

Òîäi äëÿ öüîãî ðiâíÿííÿ iñíó¹ ÔÐÇÊ G,
äëÿ ÿêîãî ïðàâèëüíi îöiíêè

|∂kxG(t, x; τ, ξ)| ≤ C(B(t, τ))−M−∥k∥/(2b)×
×Ed

c (t, x; τ, ξ), (4)
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|∆x′

x ∂
k
xG(t, x; τ, ξ)| ≤ C(p(x;x′))γ×
×(B(t, τ))−M−(∥k∥+γ)/(2b)×

×
(
Ed
c (t, x; τ, ξ) + Ed

c (t, x
′; τ, ξ)

)
, (5)

0 < τ < t ≤ T, {x, x′, ξ} ⊂ Rn, ∥k∥ ≤ 2b,

äå C > 0, c > 0 i d ∈ R.
Â îöiíêàõ (4) i (5)

Ed
c (t, x; τ, ξ) := Ec(t, x; τ, ξ)E

d(t, τ),

Ed(t, τ) := exp{dA(t, τ)}, Ec(t, x; τ, ξ) :=

= exp
{
−c

n∑
j=1

(B(t, τ))1−qj |xj − ξj|qj
}
.

ßêùî äîäàòêîâî äî óìîâ òåîðåìè 1 âèêî-
íó¹òüñÿ ùå óìîâà
À3) êîåôiöi¹íòè ak, ∥k∥ ≤ 2b, äëÿ äîâiëü-

íèõ {t, t′} ⊂ (0, T ], t < t′, i x ∈ Rn çàäîâîëü-
íÿþòü óìîâó

|∆t′

t ak(t, x)| ≤ C(A(t′, t))γ/(2b),

òî, êðiì îöiíîê (4) i (5), ñïðàâäæóþòüñÿ
îöiíêè

|∆t′,x′

t,x ∂
k
xG(t, x; τ, ξ)| ≤ C(p(t′, x′; t, x))γ×

×
(
(B(t, τ))−M−(∥k∥+γ)/(2b)Ed

c (t, x; τ, ξ)+

+(B(t′, τ))−M−(∥k∥+γ)/(2b)Ed
c (t

′, x′; τ, ξ)
)
,

∥k∥ ≤ 2b, (6)∣∣∣∫
Rn

∂kxG(t, x; τ, y)dy
∣∣∣ ≤ C(B(t, τ))−(∥k∥−γ)/(2b)×

×Ed(t, τ), 0 < ∥k∥ ≤ 2b, (7)∣∣∣∆t′,x′

t,x

∫
Rn

∂kxG(t, x; τ, y)dy

∣∣∣∣ ≤ C(p(t′, x′; t, x))γ×

×
(
Ed(t, τ) + Ed(t′, τ)

)
, 0 < ∥k∥ ≤ 2b, (8)

äå 0 < τ < t < t′ ≤ T , {x, x′, ξ} ⊂ Rn,
p(t, x; τ, y) := ((A(t, τ))1/b + (p(x; y))2)1/2.

Â îöiíêàõ (4)�(8) ñòàëà d ìîæå áóòè äî-
âiëüíîãî çíàêà àáî íóëåì. Ó âèïàäêó ñëàá-
êîãî âèðîæäåííÿ ðiâíÿííÿ (1) ó öèõ îöiíêàõ
ìîæíà áðàòè τ = 0 i d = 0.

ÔÐÇÊ G ïîðîäæó¹ iíòåãðàë Ïóàññîíà

ôóíêöi¨ φ

u1(t, x) :=

∫
Rn

G(t, x; 0, ξ)φ(ξ)dξ, (t, x) ∈ Π(0,T ],

(9)
iíòåãðàë Ïóàññîíà óçàãàëüíåíî¨ ìiðè µ

u2(t, x) :=

∫
Rn

G(t, x; 0, ξ)dµ(ξ), (t, x) ∈ Π(0,T ],

(10)
òà îá'¹ìíèé ïîòåíöiàë

v(t, x) :=

t∫
0

dτ

α(τ)

∫
Rn

G(t, x; τ, ξ)f(τ, ξ)dξ,

(t, x) ∈ Π(0,T ]. (11)

Ðåçóëüòàòè ïðî ÔÐÇÊ äîçâîëÿþòü äîñëi-
äæóâàòè êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷ ç ïî-
÷àòêîâèìè óìîâàìè i çàäà÷ áåç ïî÷àòêîâèõ
óìîâ ó çàëåæíîñòi âiä õàðàêòåðó âèðîäæåíü
ðiâíÿíü. Íàâåäåìî äåÿêi ðåçóëüòàòè òàêîãî
äîñëiäæåííÿ.

Ðîçãëÿäàòèìåìî ïðîñòîðè ôóíêöié, ÿêi ¹
íåïåðåðâíèìè àáî ìàþòü ïîòðiáíó ãëàäêiñòü
òà çàäîâîëüíÿþòü ïåâíi óìîâè ïðè t → 0 i
|x| → ∞. �õ ïîâåäiíêà ïðè t → 0 îïèñó¹òüñÿ
ôóíêöi¹þ

(δ(t))µ(∆(t, 0))rEd(T, t), t ∈ (0, T ],

äå µ � íåâiä'¹ìíå öiëå ÷èñëî, {r, d} ⊂ R,
δ : [0, T ] → [0,∞) � íåïåðåðâíà ìîíîòîííî
íåñïàäíà ôóíêöiÿ òàêà, ùî äëÿ äîâiëüíèõ
t ∈ (0, T ]

0 < δ(t) ≤ β(t), ∆(t, 0) :=

t∫
0

δ(λ)

α(λ)
dλ <∞,

à ïðè |x| → ∞ � ôóíêöi¹þ

Φν(t, x) := exp
{
ν

n∑
j=1

kj(t, aj)|xj|qj
}
,

(t, x) ∈ Π[0,T ], ν ∈ {−1, 1}, (12)

ç k⃗(t, a⃗) := (k1(t, a1), ..., kn(t, an)), t ∈ [0, T ],
äå

kj(t, aj) :=
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:= c0aj(c
2bj−1
0 − (T −B(T, t))a

2bj−1
j )1−qj ,

j ∈ {1, ..., n}, (13)

äëÿ t ∈ (0, T ] è kj(0, aj) := 0, ÿêùî B(T, 0) =
∞. Òóò c0 � ôiêñîâàíå ÷èñëî ç ïðîìiæêó
(0, c), äå c � ñòàëà ç îöiíîê ÔÐÇÊ, à ÷èñëà
aj òàêi, ùî 0 ≤ aj < c0T

1−qj .
Çàçíà÷èìî, ùî êîæíà ç ôóíêöié kj(·, aj),

j ∈ {1, ..., n}, ìîíîòîííî çðîñòà¹ i ñïðàâäæó-
¹òüñÿ íåðiâíiñòü

Ec0(t, x; τ, ξ)Φ1(τ, ξ) ≤ Φ1(t, x),

0 < τ < t ≤ T, {x, ξ} ⊂ Rn.

Íåõàé p ∈ [1,∞] i u(t, x), (t, x) ∈ Π[0,T ], �
çàäàíà êîìïëåêñíîçíà÷íà ôóíêöiÿ, âèìiðíà
çà x ïðè äîâiëüíîìó t ∈ [0, T ]. Äëÿ êîæíîãî
t ∈ [0, T ] îçíà÷èìî íîðìè

∥u(t, ·)∥k⃗(t,⃗a)p := ∥u(t, ·)Φ−1(t, ·)∥Lp(Rn).

×åðåç Lk⃗(t,⃗a)p ïîçíà÷èìî ïðîñòið âèìiðíèõ çà
Ëåáåãîì ôóíêöié φ : Rn → C, äëÿ ÿêèõ ñêií-
÷åííà íîðìà ∥φ∥k⃗(t,⃗a)p .

Íåõàé B � σ-àëãåáðà áîðåëüîâèõ ìíîæèí
ïðîñòîðó Rn, à M � ñóêóïíiñòü óñiõ çëi÷åí-
íî àäèòèâíèõ ôóíêöié ν : B −→ C (óçà-
ãàëüíåíèõ áîðåëüîâèõ ìið), ÿêi ìàþòü ñêií-
÷åííó ïîâíó âàðiàöiþ |ν|. ×åðåç M k⃗(0,⃗a) ïî-
çíà÷èìî ñóêóïíiñòü óñiõ óçàãàëüíåíèõ ìið
µ : B −→ C òàêèõ, ùî ôóíêöiÿ

ν(A) =

∫
A

Φ−1(0, x) dµ(x), A ∈ B,

íàëåæèòü äî ïðîñòîðó M . Ïðè öüîìó äëÿ
äîâiëüíî¨ µ ∈M k⃗(0,⃗a)

∥µ∥k⃗(0,⃗a) :=
∫
Rn

Φ−1(0, x) d|µ|(x) <∞.

Âèêîðèñòîâóâàòèìåìî ùå ïðîñòîðè
L
−k(T,⃗a)
1 , âèìiðíèõ ôóíêöié ψ : Rn → C

çi ñêií÷åííîþ íîðìîþ ∥ψ∥−k⃗(T,⃗a)1 :=

∥ψ(·)Φ1(T, ·)}∥L1(Rn) i ïðîñòið C
−k⃗(T,⃗a)
0 íå-

ïðåðâíèõ ôóíêöié ψ : Rn → C òàêèõ, ùî

|ψ(x)|Φ1(T, x) −→
|x|→∞

0. Äëÿ ψ ∈ C
−k⃗(T,⃗a)
0 ïî-

êëàäåìî ∥ψ∥−k⃗(T,⃗a)∞ := sup
x∈Rn

(|ψ(x)|Φ1(T, x)).

Äëÿ ôóíêöi¨ f : Π(0,T ] → CN âèêîðèñòî-
âóâàòèìåìî òàêi óìîâè:
Ä1) äëÿ äîâiëüíîãî R > 0 iñíóþòü ñòàëi

C > 0 i γ ∈ (0, 1] òàêi, ùî äëÿ áóäü-ÿêèõ t ∈
(0, T ] i {x, ξ} ⊂ BR âèêîíó¹òüñÿ íåðiâíiñòü

|∆ξ
xf(t, x)| ≤ C(p(x, ξ))λ;

Ä2) äëÿ áóäü-ÿêîãî R > 0 iñíóþòü ñòàëi
C > 0 i γ ∈ (0, 1] òàêi, ùî äëÿ äîâiëüíèõ t ∈
(0, T ] è {x, ξ} ⊂ BR âèêîíó¹òüñÿ íåðiâíiñòü

|∆ξ
xf(t, x)| ≤ Cδ(t)E−d(T, t)(p(x; ξ))γ,

äå δ : (0, T ] → [0,∞) � ôóíêöiÿ, ÿêà çàäî-

âîëüíÿ¹ óìîâó
T∫
0

(δ(t)/α(t))dt <∞;

Ä3p) äëÿ äîâiëüíèõ t ∈ (0, T ] ñêií÷åííi

âåëè÷èíè ∥f(t, ·)∥k⃗(t,⃗a) i F3p(t) :=
t∫
0

(B(t −

τ))−1+1/(2b)∥f(τ, ·)∥k⃗(τ,⃗a)dτ , 1 ≤ p ≤ ∞;
Ä4) iñíó¹ òàêà ñòàëà C > 0, ùî äëÿ äî-

âiëüíèõ t ∈ (0, T ] âèêîíó¹òüñÿ íåðiâíiñòü

F (t) :=

t∫
0

Ed(T, τ)∥f(τ, ·)∥k⃗(τ,⃗a) dτ
α(τ)

≤ C,

äå BR � êóëÿ â Rn ðàäióñà R ç öåíòðîì ó
ïî÷àòêó êîîðäèíàò,

∥f(τ, ·)∥k⃗(τ,⃗a) := sup
x∈Rn

(|f(τ, x)|Ψ−1(τ, x)).

Ó âèïàäêó ñëàáêîãî âèðîäæåííÿ ìîæíà
ðîçãëÿäàòè çàäà÷ó Êîøi äëÿ ðiâíÿííÿ (1) ç
ïî÷àòêîâîþ óìîâîþ

u(t, x)
∣∣∣
t=0

= φ(x), x ∈ Rn. (14)

Òåîðåìà 2. Íåõàé ðiâíÿííÿ (1) ó âèïàä-
êó (3) ìà¹ ñëàáêå âèðîäæåííÿ i äëÿ éîãî êî-
åôiöi¹íòiâ âèêîíóþòüñÿ óìîâè À1, À2 òà
óìîâà
À3) iñíóþòü ïîõiäíi ∂kxak, ||k|| ≤ 2b, ÿêi

çàäîâîëüíÿþòü óìîâó À2.
Òîäi ïðàâèëüíèìè ¹ òàêi òâåðäæåííÿ:

1) ÿêùî φ ∈ L
k⃗(0,⃗a)
p i ôóíêöiÿ f çàäîâîëü-

íÿ¹ óìîâè Ä1 òà Ä3p, 1 ≤ p ≤ ∞, òî
ôóíêöiÿ

u(t, x) := u1(t, x) + v(t, x), (t, x) ∈ Π(0,T ],
(15)
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¹ ¹äèíèì ðîçâ'ÿçêîì ðiâíÿííÿ (1) òàêèì,
ùî

∃C > 0 ∀ t ∈ (0, T ] ∀ l ∈ Zn+, ||l|| ≤ 2b :

∥∂lxu(t, ·)∥k⃗(t,⃗a)p ≤ C
(
∥φ∥k⃗(0,⃗a)p + F3p(t)

)
,

ïðè 1 ≤ p <∞

lim
t→0+

∥u(t, ·)− φ∥k⃗(t,⃗a)p = 0

i ïðè p = ∞

lim
t→0+

∫
Rn

ψ(x)u(t, x)dx =

∫
Rn

ψ(x)φ(x)dx

äëÿ áóäü-ÿêî¨ ôóíêöi¨ ψ ∈ L
−k⃗(T,⃗a)
1 ;

2) ÿêùî µ ∈M k⃗(0,⃗a) i äëÿ ôóíêöi¨ f âèêî-
íóþòüñÿ óìîâè Ä1 òà Ä31, òî ôóíêöiÿ

u(t, x) := u2(t, x) + v(t, x), (t, x) ∈ Π(0,T ],
(16)

¹ ¹äèíèì ðîçâ'ÿçêîì ðiâíÿííÿ (1), ÿêèé çà-
äîâîëüíÿ¹ òàêi óìîâè:

∃C > 0 ∀ t ∈ (0, T ] :

∥u(t, ·)∥k⃗(t,⃗a)1 ≤ C
(
∥µ∥k⃗(0,⃗a) + F31(t)

)
,

i

lim
t→0+

∫
Rn

ψ(x)u(t, x)dx =

∫
Rn

ψ(x)dµ(x)

äëÿ äîâiëüíî¨ ôóíêöi¨ ψ ∈ C
−k⃗(T,⃗a)
0 .

ßêùî ðiâíÿííÿ (1) ìà¹ äóæå ñèëüíå âè-
ðîäæåííÿ, òî äëÿ öüîãî ðiâíÿííÿ ïî÷àòêî-
âó óìîâó âèãëÿäó (14) çàäîâîëüíèòè, âçàãà-
ëi êàæó÷è, íå ìîæíà. Íàâåäåìî òåîðåìó, â
ÿêié äàþòüñÿ óìîâè êîðåêòíî¨ ðîçâ'ÿçíîñòi
äóæå ñèëüíî âèðîæäåíîãî ðiâíÿííÿ (1) áåç
ïî÷àòêîâèõ óìîâ.
Òåîðåìà 3. Íåõàé äëÿ êîýôiöi¹íòiâ ak,

∥k∥ ≤ 2b, ðiâíÿííÿ (1) âèêîíóþòüñÿ óìîâè
À1, À2 òà óìîâà
À4) êîåôiöi¹íòè ak, ||k|| ≤ 2b, îáìåæå-

íi, ãåëüäåðîâi çà t, x ç ïîêàçíèêîì γ ∈ (0, 1)
â Π[0,T ] i òà A(T, 0) = ∞. ßêùî ôóíêöiÿ
f : Π(0,T ] → C íåïðåðâíà òà çàäîâîëüíÿ¹
çi ñòàëîþ d ç îöiíîê (4) óìîâè Ä2 i Ä4,

òî ôîðìóëà (11) âèçíà÷à¹ ¹äèíèé ðîçâ'ÿçîê
ðiâíÿííÿ (1), äëÿ ÿêîãî ïðàâèëüíà îöiíêà

∥v(t, ·)∥k⃗(t,⃗a) ≤ CE−d(T, t)F (t), t ∈ (0, T ].

Ó âèïàäêó ñèëüíîãî âèðîäæåííÿ ðiâíÿí-
íÿ (1), ìîæíà ñòàâèòè ïî÷àòêîâó óìîâó ó âè-
ãëÿäi

(u(t, x)Ed(T, t))
∣∣∣
t=0

= φ(x), x ∈ Rn, (17)

äå ÷èñëî d ç îöiíîê (4). Ðîçâ'ÿçîê çàäà÷i (1),
(17) çîáðàæó¹òüñÿ ó âèãëÿäi

u(t, x) =

∫
Rn

G0(t, x; ξ)φ(ξ)dξ + v(t, x),

(t, x) ∈ Π(0,T ], (18)

äå

G0(t, x; ξ) := lim
τ→0

(G(t, x; τ, ξ)E−d(T, τ)).

Çàçíà÷èìî, ùî â ïðàöÿõ Â.Â. Ãîðîäåöü-
êîãî òà I. Â.Æèòàðþêà [14, 15] âèâ÷åíi âëàñ-
òèâîñòi ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ ïàðà-
áîëi÷íèõ ðiâíÿíü çi ñëàáêèì âèðîäæåííÿì
íà ïî÷àòêîâié ãiïåðïëîùèíi òà ïî÷àòêîâèìè
äàíèìè iç ñïåöiàëüíèõ ïðîñòîðiâ óçàãàëüíå-
íèõ ôóíêöié.

2. Ïàðàáîëi÷íi ðiâíÿííÿ çi çðîñòàþ-
÷èìè êîåôiöi¹íòàìè. Ó âèïàäêó, êîëè êî-
åôiöi¹íòè âèðàçó A òà a0 ìîæóòü çðîñòà-
òè ïðè |x| → +∞, ðåçóëüòàòè îïóáëiêîâàíî
â [16�18]. Ñôîðìóëþ¹ìî âiäïîâiäíi òåîðåìè
äëÿ âèïàäêó ðiâíÿíü ç

A(t, x, ∂x) =
∑

||k||≤2b

ak(t, x) ∂
k
x , a0(t, x) = 0

(19)
i

A(t, x, ∂x) =
∑

0<||k||≤2b

ak(t, x)∂
k
x ,

a0(t, x) = b(t, x), (20)

Ùîá ñôîðìóëþâàòè ïðèïóùåííÿ ùîäî
êîåôiöi¹íòiâ ðiâíÿííÿ (1), ðîçãëÿíåìî âiäïî-
âiäíå ðiâíÿííþ (1) ó âèïàäêó (19) ðiâíÿííÿ
áåç âèðîäæåííÿ(

∂t −
∑

||k||≤2b

ak(t, x)∂
k
x

)
u(t, x) = 0,
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(t, x) ∈ Π(0,T ], (21)

òà ó âèïàäêó (20) ðiâíÿííÿ áåç âèðîäæåííÿ
i áåç ÷ëåíà ç êîåôiöi¹íòîì b(

∂t −
∑

0<||k||≤2b

ak(t, x)∂
k
x

)
u(t, x) = 0,

(t, x) ∈ Π(0,T ], (22)

Îçíà÷åííÿ 2. Ðiâíÿííÿ ç âèðîäæåííÿì
(1) ó âèïàäêàõ (19) i (20) íàçèâàþòü äèñè-
ïàòèâíèìè

−→
2b-ïàðàáîëi÷íèìè â Π[0,T ], ÿêùî

òàêèìè ¹ âiäïîâiäíî ðiâíÿííÿ (21) i (22).
Îçíà÷åííÿ 3. Ðiâíÿííÿ (21) íàçèâàòè-

ìåìî äèñèïàòèâíèì
−→
2b-ïàðàáîëi÷íèì (çà

Åéäåëüìàíîì) â Π[0,T ], ÿêùî iñíó¹ íåïåðåðâ-
íà ôóíêöiÿ D : Rn → [1,∞), ÿêà çàäîâîëü-
íÿ¹ òàêi óìîâè:

1) D(x) → ∞ ïðè |x| → ∞;
2) ôóíêöi¨ bk(t, x) := ak(t, x)(D(x))||k||−2b,

(t, x) ∈ Π[0,T ], ||k|| ≤ 2b, îáìåæåíi;
3) ðiâíÿííÿ(

∂t−
∑

||k||+kn+1=2b

bk(t, x)∂
k
x(−i∂xn+1)

kn+1

)
v(t, x) = 0

ç îáìåæåíèìè êîåôiöi¹íòàìè i äîäàòêî-
âîþ ïðîñòîðîâîþ çìiííîþ xn+1 ¹ ðiâíîìið-
íî íà Π[0,T ] × R

−→
2B-ïàðàáîëi÷íèì, äå

−→
2B :=

(2b1, . . . , 2bn, 2b). Ôóíêöiÿ D ïðè öüîìó íà-
çèâà¹òüñÿ õàðàêòåðèñòèêîþ äèñèïàöi¨ ðiâ-
íÿííÿ (21).
Òåîðåìà 4. Íåõàé äëÿ êîåôiöi¹íòiâ ak,

∥k∥ ≤ 2b, ðiâíÿííÿ (1) ó âèïàäêó (19) âèêî-
íóþòüñÿ óìîâè
Á1) ðiâíÿííÿ (1) ¹ äèñèïàòèâíèì

−→
2b-

ïàðàáîëi÷íèì ó Π[0,T ] ç õàðàêòåðèñòèêîþ
äèñèïàöi¨ D;
Á2) êîåôiöi¹íòè ak, ||k|| ≤ 2b, ðiâíÿííÿ

ìàþòü íåïåðåðâíi ïîõiäíi ∂lxak, ||k|| ≤ 2b,
||l|| ≤ 2b, äëÿ ÿêèõ ñïðàâäæóþòüñÿ îöiíêè

|∂lxak(t, x)| ≤ C(D(x))2b−||k||+||l||(1−ε),

(t, x) ∈ Π[0,T ],

äå C > 0, ε ∈ (0, 1); ôóíêöi¨ bk, ||k|| ≤ 2b, ÿê
ôóíêö¨ t, ¹ íåïåðåðâíèìè ðiâíîìiðíî ùîäî
x ∈ Rn;
Á3) ïîõiäíi ∂lxak, ||k|| ≤ 2b, ||l|| ≤ 2b, çà-

äîâîëüíÿþòü ëîêàëüíó óìîâó Ãåëüäåðà çà x

ç ïîêàçíèêîì λ ∈ (0, 1] âiäíîñíî âiäñòàíi p
ðiâíîìiðíî ùîäî t ∈ [0, T ], òîáòî

∀R > 0 ∃C > 0 ∀ {x, x′} ⊂ BR ∀ t ∈ [0, T ] :

|∆x′

x ∂
l
xak(t, x)| ≤ C(p(x, x′))λ.

Òîäi äëÿ òàêîãî ðiâíÿííÿ iñíó¹ ÔÐÇÊ G,
äëÿ ÿêîãî ïðàâèëüíi îöiíêè

|∂kxG(t, x; τ, ξ)| ≤ C(B(t, τ))−M−∥k∥/(2b)×
×Ec(t, x; τ, ξ) exp{dB(t, τ)} (23)

i

|∂kxG(t, x; τ, ξ)| ≤ C×

×
∥k∥∑
j=0

(B(t, τ))−M−(∥k∥−j)/(2b)(D(x))j(1−ε)×

×Ec(t, x; τ, ξ) exp{dB(t, τ) + g(x)− g(ξ)},
(24)

0 < τ < t ≤ T, {x, ξ} ⊂ Rn, ∥k∥ ≤ 2b,

â ÿêèõ C > 0, c > 0, d ∈ R, à g � äîâiëüíà
ôóíêöiÿ, ùî çàäîâîëüíÿ¹ óìîâó
Á4) g(x) → ∞ ïðè |x| → ∞; iñíóþòü ëî-

êàëüíî íåïåðåðâíi çà Ãåëüäåðîì ç ïîêàçíè-
êîì λ ç óìîâè À3 ïîõiäíi ∂kxg, 0 < ||k|| ≤ 4s,
ÿêi ïîâ'ÿçàíi ç õàðàêòåðèñòèêîþ äèñèïàöi¨
D óìîâîþ

|∂kxg(x)| ≤ Cη(D(x))||k||(1−ε),

x ∈ Rn, 0 < ||k|| ≤ 4b,

äå C > 0, ε ∈ (0, 1), η � äîñèòü ìàëå äîäà-
òíå ÷èñëî, âèáîðîì ÿêîãî â êîæíié êîíêðå-
òíié ñèòóàöi¨ ðîçïîðÿäæà¹ìîñü.

Äëÿ ðiâíÿííÿ (1) i âèïàäêó (20) ïðàâèëü-
íà íàñòóïíà òåîðåìà ïðî ÔÐÇÊ.
Òåîðåìà 5. ßêùî äëÿ êîåôiöi¹íòiâ ak,

0 < ∥k∥ ≤ 2b, i õàðàêòåðèñòèêè äèñèïàöi¨
D âèêîíàíi óìîâè
Â1) âèêîíó¹òüñÿ óìîâà Á1;
Â2) ∃C > 0 ∃ γ ∈ (0, 1] ∀ {(t, x), (t, y)} ⊂

Π[0,T ] ∀ k ∈ Zn+, ||k|| ≤ 2b : |∆y
xak(t, x)| ≤

C(p(x, y))γ((D(x))2b−||k||+(D(y))2b−||k||); ôóí-
êöi¨ bk, ||k|| ≤ 2b, ÿê ôóíêöi¨ t, ¹ íåïåðåðâ-
íèìè ðiâíîìiðíî ñòîñîâíî x ∈ Rn;
Â3) õàðàêòåðèñòèêà äèñèïàöi¨ D çàäî-

âîëüíÿ¹ òàêi óìîâè:
1) ∃C > 0 ∀ {x, y} ⊂ Rn, q(x, y) ≤ 1 :

D(x) ≤ CD(y);
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2) ∃C > 0 ∀ {x, y} ⊂ Rn, q(x, y) > 1:

D(x) ≤ C exp{ε
n∑
j=1

|xj − yj|(D(y))mj},

äå ε � äîñèòü ìàëå äîäàòíå ÷èñëî, âèáîðîì
ÿêîãî â êîíêðåòíié ñèòóàöi¨ ðîçïîðÿäæà¹-
ìîñü, à ôóíêöiÿ b îáìåæåíà, íåïåðåðâíà çà
t i ãåëüäåðîâà çà x ç ïîêàçíèêîì γ â Π[0,T ], a

q(x, y) := (
n∑
j=1

|xj− yj|qj)1/q
′
� ñïåöiàëüíà âiä-

ñòàíü ìiæ òî÷êàìè x i y ïðîñòîðó Rn, à
q′ := max

i∈{1,...,n}
qj, òî äëÿ ðiâíÿííÿ (1) ó âèïàä-

êó (20) iñíó¹ ÔÐÇÊ G, äëÿ ÿêîãî ïðàâèëüíi
ïðè ∥k∥ < 2b îöiíêè

|∂kxG(t, x; τ, ξ)| ≤ Cl

(
(B(t, τ))−M−∥k∥/(2b)×

× exp{−cB(t, τ)(D(ξ))2b}+ (D(ξ))−l
)
×

×Ed
c (t, x; τ, ξ), (25)

|∂kxG(t, x; τ, ξ)| ≤ C

∥k∥∑
j=0

(B(t, τ))−M−(∥k∥−j)/(2b)×

(D(x))jEd
c (t, x; τ, ξ) exp{g(x)− g(ξ)}, (26)

à ïðè ∥k∥ = 2b îöiíêè

|∂kxG(t, x; τ, ξ)| ≤ Cl

(
(B(t, τ))−M−1×

× exp{−cB(t, τ)(D(ξ))2b}+ (D(ξ))−l
)
×

×Ed
c (t, x; τ, ξ)×

×
(
(D(x))2b + exp{2bεMB(t, τ)(D(x))2b}

)
.

(27)

Â îöiíêàõ (25)�(27) 0 < τ < t ≤ T , {x, ξ} ⊂
Rn, l � äîâiëüíå äîäàòíå ÷èñëî, g � äîâiëüíà
ôóíêöiÿ, ùî çâäîâîëüíÿ¹ óìîâó
Â4) g(x) → ∞ ïðè |x| → ∞, iñíóþòü

ïîõiäíi ∂kxg, 0 < ||k|| ≤ 2b, äëÿ ÿêèõ ñïðàâ-
äæóþòüñÿ íåðiâíîñòi

|∂kxg(x)| ≤ Cη(D(x))||k||,

|∆y
x∂

k
xg(x)| ≤ Cη(p(x, y))γ

(
(D(x))||k||+

+(D(y))||k||
)
, {x, y} ⊂ Rn, 0 < ||k|| ≤ 2b,

äå C > 0, γ ∈ (0, 1] ç óìîâè Á2, η � äîñèòü
ìàëå äîäàòíå ÷èñëî, âèáîðîì ÿêîãî â êîí-
êðåòíié ñèòóàöi¨ ðîçïîðÿäæà¹ìîñü;
Cl > 0, C > 0, c > 0, d ∈ R.

Çàçíà÷èìî, ùî íàáið óìîâ Â íå âèìàãà¹
âåëèêî¨ ãëàäêîñòi êîåôiöi¹íòiâ, àëå íàêëàäà-
¹òüñÿ ñïåöiàëüíå îáìåæåííÿ íà õàðàêòåðè-
ñòèêó äèñèïàöi¨ D.

Íàâåäåìî ùå ðåçóëüòàòè ïðî ÔÐÇÊ äëÿ
ðiâíÿííÿ (1) ó âèïàäêó (19) çi çðîñòàþ÷è-
ìè êîåôiöi¹íòàìè, äëÿ ÿêîãî âèêîíàíi iíøi
óìîâè. Íåõàé b′ := max

j∈{1,...,n}
bj, δ0 ∈ (0, 1) i

ôóíêöiÿ η0 ∈ C4b′(R) òàêà, ùî η0(r) := |r|
ïðè |r| ≥ 1 + δ0, η0(r) := 1 ïðè |r| ≤ 1 − δ0 i
|η(k)0 (r)| ≤ C, r ∈ R, k ∈ {1, ..., 4b′}. Ðîçãëÿ-
íåìî ôóíêöi¨

D0(x) :=
( n∑

j=1

(η0(xj))
qj
)(1−ε0)/(2b)

, x ∈ Rn,

(28)
i

g0(t, x) := a(1− (Aa)2b−1B(t, 0))−1/(2b−1)×
×(D0(x))

2b, (t, x) ∈ Π[0,T ], (29)

äå ÷èñëî ε0 ∈ (0, 1) â êîæíié êîíêðåòíié
ñèòóàöi¨ âèáèðà¹òüñÿ ñïåöiàëüíèì ñïîñîáîì,
A � äîñèòü âåëèêå äîäàòíå ÷èñëî, à ÷èñëî
a > 0 òàêå, ùî âèêîíó¹òüñÿ íåðiâíiñòü T ≤
(Aa)1−2b/2.

Âèêîðèñòîâóâàòèìåìî íàñòóïíèé íàáið
óìîâ ç ôóíêöi¹þ D = D0, îçíà÷åíîþ â (28).
Ã1. Ôóíêöi¨ bk(t, x) := ak(t, x)×

×(D0(x))
∥k∥−2b, (t, x) ∈ Π[0,T ], ∥k∥ ≤ 2b,

îáìåæåíi i ðiâíÿííÿ (21) ðiâíîìiðíî
−→
2b-

ïàðàáîëi÷íå â Π[0,T ].
Ã2. Âèêîíóþòüñÿ óìîâè À1 i À3.
Ã3. Äëÿ ðiâíÿííÿ (1) ó âèïàäêó (19) iñíó¹

ñïðÿæåíå ðiâíÿííÿ, äëÿ êîåôiöi¹íòiâ ÿêîãî
âèêîíó¹òüñÿ óìîâà B2.
Ã4. Ìà¹ ìiñöå ñëàáêå âèðîäæåííÿ.
Òåîðåìà 6. ßêùî äëÿ ðiâíÿííÿ (1) ó âè-

ïàäêó (19) âèêîíóþòüñÿ óìîâè Ã1, Ã2 i
Ã4, òî äëÿ íüîãî iñíó¹ ÔÐÇÊ G, äëÿ ÿêîãî
ïðàâèëüíèìè ¹ îöiíêè

|∂kxG(t, x; τ, ξ)| ≤ C×
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×
∥k∥∑
j=0

(B(t, τ)−(M+∥k∥−j)/(2b)(D0(x))
j(1−ε)×

×Ec(t, x; τ, ξ) exp{g0(t, x)− g0(τ, ξ)},
0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, ∥k∥ ≤ 2b,

(30)

äå C > 0, c > 0, ôóíêöi¨ D0 i g0 âiäïîâiäíî ç
(28) i (29).

ßêùî äîäàòêîâî ïðèïóñòèòè âèêîíàííÿ
óìîâè Ã3, òî ÔÐÇÊ G âîëîäi¹ âëàñòèâi-
ñòþ íîðìàëüíîñòi i äëÿ íüîãî ïðàâèëüíà
ôîðìóëà çãîðòêè.

Íàâåäåìî òåîðåìè ïðî ðîçâ'ÿçíiñòü ðiâ-
íÿíü çi çðîñòàþ÷èìè êîåôiöi¹íòàòè.

Êðiì ôóíêöié (12), ðîçãëÿíåìî ùå ôóí-
êöi¨

Ψν(x) := exp{νg(x)},
Ψν(t, x) := exp{νg0(t, x)},

(t, x) ∈ Π[0,T ], ν ∈ {−1, 1},

i íîðìè

∥u(t, ·)∥k⃗(t,⃗a),g(·)p :=

:= ∥u(t,·)Φ−1(t, ·)Ψ−1(·)∥Lp(Rn),

∥u(t, ·)∥k⃗(t,⃗a),g0(t,·)p :=

:= ∥u(t,·)Φ−1(t, ·)Ψ−1(t, ·)∥Lp(Rn),

1 ≤ p ≤ ∞, t ∈ [0, T ],

i âiäïîâiäíî ïðîñòîðè Lk⃗(0,⃗a),g(·)p , Lk⃗(0,⃗a),g0(0,·)p ,

L
−k⃗(T,⃗a),−g(·)
1 , L

−k⃗(T,⃗a),−g0(T,·)
1 , C

−k⃗(T,⃗a),−g(·)
0 ,

C
−k⃗(T,⃗a),−g0(T,·)
0 , M k⃗(0,⃗a),g(·), M k⃗(0,⃗a),g0(0,·)

Äëÿ ôóíêöi¨ f : Π(0,T ] → CN âèêîðèñòî-
âóâàòèìåìî ùå òàêi óìîâè:
Ä5p) äëÿ äîâiëüíîãî t ∈ (0, T ] ñêií÷åí-

íèìè ¹ âåëè÷èíè ||f(t, ·)||k⃗(t,⃗a),g(·) i F5p(t) ≡
t∫
0

∥f(τ, ·)∥k⃗(τ,⃗a),g(·)p
dτ
α(τ)

<∞, 1 ≤ p ≤ ∞;

Ä6p) äëÿ äîâiëüíîãî t ∈ (0, T ] ñêií÷åííè-

ìè ¹ âåëè÷èíè ||f(t, ·)||k⃗(t,⃗a),g0(t,·)p i F6p(t) :=
t∫
0

∥f(τ, ·)∥k⃗(τ,⃗a),g0(τ,·)p
dτ
α(τ)

<∞, 1 ≤ p ≤ ∞;

Ä7) äëÿ áóäü-ÿêîãî R > 0 iñíóþòü ñòàëi
C > 0 i γ ∈ (0, 1] òàêi, ùî äëÿ äîâiëüíèõ t ∈
(0, T ] i {x, ξ} ⊂ BR âèêîíó¹òüñÿ íåðiâíiñòü

|∆ξ
xf(t, x)| ≤ Cδ(t)E−d(B(T, t))(p(x, ξ))λ,

äå δ : (0, T ] → [0,∞) � ôóíêöiÿ, ÿêà çàäî-

âîëüíÿ¹ óìîâó
T∫
0

(δ(t)/α(t))dt <∞, à d � ñòà-

ëà ç îöiíîê (24);
Ä8) äëÿ äîâiëüíîãî t ∈ (0, T ] ñêií÷åí-

íèìè ¹ âåëè÷èíè ||f(t, ·)||k⃗(t,⃗a),g0(t,·)∞ i F (t) :=
t∫
0

Ed(B(T, τ))∥f(τ, ·)∥k⃗(τ,⃗a),g0(τ,·)∞
dτ
α(τ)

< ∞ , äå

ñòàëà d òàêà ñàìà, ÿê â óìîâi Ä7.
Òåîðåìà 7. Íåõàé ðiâíÿííÿ (1) ó âèïàä-

êó (19) ìà¹ ñëàáêå âèðîäæåííÿ i âèêîíóþ-
òüñÿ óìîâè Á1 � Á3. Òîäi ïðàâèëüíèìè ¹
òàêi òâåðäæåííÿ:

1) ÿêùî φ ∈ L
k⃗(0,⃗a),g(·)
p i ôóíêöiÿ f çàäî-

âîëüíÿ¹ óìîâè Ä1 òà Ä5p, 1 ≤ p ≤ ∞,
òî ôóíêöiÿ (15) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (1)
òàêèì, ùî

∃C > 0 ∀ t ∈ (0, T ] :

∥u(t, ·)∥k⃗(t,⃗a),g(·)p ≤ C
(
∥φ∥k⃗(0,⃗a),g(·)p + F5p(t)

)
,

ïðè 1 ≤ p <∞

lim
t→0+

∥u(t, ·)− φ∥k⃗(t,⃗a),g(·)p = 0

i ïðè p = ∞

lim
t→0+

∫
Rn

ψ(x)u(t, x)dx =

∫
Rn

ψ(x)φ(x)dx

äëÿ áóäü-ÿêî¨ ôóíêöi¨ ψ ∈ L
−k⃗(T,⃗a),−g(·)
1 ;

2) ÿêùî µ ∈M k⃗(0,⃗a),g(·) i äëÿ ôóíêöi¨ f âè-
êîíóþòüñÿ óìîâè Ä1 òà Ä51, òî ôóíêöiÿ
(16) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (1), ÿêèé çàäî-
âîëüíÿ¹ òàêi óìîâè:

∃C > 0 ∀ t ∈ (0, T ] :

∥u(t, ·)∥k⃗(t,⃗a),g(·)1 ≤ C
(
∥µ∥k⃗(0,⃗a),g(·) + F51(t)

)
,

i

lim
t→0+

∫
Rn

ψ
′
(x)u(t, x)dx =

∫
Rn

ψ
′
(x)dµ(x)

äëÿ äîâiëüíî¨ ôóíêöi¨ ψ ∈ C
−k⃗(T,⃗a),−g(·)
0 .

Òåîðåìà 8. Íåõàé äëÿ ñëàáêî âèðîäæå-
íîãî ðiâíÿííÿ (1) ó âèïàäêó (19) âèêîíó-
þòüñÿ óìîâè Ã1, Ã2 i Ã4. Òîäi
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1) ÿêùî φ ∈ L
k⃗(0,⃗a),g0(0,·)
p i ôóíêöiÿ f çàäî-

âîëüíÿ¹ óìîâè Ä1 òà Ä6p, 1 ≤ p ≤ ∞,
ç ôóíêöi¹þ g0 ç (29), òî ôóíêöiÿ (15) ¹
ðîçâ'ÿçêîì ðiâíÿííÿ (1) òàêèì, ùî

∃C > 0 ∀ t ∈ (0, T ] : ∥u(t, ·)∥k⃗(t,⃗a),g0(t,·)p ≤

≤ C
(
∥φ∥k⃗(0,⃗a),g0(0,·)p + F6p(t)

)
,

ïðè 1 ≤ p <∞

lim
t→0+

∥u(t, ·)− φ∥k⃗(t,⃗a),g0(t,·)p = 0

i ïðè p = ∞

lim
t→0+

∫
Rn

ψ
′
(x)u(t, x)dx =

∫
Rn

ψ
′
(x)φ(x)dx

äëÿ áóäü-ÿêî¨ ôóíêöi¨ ψ ∈ L
−k⃗(T,⃗a),−g0(T,·)
1 ;

2) ÿêùî µ ∈ M k⃗(0,⃗a),g0(0,·) i äëÿ ôóíêöi¨ f
âèêîíóþòüñÿ óìîâè Ä1 òà Ä36, òî ôóí-
êöiÿ (16) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (1), ÿêèé çà-
äîâîëüíÿ¹ òàêi óìîâè:

∃C > 0 ∀ t ∈ (0, T ] : ∥u(t, ·)∥k⃗(t,⃗a),g0(t,·)1 ≤

≤ C
(
∥µ∥k⃗(0,⃗a),g0(0,·) + F61(t)

)
,

i äëÿ äîâiëüíî¨ ôóíêöi¨ ∀ψ ∈ C
−k⃗(T,⃗a),−g0(T,·)
0 :

lim
t→0+

∫
Rn

ψ(x)u(t, x)dx =

∫
Rn

ψ(x)d(µ(x)).

ßêùî æ äîäàòêîâî ïðèïóñêàòè âèêîíà-
ííÿ óìîâè Ã3, òî ðîçâ'ÿçêè, ùî âèçíà÷à-
þòüñÿ ôîðìóëàìè (15) i (16), ¹ ¹äèíèìè â
êëàñi ôóíêöié, ÿêi çàäîâîëüíÿþòü óìîâó

∃C > 0 ∀ t ∈ (0, T ] : ||u(t, ·)||k⃗(t,⃗a),D(·),g0(t,·)
p :=

= ||Φ−1(t, ·)(D(·))2bΨ−1(t, ·)u(t, ·)||Lp(Rn) <∞,

Òåîðåìà 9. Íåõàé äëÿ ðiâíÿííÿ (1) ó âè-
ïàäêó (19) âèêîíóþòüñÿ óìîâè Á1 � Á3 i
B(T, 0) = ∞. ßêùî f çàäîâîëüíÿ¹ óìîâè Ä7

i Ä8, òî ôóíêöiÿ (11) ¹ ðîçâ'ÿçêîì ðiâíÿí-
íÿ (1), äëÿ ÿêîãî ñïðàâäæó¹òüñÿ îöiíêà

||v2(t, ·)||k⃗(t,⃗a),g(·)∞ ≤ CE−d(B(T, t))F (t),

t ∈ (0, T ].

Öåé ðîçâ'ÿçîê ¹äèíèé, ÿêùî ¹äèíèì ¹ âiäïî-
âiäíèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ðiâíÿííÿ
(21) â Π[t1,T ] ïðè äîâiëüíîìó t1 ∈ (0, T ).

Àíàëîãi÷íi ðåçóëüòàòè ïðî ðîçâ'ÿçíiñòü
çàäà÷i Êîøi òà çàäà÷i áåç ïî÷àòêîâèõ óìîâ
îäåðæóþòüñÿ é äëÿ ðiâíÿííÿ (1) ó âèïàäêó
(20) çà óìîâ Â.

Çàóâàæèìî, ùî íàâåäåíi â ïóíêòàõ 1 i 2
ðåçóëüòàòè äëÿ ñêàëÿðíèõ ðiâíÿíü óçàãàëü-
íåíî â ïðàöÿõ [16�18] íà ñèñòåìè ðiâíÿíü.

3. Óëüòðàïàðàáîëi÷íi ðiâíÿííÿ òèïó
Êîëìîãîðîâà Íåõàé n, n1, n2 i n3 � çà-
äàíi íàòóðàëüíi ÷èñëà òàêi, ùî n1 ≥ n2 ≥
n3 i n = n1 + n2 + n3, ïðîñòîðîâà çìií-
íà x ∈ Rn ñêëàäà¹òüñÿ ç òðüîõ ãðóï çìií-
íèõ: îñíîâíî¨ ãðóïè x1 ∈ Rn1 i ãðóï çìií-
íèõ âèðîäæåííÿ x2 ∈ Rn2 òà x3 ∈ Rn3 , äå
xj := (xj1, . . . , xjnj

) ∈ Rnj , j ∈ {1, 2, 3}, òàê
ùî x := (x1, x2, x3).

Ó ïðàöÿõ [19�21] ðîçãëÿíóòî ðiâíÿííÿ âè-
ãëÿäó (1) ç

A(t, x, ∂x) =
n2∑
j=1

x1j∂x2j +

n3∑
j=1

x2j∂x3j + A(t, ∂x1),

a0(t, x) = a0(t), (31)

äå A(t, ∂x1) � äèôåðåíöiàëüíèé âèðàç ç íåïå-
ðåðâíèìè íà [0, T ] êîåôiöi¹íòàìè òàêèé, ùî
âèðàç ∂t − A(t, ∂x1) ¹ ðiâíîìiðíî ïàðàáîëi÷-
íèì çà Ïåòðîâñüêèì ÷è çà Åéäåëüìàíîì ó
øàði Π1

[0,T ] := [0, T ]×Rn1 . Äëÿ òàêèõ ðiâíÿíü
ïîáóäîâàíî ÔÐÇÊ, âèâ÷åíî éîãî âëàñòèâî-
ñòi òà âëàñòèâîñòi ïîðîäæåíèõ íèì iíòåãðà-
ëiâ Ïóàññîíà, ÿêi çàñòîñîâàíî äî äîñëiäæå-
ííÿ ðîçâ'ÿçíîñòi öèõ ðiâíÿíü çi çâè÷àéíèìè
ïî÷àòêîâèìè äàíèìè ó âèïàäêó ñëàáêîãî âè-
ðîäæåííÿ.

Ó ñòàòòi [22] ðåçóëüòàòè ïðàöü [19�21], ùî
ñòîñóþòüñÿ ïîáóäîâè òà äîñëiäæåííÿ ÔÐÇÊ,
óçàãàëüíåíî íà âèïàäîê ðiâíÿííÿ (1) äðóãî-
ãî ïîðÿäêó ç

A(t, x, ∂x) =
n2∑
j=1

x1j∂x2j + A(t, x1, ∂x1),

A(t, x1, ∂x1) :=

n1∑
j,l=1

ajl(t, x1)∂x1j∂x1l+
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+

n1∑
j=1

aj(t, x1)∂x1j , a0(t, x) = a0(t, x1), (32)

à ïðîñòîðîâà çìiííà x ∈ Rn ñêëàäà¹òüñÿ ç
äâîõ ãðóï çìiííèõ: îñíîâíî¨ ãðóïè x1 ∈ Rn1

i ãðóïè çìiííèõ âèðîäæåííÿ x2 ∈ Rn2 .
Îñòàííi íîâi ðåçóëüòàòè ñòîñóþòüñÿ ðiâ-

íÿííÿ (1) ç

A(t, x, ∂x) =
n2∑
j=1

x1j∂x2j +

n3∑
j=1

x2j∂x3j+

+

n1∑
j,l=1

ajl∂x1j∂x1l + b

n1∑
j=1

x1j∂x1j ,

a0(t, x) = a, (33)

äå ajl, a i b � ñòàëi, ïðè÷îìó

∃ δ > 0 ∀σ1 ∈ Rn1 :

n1∑
j,s=1

ajsσ1jσ1s ≥ δ|σ1|2.

Ó öüîìó âèïàäêó îòðèìàíî ÿâíó ôîðìóëó
äëÿ ÔÐÇÊ, ç ÿêî¨ äëÿ äîâiëüíîãî T > 0 i
áóäü-ÿêèõ ìóëüòèiíäåêñiâ {kl,ml} ⊂ Znl

+ , l ∈
{1, 2, 3}, âèïëèâàþòü îöiíêè

|∂k1x1∂
k2
x2
∂k3x3∂

m1
ξ1
∂m2
ξ2
∂m3
ξ3
G(t, x; τ, ξ)| ≤

≤ Ck1k2k3m1m2m3e
n1bB(t,τ)×

×
3∏
l=1

(pl(B(t, τ)))−(nl+|kl|+|ml|)/2×

×Êa
c (t, x; τ, ξ), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn,

(34)

äå Ck1k2k3m1m2m3 i c � äîäàòíi ñòàëi, ÿêi çàëå-
æàòü ëèøå âiä êîåôiöi¹íòiâ ajl, b, n1, n2 i n3,
à òàêîæ âiä T òiëüêè ó âèïàäêó, êîëè b > 0;

Êa
c (t, x; τ, ξ) := Êc(t, x; τ, ξ)E

a(t, τ),

Êa(t, τ) := exp{aA(t, τ)}
Êc(t, x; τ, ξ) :=

= exp

{
− c

( |ebB(t,τ)X1(B(t, τ))− ξ1|2

p1(B(t, τ))
+

+
3∑
l=2

|Xl(B(t, τ))− ξl|2

pl(B(t, τ))

)}
,

X1(t) := x1, X2(t) := x2 + αb(t)x̂1,

X3(t) := x3 + tx′2 +
αb(t)− t

b
x′1,

αb(t) :=


ebt − 1

b
, b ̸= 0,

t, b = 0.

Äëÿ öüîãî ðiâíÿííÿ ââîäÿòüñÿ àíàëîãi÷íî
äî (13) òàêi íàáîðè ôóíêöié, âèçíà÷åíèõ äëÿ
t ∈ [0, T ]:

⃗̂
k(t, a⃗) := (k̂1(t, a1), k̂2(t, a2), k̂3(t, a3)),

k̂1(t, a1) :=
c0a1e

2b(T−B(T,t))

c0 − a1p1(T −B(T, t))
,

k̂l(t, al) :=
c0al

c0 − alpl(T −B(T, t))
, l ∈ {2, 3};

⃗̂s(t) := (s1(t), s2(t), s3(t)),

s⃗l(t) := (sl1(t), . . . , slnl
(t)), l ∈ {1, 2, 3},

ŝ1j(t) := k̂1(t, a1)+

+ 2θ(n2 − j)(αb(B(t, 0)))2k̂2(t, a2)+

+4
(αb(B(t, 0))−B(t, 0)

b

)2
θ(n3 − j)k̂3(t, a3),

j ∈ {1, . . . , n1},
ŝ2j(t) := 2k̂2(t, a2) + 4(B(t, 0))2θ(n3 − j)×

× k̂3(t, a3), j ∈ {1, . . . , n2},
ŝ3j(t) := 4k̂3(t, a3), j ∈ {1, . . . , n3},
äå c0 ∈ (0, c), c � ñòàëà ç îöiíîê (34), a⃗ :=
(a1, a2, a3) � íàáið òàêèõ íåâiä'¹ìíèõ ÷èñåë,

ùî pl(T ) <
c0
al
, l ∈ {1, 2, 3}, θ(τ) = 1 äëÿ

τ ≥ 0 i θ(τ) = 0 äëÿ τ < 0, à òàêîæ âàãîâi
ôóíêöi¨

Φ̂ν(t, x) := exp
{
ν

3∑
l=1

k̂l(t, al)|Xl(B(t, 0))|2
}
,

Ψ̂ν(t, x) := exp
{
ν

3∑
l=1

nl∑
j=1

ŝlj(t) |xlj|2
}
,

(t, x) ∈ Π[0,T ], ν ∈ R.
i íîðìè

∥u(t, ·)∥
⃗̂
k(t,⃗a)
p := ∥u(t, ·)Φ̂−1(t, ·)∥Lp(Rn),

∥u(t, ·)∥⃗̂s(t)p := ∥u(t, ·)Ψ̂−1(t, ·)∥Lp(Rn).

Çàçíà÷èìî, ùî ïî÷àòêîâà óìîâà ó âèïàäêó
ñëàáêîãî âèðîäæåííÿ çàäîâîëüíÿ¹òüñÿ â ðî-
çóìiííi äðóãî¨ íîðìè.
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4. Çàóâàæåííÿ òà âèñíîâêè. Ó ïðàöÿõ
[23�25] óñòàíîâëåíî ëîêàëüíó ðîçâ'ÿçíiñòü
êâàçiëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü ç âèðî-
äæåííÿìè íà ïî÷àòêîâié ãiïåðïëîùèíi.

Îãëÿä äåÿêèõ ðåçóëüòàòiâ ç òåîði¨ ïàðà-
áîëi÷íèõ ðiâíÿíü ç âèðîäæåííÿìè ïðè t = 0
ìiñòèòüñÿ â ïðàöi [26, c. 162�172].

Ëiíiéíi òà êâàçiëiíiéíi ðiâíÿííÿ ç âèðî-
äæåííÿìè íà ïî÷àòêîâié ãiïåðïëîùèíi âiä-
íîñÿòüñÿ äî êëàñó ðiâíÿíü ç îñîáëèâîñòÿìè
òà âèðîäæåííÿìè, ÿêi ìàþòü ïðàêòè÷íå çà-
ñòîñóâàííÿ i ÿêi íà äàíèé ÷àñ äîñëiäæåíî
ùå íåäîñòàòíüî. Ïðàöi, îãëÿäó ÿêèõ ïðèñâÿ-
÷åíà öÿ ñòàòòÿ, âíîñÿòü ïåâíèé âêëàä ó òå-
îðiþ ïàðàáîëi÷íèõ ðiâíÿíü ç âèðîäæåííÿìè
íà ãiïåðïëîùèíi çàäàííÿ ïî÷àòêîâèõ äàíèõ.
Ðåçóëüòàòè öèõ ïðàöü ñïðèÿòèìóòü ïîäàëü-
øîìó ðîçâèòêó òåîði¨ òàêèõ êëàñiâ ðiâíÿíü.
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IÍÒÅÃÐÀËÜÍÀ ÇÀÄÀ×À ÄËß ÐIÂÍßÍÍß Ç ×ÀÑÒÈÍÍÈÌÈ
ÏÎÕIÄÍÈÌÈ ÄÐÓÃÎÃÎ ÏÎÐßÄÊÓ Ó ÍÅÎÁÌÅÆÅÍIÉ ÑÌÓÇI

Âñòàíîâëåíî óìîâè iñíóâàííÿ â øêàëi ïðîñòîðiâ Ñîáîë¹âà ¹äèíîãî ðîçâ'ÿçêó çàäà÷i ç ií-
òåãðàëüíèìè óìîâàìè ó âèãëÿäi ìîìåíòiâ äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè äðóãîãî ïî-
ðÿäêó.

The conditions of existence and uniqueness (in the scale of Sobolev spaces) of solution to the
problem with momentum integral conditions for partial di�erential equations of second order.

1. Âñòóï. Ó áàãàòüîõ çàäà÷àõ ïðèðî-
äîçíàâñòâà âèíèêàþòü çàäà÷i ç íåëîêàëü-
íèìè iíòåãðàëüíèìè óìîâàìè äëÿ ðiâíÿíü
òà ñèñòåì ðiâíÿíü iç ÷àñòèííèìè ïîõiäíè-
ìè. Ïðèêëàäîì ìîæóòü áóòè çàäà÷i, ïîâ'ÿçà-
íi ç äîñëiäæåííÿìè ïðîöåñiâ ïîøèðåííÿ òå-
ïëà, ïðîöåñiâ âîëîãîïåðåíîñó ó êàïiëÿðíî-
ïîðèñòèõ ñåðåäîâèùàõ, äèôóçi¨ ÷àñòèíîê ó
òóðáóëåíòíié ïëàçìi, îáåðíåíèõ çàäà÷, à òà-
êîæ çàäà÷ ìàòåìàòè÷íî¨ áiîëîãi¨ òà äåìîãðà-
ôi¨ [1�7, 9�11, 13]. Äîñëiäæåííÿ çàäà÷ ç iíòå-
ãðàëüíèìè óìîâàìè äëÿ ðiâíÿíü òà ñèñòåì
ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè ðîçïî÷à-
ëîñÿ ïîðiâíÿíî íåäàâíî. Iíòåðåñ äî ¨õ âèâ÷å-
ííÿ çóìîâëåíèé íå òiëüêè âàæëèâiñòþ ¨õíüî¨
ôiçè÷íî¨ iíòåðïðåòàöi¨, à òàêîæ òèì, ùî äëÿ
áàãàòüîõ òàêèõ ðiâíÿíü íåìîæëèâà êîðåêòíà
ïîñòàíîâêà ëîêàëüíèõ êðàéîâèõ çàäà÷.

Ó äàíié ðîáîòi âèêëàäåíî ðåçóëüòàòè,
îòðèìàíi ïðè äîñëiäæåííi çàäà÷i ç iíòå-
ãðàëüíèìè óìîâàìè ó âèãëÿäi ìîìåíòiâ äëÿ
ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè äðóãîãî
ïîðÿäêó â íåîáìåæåíié ñìóçi; ïðè öüîìó
îïèñàíî êëàñ ðiâíÿíü iç ÷àñòèííèìè ïîõi-
äíèìè, äëÿ ÿêèõ âêàçàíà çàäà÷à ¹ êîðå-
êòíîþ ó ïðîñòîðàõ Ñîáîë¹âà. Âiäçíà÷èìî,
ùî ó âèïàäêó îáìåæåíèõ îáëàñòåé ðîçâ'ÿ-
çíiñòü çàäà÷ ç iíòåãðàëüíèìè óìîâàìè ó âè-
ãëÿäi ìîìåíòiâ äëÿ ñèñòåì ðiâíÿíü iç ÷àñòèí-
íèìè ïîõiäíèìè, âçàãàëi êàæó÷è, ïîâ'ÿçàíà
ç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ [3�5], äëÿ

îöiíîê çíèçó ÿêèõ âèêîðèñòàíî ìåòðè÷íèé
ïiäõiä òà ðåçóëüòàòè ìåòðè÷íî¨ òåîði¨ ÷èñåë
[9]. Áëèçüêèìè äî ïðîâåäåíèõ äîñëiäæåíü ¹
ðåçóëüòàòè ðîáîòè [11], äå äëÿ ñèñòåìè ðiâ-
íÿíü iç ÷àñòèííèìè ïîõiäíèìè â íåîáìåæå-
íié ñìóçi ðîçãëÿíóòî çàäà÷ó ç iíòåãðàëüíèìè
óìîâàìè, ÿêi íå ìiñòÿòü âàãîâèõ ôóíêöié ïiä
çíàêîì iíòåãðàëà), à òàêîæ ðåçóëüòàòè ðîáî-
òè [13], äå çàñòîñîâàíî óçàãàëüíåíèé ìåòîä
âiäîêðåìëåííÿ çìiííèõ äëÿ ïîáóäîâè òà âè-
â÷åííÿ âëàñòèâîñòåé ðîçâ'ÿçêó çàäà÷i ç iíòå-
ãðàëüíèìè óìîâàìè ó âèãëÿäi ìîìåíòiâ äëÿ
åâîëþöiéíîãî ðiâíÿííÿ.
2. Îñíîâíi óìîâíi ïîçíà÷åííÿ. Áó-

äåìî âèêîðèñòîâóâàòè òàêi ïîçíà÷åííÿ:
Π(T ) = {(t, x) ∈ R2 : t ∈ (0;T ), x ∈ R},
T > 0, Hα, α ≥ 0, � êëàñè÷íèé ïðîñòið Ñî-
áîë¹âà, ÿêèé ñêëàäà¹òüñÿ ç òàêèõ ôóíêöié
φ(x) ∈ L2(R), äëÿ ÿêèõ (1 + ξ2)α/2φ̃(ξ) ∈
L2(R), äå φ̃(ξ) = 1√

2π

∫ +∞
−∞ φ(x)e−ixξdx� ïåðå-

òâîðåííÿ Ôóð'¹ ôóíêöi¨ φ(x). Íîðìà â ïðî-
ñòîði Hα âèçíà÷à¹òüñÿ ðiâíiñòþ

∥φ(x);Hα∥ =

√
1

2π

∫ +∞

−∞
|φ̂(ξ)|2 (1 + ξ2)α dξ;

Hn
α, n ∈ Z+, � ïðîñòið òàêèõ ôóíêöié u(t, x),

ùî ïîõiäíi ∂ju(t, x)/∂tj, j = 0, 1, . . . , n, äëÿ
êîæíîãî ôiêñîâàíîãî t ∈ [0;T ] íàëåæàòü äî
ïðîñòîðó Hα−j i íåïåðåðâíî çìiíþþòüñÿ çà
t ∈ [0;T ] â öüîìó ïðîñòîði; íîðìó â ïðîñòîði
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Hn
α çàäà¹ìî ðiâíiñòþ

∥u(t, x);Hn
α∥ =

n∑
j=0

max
t∈[0;T ]

∥∥∥∥∂ju(t, x)∂tj
;Hα−j

∥∥∥∥ .
3. Ôîðìóëþâàííÿ çàäà÷i. Â îáëàñòi

Π(T ) äëÿ ðiâíÿííÿ

L

(
∂

∂t
,
∂

∂x

)
u ≡ ∂2u

∂t2
+ a1

∂2u

∂t∂x
+ a2

∂2u

∂x2
= 0,

(1)
äå a1, a2 ∈ C, ðîçãëÿíåìî çàäà÷ó ç iíòåãðàëü-
íèìè óìîâàìè∫ T

0

tj−1u(t, x)dt = φj(x), j = 1, 2, x ∈ R. (2)

Áóäåìî ïðèïóñêàòè, ùî ðiâíÿííÿ (1) ¹
òàêèì, ùî äëÿ êîðåíiâ λ1, λ2 ìíîãî÷ëåíà
L(λ, i) âèêîíó¹òüñÿ óìîâà

Reλ1 < Reλ2, Reλ1 ̸= 0, Reλ2 ̸= 0. (3)

Óìîâà (3) âèêîíó¹òüñÿ, íàïðèêëàä, ÿêùî
a1 = 0, a2 = 1, i ïîðóøó¹òüñÿ, ÿêùî a1 =
0, a2 = −1. Ó ïåðøîìó âèïàäêó ðiâíÿííÿ (1)
¹ ðiâíÿííÿì Ëàïëàñà, â äðóãîìó � ðiâíÿí-
íÿì ìàëèõ êîëèâàíü ñòðóíè.
Îçíà÷åííÿ. Çàäà÷ó (1), (2) áóäåìî íàçè-

âàòè (α1, α2)-êîðåêòíîþ, ÿêùî äëÿ äîâiëü-
íèõ φ1, φ2 ∈ Hα1 ó ïðîñòîði H2

α2
iñíó¹ ¹äè-

íà ôóíêöiÿ u(t, x), ÿêà ñïðàâäæó¹ ðiâíÿííÿ
(1), óìîâè (2), i âèêîíó¹òüñÿ íåðiâíiñòü

∥u;H2
α2
∥ ≤ C (∥φ1;Hα1∥+ ∥φ2;Hα1∥) ,

äå ñòàëà C > 0 íå çàëåæèòü âiä âèáîðó
ôóíêöié φ1(x), φ2(x).

Ìåòîþ äàíî¨ ðîáîòè ¹ âñòàíîâëåííÿ óìîâ,
ïðè âèêîíàííi ÿêèõ çàäà÷à (1), (2) ¹ (α1, α2)-
êîðåêòíîþ. Öi óìîâè âèêëàäåíî â òåîðåìi 1,
ÿêà ¹ îñíîâíèì ðåçóëüòàòîì ðîáîòè.
4. Ïîáóäîâà ôîðìàëüíîãî ðîçâ'ÿçêó.

Íåõàé ũ(t, ξ), φ̃1(ξ), φ̃2(ξ) � ïåðåòâîðåííÿ
Ôóð'¹ çà çìiííîþ x ôóíêöié u(t, x), φ1(x),
φ2(x) âiäïîâiäíî. Çàñòîñîâóþ÷è ïåðåòâîðåí-
íÿ Ôóð'¹ äî ðiâíÿííÿ (1) òà óìîâ (2), îòðè-
ìà¹ìî, ùî ôóíêöiÿ ũ(t, ξ) ¹ ðîçâ'ÿçêîì òàêî¨
iíòåãðàëüíî¨ çàäà÷i ç ïàðàìåòðîì ξ ∈ R:

d2ũ(t, ξ)

dt2
+ a1(iξ)

dũ(t, ξ)

dt
+ a2(iξ)

2ũ(t, ξ) = 0,

(4)

∫ T

0

tj−1ũ(t, ξ)dt = φ̃j(ξ), j = 1, 2. (5)

Íåõàé f1(t, ξ), f2(t, ξ) � òàêà ôóíäàìåí-
òàëüíà ñèñòåìà ðîçâ'ÿçêiâ ðiâíÿííÿ (4), ùî
f
(j−1)
q (0, ξ) = δj,q, j, q = 1, 2, äå δj,q �
ñèìâîë Êðîíåêåðà. Çàóâàæèìî, ùî ôóíêöi¨
f1(t, ξ), f2(t, ξ), ¹ àíàëiòè÷íèìè çà t, ξ. Äëÿ
öèõ ôóíêöié âèêîíóþòüñÿ òàêi çîáðàæåííÿ

f1(t, ξ) =
λ2e

λ1ξt − λ1e
λ2ξt

λ2 − λ1
, (6)

f2(t, ξ) =


eλ2ξt−eλ1ξt
(λ2−λ1)ξ , ξ ̸= 0,

t, ξ = 0.
(7)

Ðîçâ'ÿçîê çàäà÷i (4)�(5) çîáðàæó¹òüñÿ
ôîðìóëîþ

ũ(t, ξ) = C1(ξ)f1(t, ξ) + C2(ξ)f2(t, ξ), (8)

äå ñòàëi C1(ξ), C2(ξ) ¹ ðîçâ'ÿçêàìè ñèñòåìè
ëiíiéíèõ ðiâíÿíü

∑2
q=1Cq(ξ)

∫ T
0
fq(t, ξ)dt = φ̃1(ξ),∑2

q=1Cq(ξ)
∫ T
0
tfq(t, ξ)dt = φ̃2(ξ).

(9)

Íåõàé ∆(ξ) � âèçíà÷íèê ñèñòåìè (9):

∆(ξ) =

∣∣∣∣∣
∫ T
0
f1(t, ξ)dt

∫ T
0
f2(t, ξ)dt∫ T

0
tf1(t, ξ)dt

∫ T
0
tf2(t, ξ)dt

∣∣∣∣∣ . (10)

Çàóâàæèìî, ùî ∆(0) ̸= 0. Äiéñíî, f1(t, 0) =
1, f2(t, 0) = t, òîìó

∆(0) =

∣∣∣∣∣
∫ T
0
dt

∫ T
0
tdt∫ T

0
tdt

∫ T
0
t2dt

∣∣∣∣∣ =
=

∣∣∣∣∣ T T 2/2

T 2/2 T 3/3

∣∣∣∣∣ = T 4

12
. (11)

ßêùî âèêîíó¹òüñÿ óìîâà

∀ξ ∈ R\{0} ∆(ξ) ̸= 0, (12)

òî ñèñòåìà (9) ìà¹ ¹äèíèé ðîçâ'ÿçîê
(C1(ξ), C2(ξ)). Âèêîðèñòîâóþ÷è ïðàâèëî
Êðàìåðà, äiñòàíåìî

C1(ξ) =
φ̃1(ξ)

∆(ξ)

∫ T

0

tf2(t, ξ)dt−
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− φ̃2(ξ)

∆(ξ)

∫ T

0

f2(t, ξ)dt,

C2(ξ) = − φ̃1(ξ)

∆(ξ)

∫ T

0

tf1(t, ξ)dt+

+
φ̃2(ξ)

∆(ξ)

∫ T

0

f1(t, ξ)dt.

Òîìó ïðè âèêîíàííi óìîâè (12) çàäà÷à (4),
(5) ìà¹ ¹äèíèé ðîçâ'ÿçîê

ũ(t, ξ) =
2∑

j,q=1

∆j,q(ξ)

∆(ξ)
fq(t, ξ)φ̃j(ξ), (13)

äå ∆j,q(ξ) � àëãåáðè÷íå äîïîâíåííÿ åëåìåí-
òà
∫ T
0
tj−1fq(t, ξ)dt, j, q = 1, 2, ó âèçíà÷íèêó

∆(ξ).
Íàâåäåìî ïðèêëàäè çàäà÷, äëÿ ÿêèõ óìî-

âà (12) âèêîíó¹òüñÿ àáî ïîðóøó¹òüñÿ.
Ïðèêëàä 1. Âèçíà÷íèê ∆(ξ) çàäà÷i ç

óìîâàìè (2) äëÿ ðiâíÿííÿ Ëàïëàñà

∂2u(t, x)

∂t2
+
∂2u(t, x)

∂x2
= 0 (14)

îá÷èñëþ¹òüñÿ çà ôîðìóëîþ ∆(ξ) =

=
2 sh(ξT/2)

ξ4
[ξT ch(ξT/2)− 2 sh(ξT/2)] ,

(15)
ÿêùî ξ ̸= 0 i ∆(0) = T 4/12. Îñêiëüêè t ch t−
sh t ̸= 0 äëÿ âñiõ t ∈ R\{0}, òî ç ôîðìóëè
(15) âèïëèâà¹, ùî äëÿ çàäà÷i (2), (14) óìîâà
(12) âèêîíó¹òüñÿ.
Òâåðäæåííÿ 1. ßêùî êîðåíi λ1, λ2 ìíî-

ãî÷ëåíà L(λ, i) ¹ äiéñíèìè i ðiçíèìè, òî âè-
çíà÷íèê ∆(ξ) ¹ âiäìiííèì âiä íóëÿ.
Äîâåäåííÿ. Äiéñíî, ðîçãëÿíåìî âèçíà-

÷íèê (10) ÿê ôóíêöiþ ïàðàìåòðà T . Äèôå-
ðåíöiþþ÷è éîãî çà çìiííîþ T , îäåðæèìî

d∆(ξ)

dT
=

∣∣∣∣ f1(T, ξ) f2(T, ξ)∫ T
0
tf1(t, ξ)dt

∫ T
0
tf2(t, ξ)dt

∣∣∣∣+
+

∣∣∣∣ ∫ T0 f1(t, ξ)dt
∫ T
0
f2(t, ξ)dt

Tf1(T, ξ) Tf2(T, ξ)

∣∣∣∣ =
=

∫ T

0

t(f1(T, ξ)f2(t, ξ)− f2(T, ξ)f1(t, ξ))dt+

+

∫ T

0

T (f1(t, ξ)f2(T, ξ)− f2(t, ξ)f1(T, ξ))dt =

=

∫ T

0

(T − t)δ(ξ; t, T )dt, (16)

äå

δ(ξ; t1, t2) =

∣∣∣∣ f1(t1, ξ) f2(t1, ξ)
f1(t2, ξ) f2(t2, ξ)

∣∣∣∣ ,
äå t1, t2 ∈ [0, T ]. Iç ôîðìóë (7) âèïëèâà¹, ùî
δ(0; t1, t2) = (t2 − t1) i

δ(ξ; t1, t2) =
1

(λ2 − λ1)ξ

∣∣∣∣ eλ1t1ξ eλ2t1ξ

eλ1t2ξ eλ2t2ξ

∣∣∣∣ =
=
e(λ1+λ2)t1ξ(eλ2(t2−t1)ξ − eλ1(t2−t1)ξ)

(λ2 − λ1)ξ
,

ÿêùî ξ ̸= 0. Îñêiëüêè ÷èñëà λ1, λ2 ¹ äiéñíè-
ìè i ðiçíèìè, òî ç îòðèìàíèõ ôîðìóë äëÿ
δ(ξ; t1, t2) âèïëèâà¹, ùî δ(ξ; t, T ) > 0 äëÿ
âñiõ ξ ∈ R òà t ∈ [0;T ). Òîìó ç ðiâíîñòi
(16) îòðèìà¹ìî, ùî d∆(ξ)

dT
> 0 ïðè T > 0,

ξ ∈ R, òîáòî äëÿ êîæíîãî ξ ∈ R ôóíêöiÿ
∆(ξ) ¹ çðîñòàþ÷îþ ôóíêöi¹þ T ≥ 0. Îñêiëü-
êè ∆(ξ)|T=0 = 0, òî ç ïîïåðåäíüî¨ íåðiâíî-
ñòi âèïëèâà¹, ùî ∆(ξ) > ∆(ξ)|T=0 = 0 ïðè
T > 0.
5. Óìîâè êîðåêòíîñòi çàäà÷i. Äîñëi-

äèìî ïèòàííÿ ïðî ïðèíàëåæíiñòü ôóíêöi¨

u(t, x) =
1√
2π

∫ ∞

−∞
ũ(t, ξ)eixξdξ =

1√
2π

∫ ∞

−∞

2∑
j,q=1

∆j,q(ξ)

∆(ξ)
fq(t, ξ)φ̃j(ξ)e

ixξdξ (17)

äî ïðîñòîðó H2
α2
, ÿêùî ∆(ξ) ̸= 0 i φj ∈ Hα1 ,

j = 1, 2, äëÿ äåÿêîãî α1 ≥ 0. Äëÿ öüîãî âñòà-
íîâèìî îöiíêè äëÿ ôóíêöié ũ(t, ξ) òà ¨õíiõ
ïîõiäíèõ çà t äî ïîðÿäêó 2 âêëþ÷íî. Çàóâà-
æèìî, ùî

ũ(t, 0) =

(
4

T
− 6t

T 2

)
φ̃1(0)+

(
12t

T 3
− 6

T 2

)
φ̃2(0),

ũ(t, ξ) =
2∑

j,q=1

Γj,q(ξ)

Γ(ξ)
eλqξtφ̃j(ξ), ξ ̸= 0, (18)

äå

Γ(ξ) =

∣∣∣∣∣γ11(ξ) γ12(ξ)

γ21(ξ) γ22(ξ)

∣∣∣∣∣ , (19)
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γ11(ξ) =
eλ1ξT−1
λ1ξ

, γ12(ξ) = eλ2ξT−1
λ2ξ

,

γ21(ξ) =
1

λ1ξ

[
Teλ1ξT − eλ1ξT − 1

λ1ξ

]
,

γ22(ξ) =
1

λ2ξ

[
Teλ2ξT − eλ2ξT − 1

λ2ξ

]
,

à Γj,q(ξ) � àëãåáðè÷íå äîïîâíåííÿ åëåìåí-
òà, ùî ñòî¨òü íà ïåðåòèíi j-ãî ðÿäêà òà q-ãî
ñòîâïöÿ ó âèçíà÷íèêó Γ(ξ). Âiäçíà÷èìî, ùî
Γ(ξ) = (λ2 − λ1)ξ∆(ξ), ξ ̸= 0, òîìó óìîâè
∆(ξ) ̸= 0 òà Γ(ξ) ̸= 0 ïðè ξ ̸= 0 ¹ ðiâíîñèëü-
íèìè.
Ëåìà 1. Íåõàé 0 < Reλ1 < Reλ2. Òîäi

âèêîíóþòüñÿ îöiíêè

max
t∈[0,T ]

∣∣∣Γj,q(ξ) (eλqξt)(r)∣∣∣ ≤
≤ C1(1 + |ξ|)r−1eRe (λ1+λ2)ξT , ξ > 0, (20)

max
t∈[0,T ]

∣∣∣Γj,q(ξ) (eλqξt)(r)∣∣∣ ≤
≤ C2(1 + |ξ|)r−1, ξ < 0,

äå j, q = 1, 2, r = 0, 1, 2.
Äîâåäåííÿ. Îñêiëüêè

Γj,q(ξ) =

∫ T

0

t2−jeλ3−qξtdt, j, q = 1, 2,

òî ïðè 0 < Reλ1 < Reλ2 äëÿ äîñèòü âåëèêèõ
|ξ| âèêîíóþòüñÿ îöiíêè

max
t∈[0,T ]

|eλqξt| ≤

{
eReλqξT , q = 1, 2, ξ > 0,

1, q = 1, 2, ξ < 0,

|Γj,q(ξ)| ≤
∫ T

0

t2−jeReλ3−qξtdt ≤

≤

{
C3(1 + |ξ|)−1eReλ3−qξT , ξ > 0,

C3(1 + |ξ|)−1, ξ < 0,

äå j, q = 1, 2, à îòæå,

max
t∈[0,T ]

∣∣Γj,q(ξ) (λqξ)r eλqξt∣∣ ≤
≤ C3(1 + |ξ|)r−1eRe (λ3−q+λq)ξT =

= C3(1 + |ξ|)r−1eRe (λ1+λ2)ξT , ξ > 0, (21)

max
t∈[0,T ]

∣∣Γj,q(ξ) (λqξ)r eλqξt∣∣ ≤

≤ C3(1 + |ξ|)r−1, ξ < 0. (22)

äå j, q = 1, 2, r = 0, 1, 2. Ëåìó äîâåäåíî.
Ëåìà 2. Íåõàé Reλ1 < 0 < Reλ2. Òîäi

âèêîíóþòüñÿ îöiíêè

max
t∈[0,T ]

∣∣∣Γj,q(ξ) (eλqξt)(r)∣∣∣ ≤
≤ C4(1 + |ξ|)r−1eReλ2ξT , ξ > 0, (23)

max
t∈[0,T ]

∣∣∣Γj,q(ξ) (eλqξt)(r)∣∣∣ ≤
≤ C4(1 + |ξ|)r−1eReλ1ξT , ξ < 0,

äå j, q = 1, 2, r = 0, 1, 2.
Ëåìà 3. Íåõàé Reλ1 < Reλ2 < 0. Òîäi

âèêîíóþòüñÿ îöiíêè

max
t∈[0,T ]

∣∣∣Γj,q(ξ) (eλqξt)(r)∣∣∣ ≤
≤ C5(1 + |ξ|)r−1 ξ > 0, (24)

max
t∈[0,T ]

∣∣∣Γj,q(ξ) (eλqξt)(r)∣∣∣ ≤
≤ C5(1 + |ξ|)r−1eRe (λ1+λ2)ξT , ξ < 0,

äå j, q = 1, 2, r = 0, 1, 2.
Äîâåäåííÿ ëåì 2, 3 ïðîâîäèòüñÿ àíàëî-

ãi÷íî äî äîâåäåííÿ ëåìè 1.
Ëåìà 4. Äëÿ äîâiëüíèõ êâàäðàòíèõ ìà-

òðèöü A = ∥ajq∥2j,q=1, B = ∥bjq∥2j,q=1 ç êîì-
ïëåêñíèìè åëåìåíòàìè âèêîíó¹òüñÿ íåðiâ-
íiñòü

| detA− detB| ≤ 4m1M,

äå
m1 = max

1≤j,q≤2
|ajq − bjq|,

M = max
1≤j,q≤2

{|ajq|, |bjq|}.

Äîâåäåííÿ. Îöiíêà ëåìè âèïëèâà¹ ç òî-
ãî, ùî | detA− detB| =

= |a11a22 − a12a21 − b11b22 + b12b21| =

= |a22(a11 − b11) + b11(a22 − b22)−

−a2,1(a1,2 − b12) + b12(a21 − b21)| ≤ 4m1M.

Ëåìó äîâåäåíî.

72 ISSN 2309-4001. Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2016. � Ò. 4, � 3�4.



Ëåìà 5. Íåõàé 0 < Reλ1 < Reλ2. Òîäi
iñíó¹ òàêå ÷èñëî R > 0, ùî äëÿ âñiõ ξ, |ξ| >
R, âèêîíó¹òüñÿ îöiíêà

|Γ(ξ)| ≥

≥

{
C6(1 + |ξ|)−3eRe (λ1+λ2)ξT , ξ > R,

C6(1 + |ξ|)−3, ξ < −R.
(25)

Äîâåäåííÿ. Äëÿ ξ ̸= 0 ðîçãëÿíå-
ìî ìàòðèöi A(ξ) = ∥ajq(ξ)∥2j,q=1, B(ξ) =

∥bjq(ξ)∥2j,q=1, òàêi, ùî A(ξ) =

=

 eλ1ξT−1
λ1ξ

eλ2ξT−1
λ2ξ

1
λ1ξ

[
T − eλ1ξT−1

λ1ξ

]
1
λ2ξ

[
T − eλ2ξT−1

λ2ξ

]
 ,

B(ξ) =

 eλ1ξT

λ1ξ
eλ2ξT

λ2ξ

− eλ1ξT

λ21ξ
2 − eλ2ξT

λ22ξ
2

 .

Âèçíà÷íèê Γ(ξ) íå çìiíèòüñÿ, ÿêùî âiä éîãî
äðóãîãî ðÿäêà âiäíÿòè éîãî ïåðøèé ðÿäîê,
äîìíîæåíèé íà T . Òîìó detA(ξ) = Γ(ξ). Çà-
óâàæèìî, ùî

detA(ξ) =
e(λ1+λ2)ξT

λ1λ2ξ3
detA1(ξ),

detB(ξ) =
e(λ1+λ2)ξT

λ1λ2ξ3
detB1,

äå

A1(ξ) =

(
α11(ξ) α12(ξ)

α21(ξ) α22(ξ)

)
, (26)

α11(ξ) = 1− e−λ1ξT , α12(ξ) = 1− e−λ2ξT ,

α21(ξ) = − 1

λ1
+

(
ξT +

1

λ1

)
e−λ1ξT ,

α22(ξ) = − 1

λ2
+

(
ξT +

1

λ2

)
e−λ2ξT .

B1 =

(
1 1

− 1
λ1

− 1
λ2

)
.

Äîáðå âiäîìî, ùî äëÿ äîâiëüíîãî ρ > 0
iñíóþòü òàêi ÷èñëà C(ρ), R(ρ) > 0, ùî äëÿ
âñiõ x > R(ρ) âèêîíó¹òüñÿ îöiíêà xρe−x ≤
C(ρ). Âðàõîâóþ÷è ëåìó 4, çâiäñè äiñòàíåìî,

ùî iñíó¹ òàêå ÷èñëî R > 0, ùî äëÿ âñiõ ξ > R
ñïðàâäæó¹òüñÿ íåðiâíiñòü

| detA1(ξ)| ≥
1

2
| detB1| =

|λ2 − λ1|
2|λ1λ2|

.

Òàêèì ÷èíîì,

|Γ(ξ)| = | detA(ξ)| ≥ |λ2 − λ1|eRe(λ1+λ2)ξT

2|λ21λ22ξ3|
≥

≥ C7(1 + |ξ|)−3eRe (λ1+λ2)ξT ,

äëÿ âñiõ ξ > R, òîáòî âåðõíÿ íåðiâíiñòü ó
ôîðìóëi (25) âñòàíîâëåíà.

Ðîçãëÿíåìî òåïåð âèïàäîê, êîëè ξ < 0. Ó

öüîìó âèïàäêó Γ(ξ) =
1

λ1λ2ξ3
detA2(ξ), äå

A2(ξ) =

(
β11(ξ) β12(ξ)

β21(ξ) β22(ξ)

)
.

β11(ξ) = 1− eλ1ξT , β12(ξ) = 1− eλ2ξT ,

β21(ξ) =
1

λ1
+

(
ξT − 1

λ1

)
eλ1ξT ,

β22(ξ) =
1

λ2
+

(
ξT − 1

λ2

)
eλ2ξT .

Âèêîðèñòîâóþ÷è ëåìó 4 äiñòàíåìî, ùî
iñíó¹ òàêå R1 > 0, ùî äëÿ âñiõ ξ <
−R1 ñïðàâäæó¹òüñÿ íåðiâíiñòü | detA2(ξ)| ≥
1
2
| detB1| = |λ2−λ1|

2|λ1λ2| . Îòæå,

|Γ(ξ)| =
∣∣∣∣ 1

λ1λ2ξ3
detA2(ξ)

∣∣∣∣ ≥
≥ |λ2 − λ1|

2|λ21λ22ξ3|
≥ C8(1 + |ξ|)−3,

äëÿ âñiõ ξ < −R1, òîáòî i íèæíÿ íåðiâíiñòü
ó ôîðìóëi (25) âñòàíîâëåíà. Ëåìó äîâåäåíî.
Ëåìà 6. Íåõàé Reλ1 < 0 < Reλ2. Òîäi

iñíó¹ òàêå ÷èñëî R2 > 0, ùî äëÿ âñiõ ξ, |ξ| >
R2, âèêîíó¹òüñÿ îöiíêà

|Γ(ξ)| ≥

{
C9(1 + |ξ|)−3eReλ2ξT , ξ > R2,

C9(1 + |ξ|)−3eReλ1ξT , ξ < −R2.

(27)
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Ëåìà 7. Íåõàé 0 < Reλ1 < Reλ2. Òîäi
iñíó¹ òàêå ÷èñëî R3 > 0, ùî äëÿ âñiõ ξ, |ξ| >
R3, âèêîíó¹òüñÿ îöiíêà

|Γ(ξ)| ≥

{
C10(1 + |ξ|)−3, ξ > R3,

C10(1 + |ξ|)−3eRe (λ1+λ2)ξT , ξ < −R3.

(28)
Äîâåäåííÿ ëåì 6, 7 ïðîâîäèòüñÿ àíàëî-

ãi÷íî äî äîâåäåííÿ ëåìè 5.
Òåïåð ìè ìîæåìî âñòàíîâèòè îñíîâíèé

ðåçóëüòàò äàíî¨ ðîáîòè ïðî iñíóâàííÿ ¹äè-
íîãî ðîçâ'ÿçêó çàäà÷i (1), (2).
Òåîðåìà 1. Íåõàé êîðåíi λ1, λ2 ìíîãî-

÷ëåíà L(λ, i) ìàþòü ðiçíi íåíóëüîâi äiéñíi
÷àñòèíè. ßêùî ∆(ξ) ̸= 0 äëÿ âñiõ ξ ̸= 0,
òî çàäà÷à (1), (2) ¹ (α1, α2)-êîðåêòíîþ, äå
α2 = α1 − 2, α1 ≥ 2.
Äîâåäåííÿ. Îñêiëüêè êîðåíi λ1, λ2 ìà-

þòü ðiçíi íåíóëüîâi äiéñíi ÷àñòèíè, òî ç ëåì
1, 2, 3 òà ëåì 5, 6 âèïëèâà¹, ùî iñíó¹ ÷èñëî
R4 > 0 òàêå, ùî äëÿ âñiõ ξ, |ξ| > R4, âèêîíó-
þòüñÿ îöiíêè

max
t∈[0;T ]

∣∣∣∣Γj,q(ξ)Γ(ξ)

(
eλqξt

)r∣∣∣∣ ≤ C11(1 + |ξ|)r+2, (29)

äå j, q = 1, 2, r = 0, 1, 2. Òîäi ç ôîðìóë (18),
(29) äiñòà¹ìî, ùî äëÿ âñiõ ξ, |ξ| > R4,

max
t∈[0;T ]

∣∣∣∣∂rũ(t, ξ)∂tr

∣∣∣∣ ≤ C12(1 + |ξ|)r+2×

× (|φ̃1(ξ)|+ |φ̃2(ξ)|) , (30)

äå j, q = 1, 2, r = 0, 1, 2. Îñêiëüêè ∆(ξ) ̸= 0
äëÿ âñiõ ξ ̸= 0 i ∆(ξ) � íåïåðåðâíà ôóíêöiÿ
ïàðàìåòðà ξ, òî iñíó¹ ñòàëà C13 > 0 òàêà,
ùî |∆(ξ)| ≥ C13 > 0 äëÿ âñiõ ξ ∈ [−R4;R4].
Òîìó îöiíêè (30) çáåðiãàþòü ñâîþ ñèëó i äëÿ
|ξ| ≤ R4.

Òîäi ç ôîðìóë (17), (18), (30) òà îçíà÷åí-
íÿ íîðìè â ïðîñòîði H2

α2
îòðèìó¹ìî

∥u(t, x);H2
α2
∥ =

=
2∑
r=0

max
t∈[0,T ]

∥∥∥∂ru(t, x)/∂tr;Hα2−r

∥∥∥ ≤

≤ C14

√∫ +∞

−∞
(1 + |ξ|)2α2+4|φ̃1(ξ)|2dξ+

+C14

√∫ +∞

−∞
(1 + |ξ|)2α2+4|φ̃2(ξ)|2dξ ≤

≤ C14∥φ1;Hα1∥+ C14∥φ2;Hα1∥,
ÿêùî α1 ≥ α2 + 2. Òåîðåìó äîâåäåíî.

ÑÏÈÑÎÊ ËIÒÅÐÀÒÓÐÈ

1. Âiãàê Â.Ì. Ïîáóäîâà ðîçâ'ÿçêó çàäà÷i òåïëî-
ïðîâiäíîñòi ç iíòåãðàëüíèìè óìîâàìè // Äîï. ÀÍ
Óêðà¨íè. � Ñåð. À. � 1994. � � 8. � C. 57�60.

2. Èâàí÷îâ Í.È. Êðàåâûå çàäà÷è äëÿ ïàðàáîëè-
÷åñêîãî óðàâíåíèÿ ñ èíòåãðàëüíûìè óñëîâèÿìè //
Äèôôåðåíö. óðàâíåíèÿ. � 2004. � 40, � 4. � Ñ. 547�
564.

3. Iëüêiâ Â.Ñ. Çàäà÷à ç iíòåãðàëüíèìè óìîâàìè
äëÿ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííè-
ìè ïîõiäíèìè i çìiííèìè êîåôiöi¹íòàìè // Âiñíèê
ÄÓ ½Ëüâiâñüêà ïîëiòåõíiêà�. Ïðèêë. ìàòåì. � 1999.
� � 364. � Ñ. 318�323.

4. Êàìûíèí Â.Ë., Ñàðîëäè Ì. Íåëèíåéíàÿ îáðà-
òíàÿ çàäà÷à äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ âèñîêî-
ãî ïîðÿäêà // Æóðí. âû÷èñë. ìàòåì. è ìàò. ôèçèêè.
� 1998, 38, � 10. � Ñ. 1683�1691.

5. Ìåäâiäü Î.Ì., Ñèìîòþê Ì.Ì. Çàäà÷à ç iíòå-
ãðàëüíèìè óìîâàìè äëÿ ëiíiéíèõ ñèñòåì ðiâíÿíü iç
÷àñòèííèìè ïîõiäíèìè // Ìàò. ìåòîäè òà ôiç.-ìåõ.
ïîëÿ. � 2007. � Ò. 50, � 1. � Ñ. 32�39.

6. Ìåäâiäü Îêñàíà, Ñèìîòþê Ìèõàéëî. Çàäà÷à
ç iíòåãðàëüíèìè óìîâàìè äëÿ ñèñòåì ðiâíÿíü iç ÷à-
ñòèííèìè ïîõiäíèìè ç âiäõèëåííÿì àðãóìåíòó //
Ìàòåìàòè÷íèé âiñíèê ÍÒØ. � 2007. � Ò. 4. � Ñ. 414�
427.

7. Íàõóøåâ À.Ì. Óðàâíåíèÿ ìàòåìàòè÷åñêîé áè-
îëîãèè. � Ì.: Âûñøàÿ øêîëà, 1995.

8. Ïîëèà Ã., Ñåãå Ã. Çàäà÷è è òåîðåìû èç àíàëè-
çà: â 2-õ ÷. � Ì.: Íàóêà, 1978. � ×. 1. � 391 ñ. � ×. 2.
� 432 ñ.

9. Ïòàøíèê Á.È. Íåêîððåêòíûå ãðàíè÷íûå çà-
äà÷è äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíû-
ìè ïðîèçâîäíûìè. � Ê.: Íàóê. äóìêà, 1984. � 264ñ.

10. Ñàìàðñêèé À.À. Î íåêîòîðûõ ïðîáëåìàõ òåî-
ðèè äèôôåðåíöèàëüíûõ óðàâíåíèé // Äèôôåðåíö.
óðàâíåíèÿ. � 1980. � 16, � 11. � Ñ. 1925�1935.

11. Ôàðäèãîëà Ë.Â. Èíòåãðàëüíàÿ êðàåâàÿ çàäà-
÷à â ñëîå äëÿ ñèñòåìû ëèíåéíûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ // Ìàòåì.
ñáîðíèê. � 1995. � 186, � 11. � C. 123�144.

12. Õàðòìàí Ô.Îáûêíîâåííûå äèôôåðåíöèàëü-
íûå óðàâíåíèÿ. � Ì.: Ìèð, 1970. � 720 ñ.

13. Kalenyuk P.I., Kuduk G., Kohut I. V.,
Nytrebych Z.M. Problem with integral condition for
evolution equation // Journal of Mathematics and
Applications 2015. � Vol. 38. � P. 71�76.

74 ISSN 2309-4001. Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2016. � Ò. 4, � 3�4.



ÓÄÊ 517.925

c⃝2016 ð. Ê.Ñ. Êîðåïàíîâà

Îäåñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi I.I. Ìå÷íèêîâà, ì.Îäåñà

ÓÌÎÂÈ IÑÍÓÂÀÍÍß ÐÎÇÂ'ßÇÊIÂ ÑÒÅÏÅÍÅÂÎÃÎ ÂÈÄÓ Ó
ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ Ç ÏÐÀÂÈËÜÍÎ ÇÌIÍÍÈÌÈ

ÍÅËIÍIÉÍÎÑÒßÌÈ

Âñòàíîâëþþòüñÿ óìîâè iñíóâàííÿ äåÿêèõ òèïiâ ðîçâ'ÿçêiâ ñòåïåíåâîãî âèäó ó äâî÷ëåííîãî
íåàâòîíîìíîãî çâè÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ ç ïðàâèëüíî çìiííèìè íåëiíiéíîñòÿìè.

The conditions of existence of some types of power-mode solutions of a binomial non-
autonomous ordinary di�erential equation with regularly varying nonlinearities are established.

1. Ïîñòàíîâêà çàäà÷i
Ðîçãëÿäà¹òüñÿ äèôåðåíöiàëüíå ðiâíÿííÿ

y(n) = αp(t)
n−1∏
j=0

φj(y
(j)), (1.1)

äå n ≥ 3, α ∈ {−1, 1}, p : [a,+∞[→]0,+∞[
� íåïåðåðâíà ôóíêöiÿ, φj : ∆Yj →]0; +∞[ �
íåïåðåâíà òà ïðàâèëüíî çìiííà ïðè y(j) → Yj
ôóíêöiÿ ïîðÿäêó σj, j = 0, n− 1, ∆Yj � äå-
ÿêèé îäíîñòîðîííié îêië òî÷êè Yj, Yj äîðiâ-
íþ¹ àáî 0, àáî ±∞1.

Ôóíêöi¨ φj (j = 0, n− 1) (ñì.[1], ãë.I, �1,
c.10) ìîæóòü áóòè çîáðàæåíi ó âèãëÿäi

φj(y
(j)) = |y(j)|σjLj(y(j)) (j = 0, n− 1), (1.2)

äå Lj : ∆Yj →]0,+∞[ (j = 0, n− 1) � ïî-
âiëüíî çìiííi ïðè y(j) → Yj ôóíêöi¨. Çãiäíî ç
îçíà÷åííÿì òà âëàñòèâîñòÿìè ïîâiëüíî çìií-
íèõ ôóíêöié äëÿ áóäü-ÿêîãî λ > 0

lim
y(j)→Yj

y(j)∈∆Yj

Lj(λy
(j))

Lj(y(j))
= 1 (j = 0, n− 1), (1.3)

ïðè÷îìó äàíi ãðàíè÷íi ñïiââiäíîøåííÿ âè-
êîíóþòüñÿ ðiâíîìiðíî ïî λ íà áóäü-ÿêîìó
âiäðiçêó [c, d] ∈]0,+∞[.

Ó öié ðîáîòi ââàæàþ÷è, ùî äëÿ äåÿêîãî
k ∈ {3, . . . , n}{

lim
y(i)→Yi

φi(y
(i)) = φ0

i ∈ R \ {0},

i = n− k + 1, n− 2,
(1.4)

1Ïðè Yj = ±∞ òóò i äàëi áóäåìî ââàæàòè, ùî óñi ÷èñëà ç

îêîëó ∆Yj îäíîãî çíàêó.

âñòàíîâëþþòüñÿ óìîâè iñíóâàííÿ ó ðiâíÿí-
íÿ (1.1) ðîçâ'ÿçêiâ, äëÿ ÿêèõ

lim
t→+∞

y(n−k)(t) = c (c ̸= 0), (1.5)

à òàêîæ àñèïòîòè÷íi ïðè t → +∞ çîáðàæå-
ííÿ òàêèõ ðîçâ'ÿçêiâ òà ¨õ ïîõiäíèõ äî ïî-
ðÿäêó n− 1 âêëþ÷íî.

Î÷åâèäíî, ùî â ñèëó (1.5) äëÿ òàêèõ
ðîçâ'ÿçêiâ ìàþòü ìiñöå íàñòóïíi àñèìïòîòè-
÷íi ïðè t→ +∞ çîáðàæåííÿ

y(j−1)(t)=
ctn−k−j+1

(n−k−j+1)!
[1+o(1)] (l = 1, n−k)

(1.6)
i c ∈ ∆Yn−k.

Ç âèãëÿäó ðiâíÿííÿ (1.1) òàêîæ çðîçóìi-
ëî, ùî y(n)(t) çáåðiãà¹ çíàê â äåÿêîìó îêîëi
+∞. Òîäi y(n−l)(t) (l = 1, k − 1) ¹ ñòðîãî ìî-
íîòîííèìè ôóíêöiÿìè â îêîëi +∞ i, â ñèëó
(1.5), ìîæóòü ïðÿìóâàòè ëèøå äî íóëÿ ïðè
t→ +∞. Òîìó äëÿ iñíóâàííÿ òàêèõ ðîçâ'ÿç-
êiâ íàñàìïåðåä íåîáõiäíî, ùîá

Yj−1 = 0 ïðè j = n− k + 2, n. (1.7)

Äëÿ âèçíà÷åííÿ çíàêiâ ÷èñåë ç îêîëiâ
∆Yj (j = 0, n− 1) áóäåìî ââàæàòè, ùî

µj =


1, ÿêùî Yj = 0 òà ∆Yj −

ïðàâèé îêië 0 àáî Yj = +∞,
−1, ÿêùî Yj = 0 òà ∆Yj −

ëiâèé îêië 0 àáî Yj = −∞

i òîäi ç (1.6) âèïëèâà¹, ùî ïðè j = 1, n− k

Yj−1 =

{
+∞, ÿêùî µn−k > 0,
−∞, ÿêùî µn−k < 0,

(1.8)

ISSN 2309-4001.Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2016. � Ò. 4, � 3�4. 75



Öi óìîâè ÿâëÿþòüñÿ íåîáõiäíèìè äëÿ
iñíóâàííÿ ó ðiâíÿííÿ (1.1) ðîçâ'ÿçêiâ, äëÿ
ÿêèõ ìà¹ ìiñöå (1.5).

Îòðèìàíi òóò ðåçóëüòàòè äîïîâíþþòü íà-
ñëiäîê 8.2 [2, Ãë. II, �8, ñòð. 207] i òåîðåìó
16.9 [2, Ãë. IV, �16, ñòð. 321] ç ìîíîãðàôi¨
I.Êiãóðàäçå i Ò.×àíòóðiÿ äëÿ äèôåðåíöiàëü-
íèõ ðiâíÿíü n�ãî ïîðÿäêó çàãàëüíîãî âèãëÿ-
äó.

2. Îñíîâíi ðåçóëüòàòè

Äëÿ âèçíà÷åííîñòi áóäåìî ââàæàòè, ùî

∆Yn−1 =


[y0n−1, Yn−1[, ÿêùî ∆Yn−1 −

ëiâèé îêië Yn−1;
]Yn−1, y

0
n−1], ÿêùî ∆Yn−1 −

ïðàâèé îêië Yn−1,

i ââåäåìî ôóíêöiþ Φ(y) íàñòóïíèì ÷èíîì

Φ(y) =

y∫
B

ds

φn−1(s)
,

B =


Yn−1, ÿêùî

Yn−1∫
y0n−1

ds
φn−1(s)

< +∞;

y0n−1, ÿêùî
Yn−1∫
y0n−1

ds
φn−1(s)

= ±∞.

Îñêiëüêè Φ′(y) > 0 ïðè y ∈ ∆Yn−1, òî
Φ : ∆Yn−1 → ∆Zn−1, äå

∆Zn−1 =

=

{
[z0n−1, Zn−1[, ÿêùî ∆Yn−1 = [y0n−1, Yn−1[;
]Zn−1, z

0
n−1], ÿêùî ∆Yn−1 =]Yn−1, y

0
n−1],

Zn−1 = lim
y→Yn−1

Φ(y), z0n−1 = Φ(y0n−1), i äëÿ

íå¨ iñíó¹ çâîðîòíÿ ôóíêöiÿ Φ−1 : ∆Zn−1 →
∆Yn−1.

Êðiì òîãî, ç âðàõóâàííÿì (1.4) ïîêëàäåìî

K =

(
φn−k(c)

n−2∏
i=n−k+1

φ0
i×

×
n−k∏
j=1

∣∣∣∣ c

(n− k − j + 1)!

∣∣∣∣σj−1

) 1
1−σn−1

,

i ïðè Yj−1 = ±∞ (j = 1, n− k) ââåäåìî
ôóíêöiþ W0(t) = Φ−1(αI(t)), äå

I(t) =

t∫
A

p(τ)
n−k−1∏
j=0

φj
(
µjτ

n−k−j) dτ,

A=


+∞, ÿêùî

+∞∫
a0

p(τ)
n−k−1∏
j=0

φj
(
µjτ

n−k−j)dτ <+∞;

a0, ÿêùî
+∞∫
a0

p(τ)
n−k−1∏
j=0

φj
(
µjτ

n−k−j)dτ=±∞,

a0 ≥ a òàêå, ùî µj−1t
n−k−j+1 ∈ ∆Yj−1 (j =

1, n− k) ïðè t ≥ a0.

Òåîðåìà. Íåõàé k ∈ {3, . . . , n}, σn−1 ̸= 1
i ñïðàâäæó¹òüñÿ (1.4). Äëÿ iñíóâàííÿ ó ðiâ-
íÿííÿ (1.1) ðîçâ'ÿçêiâ, äëÿ ÿêèõ ìà¹ ìiñöå
(1.5), íåîáõiäíî i äîñòàòíüî, ùîá c ∈ ∆Yn−k
i âèêîíóâàëèñü óìîâè (1.6)− (1.8), à òàêîæ

A = +∞, ÿêùî B = 0,
A = a0, ÿêùî B = y0n−1,

(2.1)

αy0n−1(1−σn−1)I(t) > 0 ïðè t ∈]a0,+∞[ (2.2)

+∞∫
a1

|Wm(τ)|dτ < +∞ (m = 0, k − 2), (2.3)

äå a1 ≥ a0 òàêå, ùî αI(t) ∈ ∆Zn−1 ïðè
t ≥ a1, i Wm(t) âèçíà÷àþòüñÿ ç âðàõóâàí-
íÿì âèãëÿäó W0(t) íàñòóïíèì ÷èíîì

Wm(t) =

t∫
+∞

Wm−1(s)ds (m = 1, k − 2).

Áiëüø òîãî, äëÿ êîæíîãî c ∈ ∆Yn−k ïðè
âèêîíàííi öèõ óìîâ ó âèïàäêó signI(t) = 1
ïðè t > a0 iñíó¹ (n − k + 1)−ïàðàìåòðè÷-
íà, à ó âèïàäêó signI(t) = −1 ïðè t > a0 �
(n−k)−ïàðàìåòðè÷íà ñiì'ÿ òàêèõ ðîçâ'ÿç-
êiâ i äëÿ êîæíîãî ç íèõ îêðiì (1.6) ìàþòü
ìiñöå ïðè t→ +∞ íàñòóïíi àñèìïòîòè÷íi
çîáðàæåííÿ

y(n−k)(t) = c+KWk−1(s)[1 + o(1)],
y(j)(t) = KWn−j−1(t)[1 + o(1)]
(j = n− k + 1, n− 1),

(2.4)

äå Wk−1(t) =
t∫

+∞
Wk−2(s)ds.
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Äîâåäåííÿ òåîðåìè. Íåîáõiäíiñòü. Íå-
õàé ó ðiâíÿííÿ (1.1) iñíó¹ ðîçâ'ÿçîê y, çàäà-
íèé íà [t0,+∞[ òà ÿêèé çàäîâîëüíÿ¹ (1.5).
Òîäi c ∈ ∆Yn−k, ñïðàâäæóþòüñÿ (1.7)-(1.8)
i ìàþòü ìiñöå àñèìïòîòè÷íi ïðè t → +∞
ôîðìóëè (1.6).

Âðàõîâóþ÷è çîáðàæåííÿ (1.2) ïðàâèëüíî
çìiííèõ ïðè t → +∞ ôóíêöié φj(y(j)) (j =

0, n− k) i ñïðàâåäëèâiñòü âèêîíàííÿ ñïiââiä-
íîøåíü (1.3) ðiâíîìiðíî ïî λ íà áóäü-ÿêîìó
âiäðiçêó [d1, d2] ⊂]0,+∞[, ïðè t → +∞ ìà¹-
ìî

φj−1

(
ctn−k−j+1

(n− k − j + 1)!
[1 + o(1)]

)
=

=

∣∣∣∣ ctn−k−j+1

(n− k − j + 1)!
[1 + o(1)]

∣∣∣∣σj−1

×

×Lj−1

(
ctn−k−j+1

(n− k − j + 1)!
[1 + o(1)]

)
=

=

∣∣∣∣ c

(n− k − j + 1)!

∣∣∣∣σj−1

×

×tn−k−j+1Lj−1

(
µj−1t

n−k−j+1
)
[1 + o(1)] =

=

∣∣∣∣ c

(n− k − j + 1)!

∣∣∣∣σj−1

×

×φj−1(µj−1t
n−k−j+1)[1+o(1)] (j = 1, n−k+1).

Òîäi, ïiäñòàâèâøè ðîçâ'ÿçîê ðàçîì ç ïî-
õiäíèìè äî ïîðÿäêó n − k âêëþ÷íî â (1.1),
îòðèìà¹ìî

y(n)(t)

φn−1(y(n−1)(t))
= αK1−σn−1p(t)×

×
n−k−1∏
j=0

φj
(
µjτ

n−k−j) [1 + o(1)] ïðè t→ +∞.

Ïðîiíòåãðóâàâøè äàíå ñïiââiäíîøåííÿ íà
[t∗, t], äå t∗ = max{a0, t0}, òà çðîáèâøè â
iíòåãðàëi, ùî ñòî¨òü çëiâà, çàìiíó çìiííî¨
s = y(n−1)(t), ìà¹ìî

yn−1(t)∫
yn−1(t∗)

ds
φn−1(s)

= αK1−σn−1×

×
t∫
t∗

p(τ)
n−k−1∏
j=0

φj
(
µjτ

n−k−j) [1 + o(1)]dτ.

Îñêiëüêè ïðè t→ +∞ y(n−1)(t) → Yn−1 =

0, îòðèìà¹ìî, ùî iíòåãðàëè
0∫

y(n−1)(t∗)

ds
φn−1(s)

òà
+∞∫
t∗

p(τ)
n−k−1∏
j=0

φj
(
µjτ

n−k−j) dτ çáiãàþòüñÿ

òà ðîçáiãàþòüñÿ îäíî÷àñíî. Òîìó ñïðàâäæó-
¹òüñÿ (2.1). Êðiì òîãî, ç âðàõóâàííÿ âèãëÿ-
äó ôóíêöi¨ Φ òà ¨¨ âëàñòèâîñòåé, à òàêîæ
ïðîïîíóâàííÿ 6 ç ìîíîãðàôi¨ [3] (ãë.V, �3,
ñ.293) ïðî àñèìïòîòè÷íå îá÷èñëåííÿ iíòå-
ãðàëiâ, ïðè t→ +∞ ìà¹ìî

Φ(y(n−1)(t)) = αK1−σn−1I(t)[1 + o(1)]. (2.5)

Âèêîðèñòîâóþ÷è ïðîïîíóâàííÿ 2 ç [4]
(Appendix, p.123) òà âðàõîâóþ÷è òå, ùî φn−1

� ïðàâèëüíî çìiííà ïðè y → 0 ôóíêöiÿ
ïîðÿäêó σn−1 ̸= 1, îòðèìà¹ìî, ùî Φ(y) ∼

1
1−σn−1

y
φn−1(y)

ïðè y → 0 i òîäi

lim
y→0

yΦ′(y)

Φ(y)
= lim

y→0

y
φn−1(y)

Φ(y)
= 1− σn−1.

Çâiäñè âèïëèâà¹, ùî signΦ(y) = sign(y0n−1(1−
σn−1)) ïðè y ∈ ∆Yn−1 òà ç âðàõóâàííÿì
(2.5) ìà¹ìî ñïðàâåäëèâiñòü çíàêîâî¨ óìîâè
(2.2). Êðiì òîãî, îòðèìàëè, ùî Φ(y) � ïðà-
âèëüíî çìiííà ïðè y → 0 ôóíêöiÿ ïîðÿäêó
1 − σn−1 i, â ñèëó âëàñòèâîñòåé ïðàâèëüíî
çìiííèõ ôóíêöié òà óìîâè σn−1 ̸= 1, çâîðî-
òíÿ äî íå¨ ôóíêöiÿ Φ−1(z)� ïðàâèëüíî çìií-
íà ïðè z → Zn−1 = lim

y→0
Φ(y) ôóíêöiÿ ïîðÿä-

êó 1
1−σn−1

. Òîäi, ç âðàõóâàííÿì òåîðåìè ïðî
ðiâíîìiðíó çáiæíiñòü (äèâ.[1], ãë.I, �1, c.10),
ç (2.5) âèïëèâà¹, ùî ïðè t→ +∞

y(n−1)(t) = Φ−1(αK1−σn−1I(t)[1 + o(1)]) =

= Φ−1(αK1−σn−1I(t))[1 + o(1)] =

= KΦ−1(αI(t))[1 + o(1)],

òîáòî ìà¹ ìiñöå îñòàíí¹ çîáðàæåííÿ ç (2.4).
Ïðîiíòåãðóâàâøè éîãî íà [t∗, t], äå t∗ =
max{a1, t0}, îòðèìà¹ìî

y(n−2)(t)=y(n−2)(t∗)+K

t∫
t∗

Φ−1(αI(τ))[1+o(1)]dτ.

Îñêiëüêè ïðè t → +∞ y(n−2) → Yn−2 = 0,
òî iíòåãðàë, ùî ñòî¨òü çïðàâà, ïðè t → +∞
ìà¹ ñêií÷åííó ãðàíèöþ i òîäi äëÿ (n − 2)�¨
ïîõiäíî¨ ðîçâ'ÿçêó ìà¹ ìiñöå çîáðàæåííÿ ç
(2.4) i ñïðàâäæó¹òüñÿ (2.3) ïðè m = 0.

ISSN 2309-4001.Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2016. � Ò. 4, � 3�4. 77



Ïðîäîâæóþ÷è ìiðêóâàííÿ àíàëîãi÷íèì
÷èíîì, âñòàíîâëþ¹ìî ñïðàâåäëèâiñòü âñiõ
îñòàííiõ k − 1 çîáðàæåíü ç (2.4) òà çái-
æíiñòü iíòåãðàëiâ (2.3) ïðè âñiõm = 0, k − 3.
Ïðîiíòåãðóâàâøè îòðèìàíå ñïiââiäíîøåííÿ
äëÿ (n − k + 1)�¨ ïîõiäíî¨ íà [t∗, t], äå t∗ =
max{a0, t0}, ìà¹ìî

y(n−k)(t) = y(n−k)(t∗)+

+K
t∫
t∗

tk−2∫
+∞

. . .
t1∫

+∞
Φ−1(αI(τ))[1+o(1)]dt1 . . . dtk−2dτ.

(2.6)
Â ñèëó ïðèïóùåííÿ (1.5)

lim
t→+∞

t∫
t∗

tk−2∫
+∞

. . .

t1∫
+∞

Φ−1(αI(τ))[1+o(1)]dt1 . . . dtk−2dτ

= const

òà çà îçíàêîþ ïîðiâíÿííÿ ñïðàâäæó¹òüñÿ
(2.3) ïðè m = k − 2, à ñïiââiäíîøåííÿ (2.6)
ìîæå áóòè ïåðåïèñàíî ó âèãëÿäi 1−ãî çîáðà-
æåííÿ ç (2.4).

Äîñòàòíiñòü. Ïðèïóñòèâøè, ùî ñïðàâ-
äæóþòüñÿ óìîâè (1.7) − (1.8), (2.1) − (2.3),
âèáåðåìî äîâiëüíèì ÷èíîì ÷èñëî c ∈ ∆Yn−k.

Çàñòîñîâóþ÷è äî ðiâíÿííÿ (1.1) ïåðåòâî-
ðåííÿ

y(j−1)(t) = ctn−k−j+1

(n−k−j+1)!
[1 + vj(t)] (j = 1, n−k),

y(n−k)(t) = c+KWk−1(t)[1 + vn−k+1(t)],
y(j)(t) = KWn−j−1(t)[1 + vj+1(t)] (j =
= n− k + 1, n− 1),

(2.7)
îòðèìà¹ìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâ-
íÿíü

v′j =
n−k−j+1

t
[−vj + vj+1] (j = 1, n− k − 1),

v′n−k = −1
t
vn−k +

KWk−1(t)

tc
vn−k+1 +

KWk−1(t)

tc
,

v′j=
Wn−j−1(t)

Wn−j(t)
[−vj+vj+1] (j=n−k+1, n−1),

v′n = 1
W0(t)

[−W ′
0(t)[1 + vn]+

+ α
K
p(t)

n−k−1∏
j=0

φj

(
ctn−k−j

(n−k−j)! [1 + vj+1]
)
×

×φn−k(c+KWk−1(t)[1 + vn−k+1])×

×
n−1∏

j=n−k+1

φj (KWn−j−1(t)[1 + vj+1])]

(2.8)

Ðîçãëÿíåìî ¨¨ íà ìíîæèíi Ωn =
[t0,+∞[×Rn

1
2

, äå Rn
1
2

= {(v1, . . . , vn) ∈
Rn : |vj| ≤ 1

2
, j = 1, n} i t0 ≥ a1 âèáðàíå ç

âðàõóâàííÿì (2.3) òàêèì ÷èíîì, ùîá ïðè
t > t0 i (v1, . . . , vn) ∈ Rn

1
2

âèêîíóâàëèñü
óìîâè:

ctn−k−j

(n−k−j)! [1 + vj+1] ∈ ∆Yj (j = 0, n−k−1),

c+KWk−1(t)[1 + vn−k+1] ∈ ∆Yn−k,
KWn−j−1(t)[1+vj+1]∈∆Yj (j=n−k+1,n−1).

Îñêiëüêè ôóíêöi¨ φj(y
(j)) (j =

0, n− k − 1) ìîæóòü áóòè ïðåäñòàâëåíi
ó âèãëÿäi (1.2), ñïiââiäíîøåííÿ (1.3) âè-
êîíóþòüñÿ ðiâíîìiðíî ïî λ íà áóäü-ÿêîìó
âiäðiçêó [d1, d2] ⊂]0,+∞[ i ñïðàâäæó¹òüñÿ
(1.4), à òàêîæ â ñèëó íåïåðåðâíîñòi ôóíêöi¨
φn−k(y

(n−k)) íà ∆Yn−k i (2.3), ìà¹ìî

φj

(
ctn−k−j

(n−k−j)! [1 + vj+1]
)
=
∣∣∣ c
(n−k−j)!

∣∣∣σj ×
×φj(µjtn−k−j)(1 + vj+1)

σj(1 +Rj(t, vj+1))
(j = 0, n− k − 1),
φj(KWn−j−1(t)[1 + vj+1]) =
= φ0

j(1 +Rj(t, vj+1)) (j = n− k + 1, n− 2),
φn−1(KW0(t)[1 + vn]) = Kσn−1φn−1(W0(t))×
×(1 + vn)

σn−1(1 +Rn−1(t, vn)),
φn−k(c+KWk−1(t))[1 + vn−k+1] =
= φn−k(c)(1 +Rn−k(t, vn−k+1)),

äå ôóíêöi¨ Rj(t, vj+1) (j = 0, n− 1) ïðÿìó-
þòü äî íóëÿ ïðè t → +∞ ðiâíîìiðíî ïî
vj+1 ∈

[
−1

2
, 1
2

]
. Êðiì òîãî,

W ′
0(t) = φn−1(W0(t))αKI

′(t).

Â ñèëó öèõ çîáðàæåíü ñèñòåìó ðiâíÿíü
(2.8) ïåðåïèøåìî ó âèãëÿäi

v′j=
n−k−j+1

t
[−vj + vj+1] (j = 1, n− k − 1),

v′n−k=−1
t
vn−k +

KWk−1(t)

tc
vn−k+1 +

KWk−1(t)

tc
,

v′j=
Wn−j−1(t)

Wn−j(t)
[−vj+vj+1] (j=n−k+1, n−1),

v′n=
W ′

0(t)

W0(t)

[
n−k∑
j=1

σj−1vj + (σn−1 − 1)vn+

+
2∑

k=1

Ynk(t, v1, . . . , vn)

]
,

(2.9)
äå Yn1(t, v1, ..., vn) =

= R(t, v1, ..., vn)(1 + vn)
σn−1

n−k∏
j=1

(1 + vj)
σj−1 ,
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R(t, v1, ..., vn)=(1+R0(t, v1))...(1+Rn−1(t, vn))−
− 1 ïðè t→ +∞ ïðÿìó¹ äî íóëÿ ðiâíîìiðíî
ïî vi ∈

[
−1

2
, 1
2

]
(i = 1, n),

Yn2(t, v1, ..., vn) = (1+vn)
σn−1

n−k∏
j=1

(1+vj)
σj−1−

− σn−1vn
n−k∏
j=1

σj−1vj − 1.

Óâàæàþ÷è â íå¨

vj = δzj (j = 1, n− k),
vj = zj (j = n− k + 1, n),

(2.10)

äå δ > 0 âèáðàíî òàê, ùîá ñïðàâäæóâàëàñü

íåðiâíiñòü 0 < δ
n−k−1∑
j=0

|σj| < |σn−1 − 1|, îòðè-

ìà¹ìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü

z′j=
n−k−j+1

t
[−zj + zj+1] (j=1, n−k−1),

z′n−k=−1
t
zn−k +

KWk−1(t)

δtc
zn−k+1 +

KWk−1(t)

δtc
,

z′n−k+1=
Wk−2(t)

Wk−1(t)
[−zn−k+1 + δzn−k],

z′j=
Wn−j−1(t)

Wn−j(t)
[−zj + zj+1] (j=n−k+2, n−1),

z′n=
W ′

0(t)

W0(t)

[
δ
n−k∑
j=1

σj−1zj + (σn−1 − 1)zn+

+
2∑

k=1

Znk(t, z1, . . . , zn)

]
(2.11)

â ÿêié Znk(t, z1, . . . , zn) =
Ynk(t,

1
δ
v1, . . . ,

1
δ
vn−k, vn−k+1, . . . , vn) (k = 1, 2)

i òàêi, ùî lim
t→+∞

Zn1(t, z1, . . . , zn)=0 ðiâíîìið-

íî ïî (z1, . . . , zn) ∈ Rn
l = {(z1, . . . , zn) ∈ Rn :

|zj| ≤ l, j = 1, n}, l = min
{

1
2δ
, 1
2

}
,

lim
|z1|+...+|zn|→0

∂Zn2(t,z1,...,zn)
∂zk

= 0 (k = 1, n)

ðiâíîìiðíî ïî t∈ [t0,+∞[.
Â ñèëó âèãëÿäóWj(t) (j = 1, k − 1) é (2.3)

lim
t→+∞

Wj(t) = 0,

+∞∫
t0

Wn−j−1(t)dt

Wn−j(t)
= ±∞ (j = n− k + 1, n− 1),

+∞∫
t0

W ′
0(t)dt

W0(t)
= ±∞

òà ïðè t > t0

Wn−j−1(t)

Wn−j(t)
< 0 (j = n− k + 1, n− 1),

W ′
0(t)

W0(t)
(σn−1 − 1) < 0, ÿêùî signI(t) = 1,

W ′
0(t)

W0(t)
(σn−1 − 1) > 0, ÿêùî signI(t) = −1.

Ïðè çàçíà÷åíîìó âèáîði ÷èñëà δ â ñèëó îïè-
ñàíèõ âèùå óìîâ äëÿ ñèñòåìè (2.11) âèêî-
íàíi âñi óìîâè òåîðåìè 1.2 ç ðîáîòè [5]. Òî-
äi â íå¨ iñíó¹ q−ïàðàìåòðè÷íà ñiì'ÿ ïðÿ-
ìóþ÷èõ äî íóëÿ ïðè t → +∞ ðîçâ'ÿçêiâ
(zj)

n
j=1 : [t1,+∞[−→ Rn

l (t1 ≥ t0), äå

q =

{
n− k + 1, ÿêùî signI(t) = 1,
n− k, ÿêùî signI(t) = −1,

êîæíîìó ç ÿêèõ â ñèëó ïåðåòâîðåíü (2.7) i
(2.10) âiäïîâiäà¹ ðîçâ'ÿçîê âèãëÿäó (1.5) äè-
ôåðåíöiàëüíîãî ðiâíÿííÿ (1.1), ùî äîïóñêà¹
àñèìïòîòè÷íi çîáðàæåííÿ (2.4). Òåîðåìà äî-
âåäåíà.

3. Âèñíîâêè

Ó äàíié ðîáîòi äëÿ äâî÷ëåííîãî íåàâòî-
íîìíîãî çâè÷àéíîãî äèôåðåíöiàëüíîãî ðiâ-
íÿííÿ n-ãî ïîðÿäêó ç ïðàâèëüíî çìiííèìè
íåëiíiéíñòÿìè (1.1) ó âèïàäêó, êîëè ãðàíèöi
φi(y

(i)) (i = n− k + 1, n− 2) ïðè y(i) → Yi
äîðiâíþþòü äîäàòíèì ñòàëèì, îòðèìàíi íå-
îáõiäíi òà äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿç-
êiâ, äëÿ ÿêèõ (n − k)−à ïîõiäíà ïðÿìó¹ äî
âiäìiííî¨ âiä íóëÿ ñòàëî¨ ïðè t→ +∞.

Ïðè öüîìó áóëè âñòàíîâëåíi àñèìïòîòè-
÷íi ïðè t → +∞ ôîðìóëè äëÿ ïîõiäíèõ
òàêèõ òèïiâ ðîçâ'ÿçêiâ äî ïîðÿäêó n − 1
âêëþ÷íî òà ç'ÿñîâàíå ïèòàííÿ ïðî êiëüêiñòü
ðîçâ'ÿçêiâ çi çíàéäåíèìè çîáðàæåííÿìè.
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ÇÍÀÕÎÄÆÅÍÍß ÄÂÎÕ ÌÎËÎÄØÈÕ ÊÎÅÔIÖI�ÍÒIÂ
Ó ÒÅËÅÃÐÀÔÍÎÌÓ ÐIÂÍßÍÍI Ç ÄÐÎÁÎÂÈÌÈ ÏÎÕIÄÍÈÌÈ

Âñòàíîâëþ¹ìî îäíîçíà÷íó ðîçâ'ÿçíiñòü îáåðíåíî¨ çàäà÷i Êîøi äëÿ ðiâíÿííÿ u
(α)
t −r(t)u

(β)
t +

a2(−∆)γ/2u− b(t)u = F0(x)g(t), (x, t) ∈ Rn× (0, T ], ç äðîáîâèìè ïîõiäíèìè, çàäàíèìè óçàãàëü-
íåíèìè ôóíêöiÿìè F0 òà ó ïðàâèõ ÷àñòèíàõ ïî÷àòêîâèõ óìîâ. Çàäà÷à ïîëÿãà¹ ó çíàõîäæåííi
òðiéêè ôóíêöié: óçàãàëüíåíîãî ðîçâ'ÿçêó u (íåïåðåðâíîãî é iíòåãðîâíîãî çà ÷àñîì â óçàãàëü-
íåíîìó ñåíñi) òà íåâiäîìèõ íåïåðåðâíèõ òà iíòåãðîâíèõ êîåôiöi¹íòiâ b(t), r(t).

We establish the unique solvability of an inverse Cauchy problem for the equation u
(α)
t −

r(t)u
(β)
t + a2(−∆)γ/2u − b(t)u = F0(x)g(t), (x, t) ∈ Rn × (0, T ], with fractional derivatives, given

distributions F0 and in right-hand sides of the initial conditions. The problem is to �nd the generali-
zed solution u (continuous and integrable in time in generalized sense) and unknown continuous
and integrable coe�cients b(t), r(t).

Âñòóï. Ó [1, 2] äîñëiäæåíà çàäà÷à Êîøi
äëÿ ïåâíèõ êëàñiâ ïàðàáîëi÷íèõ ðiâíÿíü iç
ïñåâäîäèôåðåíöiàëüíèì îïåðàòîðîì ó ïðîñ-
òîðàõ óçàãàëüíåíèõ ôóíêöié òèïó Øâàðöà.
Ó [3�7] äîâåäåíi òåîðåìè iñíóâàííÿ i ¹äèíî-
ñòi, à òàêîæ îäåðæàíî çîáðàæåííÿ çà äîïî-
ìîãîþ ôóíêöié Ãðiíà êëàñè÷íèõ ðîçâ'ÿçêiâ
çàäà÷ Êîøi äëÿ ðiâíÿíü iç äðîáîâîþ ïîõiä-
íîþ çà ÷àñîì.

Îáåðíåíi çàäà÷i äëÿ ðiâíÿíü iç äðîáîâè-
ìè ïîõiäíèìè âèíèêàþòü ó áàãàòüîõ ãàëóçÿõ
íàóêè i òåõíiêè.

Îáåðíåíi êðàéîâi çàäà÷i íà âèçíà÷åííÿ
àáî ãîëîâíîãî êîåôiöi¹íòà, àáî ïðàâî¨ ÷àñòè-
íè, àáî ïîðÿäêó äðîáîâî¨ ïîõiäíî¨ ó ðiâíÿí-
íi, àáî íåâiäîìî¨ êðàéîâî¨ óìîâè âèâ÷àëèñü ó
[8�14] òà iíøèõ ïðàöÿõ, ðîçâ'ÿçíiñòü ïðÿìî¨
é îáåðíåíî¨ çàäà÷ äëÿ îäíîãî êëàñó ðiâíÿíü
iç ïñåâäîäèôåðåíöiàëüíèì îïåðàòîðîì âñòà-
íîâëåíî ó [15]. Îáåðíåíi çàäà÷i ç íåâiäîìè-
ìè ìîëîäøèìè êîåôiöi¹íòàìè ó ðiâíÿííÿõ iç
äðîáîâèìè ïîõiäíèìè ìàëî âèâ÷åíi.

Ó äàíié ñòàòòi ìè äîcëiäæó¹ìî iñíóâàííÿ
i ¹äèíiñòü ðîçâ'ÿçêó (u, r, b) îáåðíåíî¨ çàäà÷i
Êîøi

u
(α)
t − r(t)u

(β)
t + a2(−∆)γ/2u− b(t)u =

= F0(x)g(t), (x, t) ∈ Rn × (0, T ],
(1)

u(x, 0) = F1(x),

ut(x, 0) = F2(x), x ∈ Rn, (2)(
u(·, t), φ1(·)

)
= Φ1(t),(

u(·, t), φ2(·)
)
= Φ2(t), t ∈ (0, T ]

(3)

ç äðîáîâèìè ïîõiäíèìè Ðiìàíà-Ëióâiëÿ
u
(α)
t , u

(β)
t òà (−∆)γ/2u, âèçíà÷åíîþ ç âèêîðè-

ñòàííÿì ïåðåòâîðåííÿ Ôóð'¹

F [(−∆)γ/2u] = |λ|γF [u]

ïðè óìîâi
(L) α ∈ (1, 2), β ∈ (0, 1), γ > α,

min{n, 2, γ} > (n− 1)/2,
äå F0, F1, F2 � çàäàíi óçàãàëüíåíi ôóíêöi¨,
g,Φ1,Φ2, φ1, φ2 � çàäàíi ãëàäêi ôóíêöi¨, ÷å-
ðåç (f, φ) ïîçíà÷åíî çíà÷åííÿ óçàãàëüíåíî¨
ôóíêöi¨ f íà îñíîâíié ôóíêöi¨ φ, a2 � äîäàò-
íà ñòàëà.

Çàóâàæèìî, ùî îäíîçíà÷íó ðîçâ'ÿçíiñòü
çàäà÷i Êîøi äëÿ ðiâíÿííÿ (1) ïðè b(t) =
r(t) = 0, t ∈ [0, T ] ó ïðîñòîðàõ óçàãàëüíåíèõ
ôóíêöié áóëî äîâåäåíî â [16, 17], çîêðåìà,
ó [17] � ó ïðîñòîðàõ áåñåëåâèõ ïîòåíöiàëiâ
ïðè α ∈ (0, 1].
1. Ïîçíà÷åííÿ, ôîðìóëþâàííÿ çàäà-

÷i é äîïîìiæíi ðåçóëüòàòè. Íåõàé N �
ìíîæèíà íàòóðàëüíèõ ÷èñåë, Z+ = N ∪ 0,
Q = Rn×(0, T ], n ∈ N, D(Rn) � ïðîñòið íå-
ñêií÷åííî äèôåðåíöiéîâíèõ ôóíêöié iç êîì-
ïàêòíèìè íîñiÿìè â Rn, E(Rn) = C∞(Rn),
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D(Q̄) � ïðîñòið íåñêií÷åííî äèôåðåíöiéîâ-
íèõ ôóíêöié iç êîìïàêòíèìè íîñiÿìè i òà-
êèõ, ùî ( ∂

∂t
)kv|t=T = 0, k ∈ Z+, Dk(Rn) �

ïðîñòið ôóíêöié iç Ck(Rn) ç êîìïàêòíèìè
íîñiÿìè, ||φ||Dk(Rn) = max

|κ|≤k
max

x∈suppφ
|Dκφ(x)|, äå

κ = (κ1, . . . , κn), κj ∈ Z+, j ∈ {1, . . . , n},
|κ| = κ1 + · · · + κn, Dκφ(x) = ∂|κ|φ(x)

∂x
κ1
1 ...∂xκnn

,

D′(Rn), E ′(Rn) i D′(Q̄) � ïðîñòîðè ëiíié-
íèõ íåïåðåðâíèõ ôóíêöiîíàëiâ âiäïîâiäíî
íà D(Rn), E(Rn) i D(Q̄). Çàóâàæèìî, ùî
E ′(Rn) � ïðîñòið óçàãàëüíåíèõ ôóíêöié iç
êîìïàêòíèìè íîñiÿìè. Íåõàé

D′
+(R) = {f ∈ D′(R) : f = 0, t < 0},

D′
C(Q̄) = {v ∈ D′(Q̄) : (v(·, t), φ(·)) ∈ C[0, T ]

∀φ ∈ D(Rn)},
D′
C,L(Q) = {v ∈ D′(Q̄) : (v(·, t), φ(·)) ∈

C(0, T ] ∩ L(0, T ) ∀φ ∈ D(Rn)}.

×åðåç f∗g ïîçíà÷à¹ìî çãîðòêó óçàãàëü-
íèõ ôóíêöié f i g, âèêîðèñòîâó¹ìî ôóíêöiþ

fλ(t) =

{
θ(t)tλ−1/Γ(λ), λ > 0,

f ′
1+λ(t), λ ≤ 0,

äå Γ(z) � ãàìà-ôóíêöiÿ, θ(t) � ôóíêöiÿ Õåâi-
ñàéäà. Çàóâàæèìî, ùî

fλ ∗ fµ = fλ+µ.
Íàãàäà¹ìî, ùî ïîõiäíà Ðiìàíà-Ëióâiëÿ ïî-
ðÿäêó β > 0 âèçíà÷åíà ôîðìóëîþ

v
(β)
t (x, t) = f−β(t) ∗ v(x, t),

à ïîõiäíà Êàïóòî � ôîðìóëîþ

Dα
t v(x, t) =

1
Γ(n−α)

t∫
0

(t− τ)n−α−1 dn

dτn
v(τ)dτ

ïðè n− 1 < α < n, n ∈ N.
Ïîçíà÷à¹ìî

Cα,γ(Q) = {v ∈ C(Q) :
(−∆)γ/2v,Dα

t v ∈ C(Q)},
Cα,γ(Q̄) = {v ∈ Cα,γ(Q) | v, vt ∈ C(Q̄)},
(Lv)(x, t) = v

(α)
t (x, t) + a2(−∆)γ/2v(x, t),

(Lregv)(x, t) = Dα
t v(x, t) + a2(−∆)γ/2v(x, t),

(L̂v)(x, t) = f−α(t)∗̂v(x, t)+
+a2(−∆)γ/2v(x, t), (x, t) ∈ Q,

äå ïðè v ∈ D(Q̄)
f−α(t)∗̂v(x, t) =

(
f−α(τ), v(x, t+ τ)

)
.

Ïðàâèëüíà ôîðìóëà Ãðiíà [16]:∫
Q

v(y, τ)(L̂ψ)(y, τ)dydτ =

=

∫
Q

(Lregv)(y, τ)ψ(y, τ)dydτ−

−
∫
Rn

v(y, 0)dy

T∫
0

f2−α(τ)ψτ (y, τ)dτ+

+

∫
Rn

vt(y, 0)dy

T∫
0

f2−α(τ)ψ(y, τ)dτ

∀v ∈ Cα,γ(Q̄) ψ ∈ D(Q̄).

Ïðèïóùåííÿ:

(A1) F0, F1, F2 ∈ E ′(Rn),
s ∈ [0,min{(α− β)/2, 1− β}),
tsg ∈ C[0, T ],

(A2) ln tΦj, t
β ln tΦ

(β)
j , tsΦ

(α)
j ∈ C[0, T ],

φj ∈ D(Rn), j = 1, 2, d(t) :=
tβ(1 + | ln t|)[Φ(β)

1 (t)Φ2(t)−Φ1(t)Φ
(β)
2 (t)],

inf
t∈(0,T ]

|d(t)| = d0 > 0.

Îçíà÷åííÿ 1. Òðiéêà ôóíêöié (u, r, b) ∈
U = U(T ) := D′

C,L(Q) × (C(0, T ] ∩ L(0, T ))2,
ÿêà çàäîâîëüíÿ¹ òîòîæíiñòü

(u, L̂ψ) =

T∫
0

g(t)
(
F0(·), ψ(·, t)

)
dt+

+

T∫
0

r(t)
(
u
(β)
t (·, t), ψ(·, t)

)
dt+

+

T∫
0

b(t)
(
u(·, t), ψ(·, t)

)
dt+

+
2∑
j=1

(
Fj(x)fj−α(t), ψ(x, t)

)
∀ψ ∈ D(Q̄)

(4)
òà óìîâè (3), íàçèâà¹òüñÿ ðîçâ'ÿçêîì çàäà÷i
(1)-(3).

Çàóâàæèìî, ùî ó ïîäiáíîìó ôîðìóëþ-
âàííi â [18] âñòàíîâëåíà îäíîçíà÷íà ðîçâ'ÿç-
íiñòü ó ïðîñòîði D′

C(Q̄)×C(0, T ] çàäà÷i Êîøi
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äëÿ ðiâíÿííÿ (1) ïðè b(t) = 0 òà îäíié äî-
äàòêîâié óìîâi â (3). Òóò ðîçãëÿäà¹ìî çàäà-
÷ó ç äâîìà íåâiäîìèìè êîåôiöi¹íòàìè òà êî-
ëè ðåãóëÿðíi äàíi çàäà÷i ìîæóòü ìàòè ñëàáêi
îñîáëèâîñòi ïðè t = 0.

Äëÿ äîâåäåííÿ ðîçâ'ÿçíîñòi çàäà÷i âèêî-
ðèñòîâó¹ìî ìåòîä ôóíêöi¨ Ãðiíà.
Îçíà÷åííÿ 2. Âåêòîð-ôóíêöiÿ(

G0(x, t), G1(x, t), G2(x, t)
)

òàêà, ùî ïðè
äîñòàòíüî ðåãóëÿðíèõ g0, g1, g2 ôóíêöiÿ

u(x, t) =

t∫
0

dτ

∫
Rn

G0(x− y, t− τ)g0(y, τ)dy

(5)

+
2∑
j=1

∫
Rn

Gj(x− y, t)gj(y)dy, (x, t) ∈ Q̄

¹ êëàñè÷íèì (iç Cα,γ(Q̄)) ðîçâ'ÿçêîì çàäà÷i
Êîøi

Lregu(x, t) = g0(x, t), (x, t) ∈ Q,

u(x, 0) = g1(x), ut(x, 0) = g2(x), x ∈ Rn

íàçèâà¹òüñÿ âåêòîð-ôóíêöi¹þ Ãðiíà öi¹¨ çà-
äà÷i. Ïîçíà÷à¹ìî

(Ĝ0φ)(y, τ) =

T∫
τ

∫
Rn

G0(x− y, t− τ)φ(x, t)dxdt,

(Ĝjφ)(y) =
T∫

0

∫
Rn

Gj(x− y, t)φ(x, t)dxdt,

j = 1, 2,

(Ĝjφ)(y, t) =

∫
Rn

Gj(x− y, t)φ(x) dx,

j = 0, 1, 2.

Ëåìà 1 [16]. Ïðàâèëüíi íàñòóïíi ñïiââiä-
íîøåííÿ:

Gj(x, t) =
(
fj−α(τ), G0(x, t− τ)

)
,

(x, t) ∈ Q, j = 1, 2,

(Ĝ0(L̂ψ))(y, τ) = ψ(y, τ), (y, τ) ∈ Q̄,

(Ĝj(L̂ψ))(y) =
(
fj−α(τ), ψ(y, τ)

)
,

y ∈ Rn, j = 1, 2, ∀ψ ∈ D(Q̄). (6)

Ëåìà 2. Âåêòîð-ôóíêöiÿ Ãðiíà çàäà÷i
Êîøi (1), (2) iñíó¹.

Äîâåäåííÿ. Ó [5, 16] îäåðæàíî çîáðàæåí-
íÿ êîìïîíåíò âåêòîð-ôóíêöi¨ Ãðiíà

G0(x, t) =
π−n/2tα−1

|x|n
×

H2,1
2,3

(
|x|γ

2γa2tα

∣∣∣(1, 1) (α, α)
(1, 1) (n/2, γ/2) (1, γ/2)

)
,

Gj(x, t) =
π−n/2tj−1

|x|n
×

H2,1
2,3

(
|x|γ

2γa2tα

∣∣∣(1, 1) (j, α)
(1, 1) (n/2, γ/2) (1, γ/2)

)
,

j = 1, 2, äå Hm,n
p,q

(
z
∣∣∣(a1, γ1) . . . (ap, γp)
(b1, α1) . . . (bq, αq)

)
�H-ôóíêöiÿ Ôîêñà [19,20].

Äëÿ ôóíêöié Gj, j = 0, 1, 2 ìà¹ìî

a∗ =
n∑
i=1

αi −
p∑

i=n+1

αi +
m∑
i=1

βi −
q∑

i=m+1

βi =

= 2− α > 0,

∆∗ =
q∑
i=1

βi −
p∑
i=1

αi = γ − α > 0.

Òîìó çà ïðèïóùåííÿ (L) çà òåîðåìîþ 1.1
[20] öi ôóíêöi¨ iñíóþòü äëÿ âñiõ x ̸= 0, t > 0.

Ëåìà 3. Äëÿ âñiõ k ∈ Z+, ìóëüòèiíäåêñiâ
κ, |κ| = k, φ ∈ D(Rn),

Dκ
y (Ĝjφ) ∈ C(Q), Dκ

y (Ĝjφ)
(β)
t ∈ C(Q),

j = 0, 1, 2, i ïðàâèëüíi íàñòóïíi îöiíêè:∣∣Dκ
y (Ĝ0φ)(y, t)

∣∣ ≤ ctα−1(1 + |ln t|)||φ||Dk(Rn),∣∣Dκ
y (Ĝjφ)(y, t)

∣∣ ≤ ctj−1(1 + |ln t|)||φ||Dk(Rn),∣∣Dκ
y (Ĝ0φ)

(β)
t (y, t)

∣∣ ≤
≤ cβt

α−β−1(1 + |ln t|)||φ||Dk(Rn),∣∣Dκ
y (Ĝjφ)

(β)
t (y, t)

∣∣ ≤
cβt

j−β−1(1 + |ln t|)||φ||Dk(Rn),

(y, t) ∈ Q, j = 1, 2.

Òóò i äàëi bi, c, cβ, Ci, C∗
i , ci, c

∗
i (i ∈ Z+)� äî-

äàòíi ñòàëi.
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Äîâåäåííÿ. Ëåìà äîâîäèòüñÿ ç âèêîðè-
ñòàííÿì îöiíîê êîìïîíåíò âåêòîð-ôóíêöi¨
Ãðiíà. Âîíè áóëè îòðèìàíi â ðîáîòi [16]
íà áàçi âëàñòèâîñòåé òà àñèìïòîòèêè H-
ôóíêöié Ôîêñà [20]. Âðàõîâóþ÷è òåîðåìó 1.7
iç [20], îäåðæàíî îöiíêè

|G0(x, t)| ≤
C0t

α−1

|x|n
, |Gj(x, t)| ≤

Cjt
j−1

|x|n
,

j = 1, 2 ïðè |x|γ > tα, (7)

à çà íàñëiäêîì ç òåîðåìè 1.12 [20] ó âèïàäêó

γ ̸= n+ 2l

σ
, l ∈ Z+, σ ∈ N (8)

îäåðæàíî îöiíêè ïðè |x|γ < tα:

|G0(x, t)| ≤
C∗

0

t|x|n−γ
, ÿêùî γ < n, (9)

|G0(x, t)| ≤ C∗
0 t
α−1−nα/γ äëÿ γ ≥ n, (10)

|Gj(x, t)| ≤
C∗
j t
j−1−α

|x|n−γ
ïðè γ < n, (11)

|Gj(x, t)| ≤ C∗
j t
j−1−nα/γäëÿ γ ≥ n, j = 1, 2.

(12)
Ó çàãàëüíîìó âèïàäêó ïðàâèëüíi òàêi æ
îöiíêè, àëå ç ìíîæíèêàìè lnN tα

|x|γ ïðè äå-
ÿêèõ íàòóðàëüíèõ N ó ôîðìóëàõ (9)�(12).
Íå îáìåæóþ÷è çàãàëüíîñòi, äàëi ðîçãëÿäà¹-
ìî âèïàäîê (8).

Iç íàâåäåíèõ îöiíîê âèïëèâà¹ iíòåãðîâ-
íiñòü ôóíêöié Gj(x, t) â Rn äëÿ êîæíîãî
t > 0, j = 0, 1, 2. Îñêiëüêè

∂

∂yi
Gj(x− y, t) = − ∂

∂xi
Gj(x− y, t),

i = 1, . . . , n, j = 0, 1, 2

i ïîäiáíî äëÿ ïîõiäíèõ âèùèõ ïîðÿäêiâ, òî
äëÿ âñiõ φ ∈ D(Rn) òà ìóëüòèiíäåêñiâ κ

Dκ(Gjφ)(y, t) =
∫
Rn

Gj(x− y, t)Dκφ(x)dx

çà óìîâè ðiâíîìiðíî¨ çáiæíîñòi iíòåãðàëiâ

vj,κ(y, t) =

=
∫
Rn

Gj(x− y, t)Dκφ(x)dx, j = 0, 1, 2.

Çà öèõ óìîâ ç ïîïåðåäíüî¨ ðiâíîñòi îäåð-
æèìî, ùî Dκ(Ĝjφ) ∈ C(Q) äëÿ äîâiëüíîãî

ìóëüòèiíäåêñó κ, à îòæå, Ĝjφ ∈ C∞(Q) ïðè
φ ∈ D(Rn), j = 0, 1, 2.

Ïîêàæåìî ðiâíîìiðíó çáiæíiñòü iíòåãðà-
ëiâ vj,κ(y, t) äëÿ êîæíîãî κ.

Âðàõîâóþ÷è îöiíêè (7), (9) ôóíêöi¨
G0(x−y, t), ôiíiòíiñòü òà îáìåæåíiñòü ôóíê-
öié Dκφ(x, t) â QT , ó âèïàäêó |κ| = k, γ < n
îäåðæó¹ìî

|v0,κ(y, t)| ≤

≤
[ ∫
x:|x−y|γ<tα

|G0(x− y, t)| · |Dκφ(x)|dx+

+
∫

x:|x−y|γ>tα
|G0(x− y, t)| · |Dκφ(x)|dx

]
≤

≤ d0,κ,0

[ ∫
x:|x−y|γ<tα

|Dκφ(x)|
t|x− y|n−γ

dx+

+

∫
x:|x−y|γ>tα

tα−1|Dκφ(x)|
|x− y|n

dx
]
dt ≤

≤ d0,κ,1

[1
t

tα/γ∫
0

rγ−1dr + tα−1|ln t|
]
||φ||Dk(Rn)

≤ d0,κ,2t
α−1−ε ||φ||Dk(Rn),

à ç (7), (10) ïðè γ ≥ n

|v0,κ(y, t)| ≤

≤ d0,κ,0

[
tα−1−nα/γ

∫
x:|x−y|γ<tα

|Dκφ(x)|dx+

+tα−1

∫
x:|x−y|γ>tα

|Dκφ(x)|
|x− y|n

dx
]
dt ≤

≤ d0,κ,1

[
tα−1−nα/γ

tα/γ∫
0

rn−1dr+

+tα−1|ln t|
]
||φ||Dk(Rn) ≤

≤ d0,κ,2t
α−1−ε ||φ||Dk(Rn) ∀ε ∈ (0, 1).

Òóò i äàëi dj,κ,0 = max{Cj, C∗
j }, dj,κ,k, dj,κ,k

(j = 0, 1, 2, k ∈ Z+) � äîäàòíi ñòàëi.
Àíàëîãi÷íî, âðàõîâóþ÷è îöiíêè (7), (11)

ôóíêöié Gj(x − y, t), j = 1, 2, ïðè γ < n
îäåðæó¹ìî

ISSN 2309-4001.Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2016. � Ò. 4, � 3�4. 83



∣∣∣vj,κ(y, t)| ≤
≤ |

∫
x:|x−y|γ<tα

Gj(x− y, t)Dκφ(x)dx+

+
∫

x:|x−y|γ>tα
Gj(x− y, t)Dκφ(x)dx

∣∣∣ ≤
≤ dj,κ,0

[
tj−1−α ∫

x:|x−y|γ<tα

|Dκφ(x)|
|x−y|n−γ dx+

+tj−1
∫

x:|x−y|γ>tα

|Dκφ(x)|
|x−y|n dx

]
≤

≤ dj,κ,1

[
tj−1−α

tα/γ∫
0

rγ−1dr+

+tj−1
+∞∫
tα/γ

|Dκφ(x)|r−1dr
]
≤

≤ dj,κ,2t
j−1−ε||φ||Dk(Rn), k = |κ|.

Ó âèïàäêó γ ≥ n ç âðàõóâàííÿì îöiíîê
(7), (12), ìàòèìåìî

|vj,κ(y, t)| ≤ dj,κ,0t
j−1
[ ∫
x:|x−y|γ<tα

|Dκφ(x)|
tnα/γ dx+

+
∫

x:|x−y|γ>tα

|Dκφ(x)|
|x−y|n dx

]
≤

≤ dj,κ,1t
j−1[1 + |lnt|] ||φ||Dk(Rn) ≤

≤ dj,κ,2t
j−1−ε ||φ||Dk(Rn), j = 1, 2.

Âèêîðèñòîâóþ÷è âëàñòèâiñòü 2.3 [20]

Hm,n
p,q

(
1
z

∣∣∣(a1, α1) . . . (ap, αp)
(b1, β1) . . . (bq, βq)

)
=

= Hn,m
q,p

(
z
∣∣∣(1− b1, β1) . . . (1− bq, βq)
(1− a1, α1) . . . (1− ap, αp)

)
H-ôóíêöi¨ Ôîêñà, ìîæåìî ïîäàòè ôóíêöi¨
Gj(x, t) ÿê

G0(x, t) =
π−n/2tα−1

|x|n

H1,2
3,2

(
2γa2

|x|γ t
α
∣∣∣(0, 1) (1− n/2, γ/2) (0, γ/2)
(0, 1) (1− α, α)

)
,

Gj(x, t) =
π−n/2tj−1

|x|n

H1,2
3,2

(
2γa2

|x|γ t
α
∣∣∣(0, 1) (1− n/2, γ/2) (0, γ/2)
(0, 1) (1− j, α)

)
,

j = 1, 2.

Çà òåîðåìîþ 2.7 iç [20] ïðî äðîáîâå äèôå-
ðåíöiþâàííÿ H-ôóíêöié

f1−β(t) ∗G0(x, t) =
π−n/2tα−β

|x|n ×

×H1,2
3,2

(
tα
∣∣∣(0, 1) (1− n/2, γ/2) (0, γ/2)

(0, 1) (β − α, α)

)
.

Çà âëàñòèâiñòþ 2.8 [20] ïðî äèôåðåíöiþ-
âàííÿ çíàõîäèìî

(f1−β(t) ∗G0)t =
π−n/2tα−β−1

|x|n ×

×H2,1
2,3

(
|x|γ

2γa2tα

∣∣∣(1, 1) (α− β, α)
(1, 1) (n/2, γ/2) (1, γ/2)

)
.

Ïîäiáíî îá÷èñëþ¹ìî

f1−β(t) ∗Gj(x, t) =
π−n/2tj−β

|x|n ×

×H1,2
3,2

(
2γa2

|x|γ t
α
∣∣∣(0, 1) (1− n/2, γ/2) (0, γ/2)
(0, 1) (β − j, α)

)
,

∂
∂t

(
f1−β(t) ∗Gj(x, t)

)
= π−n/2tj−β−1

|x|n ×

×H1,2
3,2

(
2γa2

|x|γ t
α
∣∣∣(0, 1) (1− n/2, γ/2) (0, γ/2)
(0, 1) (1 + β − j, α)

)
= π−n/2tj−β−1

|x|n ×

×H2,1
2,3

(
|x|γ

2γa2tα

∣∣∣(1, 1) (j − β, α)
(1, 1) (n/2, γ/2) (1, γ/2)

)
,

j = 1, 2.

Äëÿ âñiõ ôóíêöié ∂
∂t

(
f1−β(t) ∗ Gj(x, t)

)
(j = 0, 1, 2) ìà¹ìî ∆∗ = γ − α > 0,
a∗ = 2− α > 0. Òîìó çà òåîðåìîþ 1.1 iç [20]
öi ôóíêöi¨ iñíóþòü äëÿ âñiõ x ̸= 0, t > 0.

Âðàõîâóþ÷è òåîðåìó 1.7 iç [20], çíàõîäè-
ìî îöiíêè

| ∂
∂t

(
f1−β(t) ∗G0(x, t)

)
| ≤ c0t

α−β−1

|x|n
,

| ∂
∂t

(
f1−β(t) ∗Gj(x, t)

)
| ≤ cjt

j−β−1

|x|n
, j = 1, 2

ïðè |x|γ > tα.

Çà íàñëiäêîì ç òåîðåìè 1.12 [20] îäåðæó-
¹ìî îöiíêè ïðè |x|γ < tα:

| ∂
∂t

(
f1−β(t) ∗G0(x, t)

)
| ≤

≤ c∗0t
α−β−1

|x|n
( |x|γ
tα
)min{1,n/γ}

=

=

{
c∗0

tβ+1|x|n−γ , γ < n
c∗0

t
β+1+α(nγ −1) , γ ≥ n

,
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| ∂
∂t

(
f1−β(t) ∗Gj(x, t)

)
| ≤

≤
c∗j t

j−1−β

|x|n
( |x|γ
tα
)min{1,n/γ}

=

=

{ c∗j
tα+β+1−j |x|n−γ , γ < n

c∗j

t
β+1−j+αn

γ
, γ ≥ n

, j = 1, 2.

Íåõàé

wj,γ(y, t) =
( ̂(f1−β(t) ∗Gj)tφ

)
(y, t) =

=

∫
Rn

∂

∂t

(
f1−β(t) ∗Gj(x− y, t)

)
Dγφ(x)dx,

j = 0, 1, 2, φ ∈ D(Rn).

Âèêîðèñòîâóþ÷è çíàéäåíi âèùå îöiíêè, ó
âèïàäêó γ < n ìàòèìåìî

|w0,γ(y, t)| ≤

≤ d0,γ,3

[
1

tβ+1

∫
x:|x−y|γ<tα

|Dγφ(x)|
|x−y|n−γ dx+

+tα−β−1
∫

x:|x−y|γ>tα

|Dγφ(x,t)|
|x−y|n dx

]
≤

≤ d0,γ,4t
α−β−1(1 + |ln t|)||φ||Dk(Rn) ≤

≤ dγ,5t
α−β−1−ε||φ||Dk(Rn), ∀ε > 0,

|wj,γ(y, t)| ≤

≤ dj,γ,3

[ ∫
x:|x−y|γ<tα

|Dγφ(x)|
tα+β+1−j |x−y|n−γ dx+

+
∫

x:|x−y|γ>tα

tj−β−1|Dγφ(x,t)|
|x−y|n dx

]
≤

≤ dj,γ,4t
j−β−1(1 + |ln t|)||φ||Dk(Rn) ≤

dj,γ,5t
j−β−1−ε||φ||Dk(Rn), ∀ε > 0, j = 1, 2,

à ó âèïàäêó γ ≥ n

|w0,γ(y, t)| ≤

≤ d0,γ,3

[
1

t
β+1+α(nγ −1)

∫
x:|x−y|γ<tα

|Dγφ(x)|dx+

+tα−β−1
∫

x:|x−y|γ>tα

|Dγφ(x,t)|
|x−y|n dx

]
≤

≤ d0,γ,4t
α−β−1(1 + |ln t|)||φ||Dk(Rn) ≤

≤ d0,γ,5t
α−β−1−ε||φ||Dk(Rn), ∀ε > 0,

|wj,γ(y, t)| ≤

≤ dj,γ,3

[ ∫
x:|x−y|γ<tα

|Dγφ(x)|
t
β+1−j+αn

γ
dx+

+
∫

x:|x−y|γ>tα

tj−β−1|Dγφ(x,t)|
|x−y|n dx

]
≤

≤ dj,γ,4t
j−β−1(1 + |ln t|)||φ||Dk(Rn) ≤

≤ dj,γ,5t
j−β−1−ε||φ||Dk(Rn), ∀ε > 0,

j = 1, 2, k = |γ|.

Òåîðåìà 1. Íåõàé âèêîíàíi ïðèïóùåííÿ
(L), (A1) ïðè s ∈ [0, α − β). Òîäi iñíó¹ ¹äè-
íèé ðîçâ'ÿçîê u ∈ D′

C,L(Q) çàäà÷i (1), (2)
iç r(t) = b(t) = 0, t ∈ [0, T ] òàêèé, ùî
u
(β)
t ∈ D′

C,L(Q). Âií âèçíà÷åíèé ôîðìóëîþ(
u(·, t), φ(·)

)
= hφ(t)

∀φ ∈ D(Rn), t ∈ (0, T ],
(13)

äå

hφ(t) =
2∑
j=1

(
Fj(·), (Ĝjφ)(·, t)

)
+

+

t∫
0

g(τ)
(
F0(·), (Ĝ0φ)(·, t− τ)

)
dτ, t ∈ (0, T ].

Äîâåäåííÿ. Âèêîðèñòîâó¹ìî ñõåìó äîâå-
äåííÿ òåîðåìè 3 iç [21]. Óçàãàëüíåíi ôóíê-
öi¨ Fj ìàþòü ñêií÷åííi ïîðÿäêè ñèíãóëÿðíî-
ñòåé s(Fj) ≤ kj, j = 0, 1, 2: iñíóþòü ÷èñëà
k0, k1, k2 ∈ Z+ i ôóíêöi¨ gjκ ∈ Lloc(Rn), |κ| ≤
kj, j = 0, 1, 2 òàêi, ùî

(Fj, φ) =
∑
|κ|≤kj

∫
Rn

gjκ(y)D
κφ(y)dy

∀φ ∈ D(Rn), j = 0, 1, 2.

(14)

Âèêîðèñòîâóþ÷è çîáðàæåííÿ (14) òà ëå-
ìó 3, ïåðåêîíó¹ìîñü, ùî äëÿ äîâiëüíî¨ φ ∈
D(Rn)

t∫
0

g(τ)
(
F0(y), (Ĝ0φ)(y, t, τ)

)
dτ =

=
∑
|κ|≤k0

t∫
0

g(τ)×
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×
[ ∫
Rn

g0α(y)D
κ
y (Ĝ0φ)(y, t, τ)dy

]
dτ,

(
Fj(y), (Ĝjφ)(y, t)

)
=

=
∑
|κ|≤k1

∫
Rn

g1κ(y)D
κ
y (Ĝ1φ)(y, t)dy

òà ïðàâèëüíi îöiíêè

∣∣∣ t∫
0

g(τ)
(
F0(y), (Ĝ0φ)(y, t, τ)

)
dτ
∣∣∣ ≤

≤ c0||φ||Dk0 (Rn)×

×
t∫

0

τ s|g(τ)|τ−s(t− τ)α−1−ε dτ

≤ b0t
α−s−ε||φ||Dk0 (Rn), t ∈ [0, T ],

∣∣(Fj(y), (Ĝjφ)(y, t)
)∣∣ ≤ bjt

j−1−ε||φ||Dkj (Rn),

t ∈ (0, T ], ε ∈ (0, 1), j = 1, 2.

Îòîæ, ïðè φ ∈ D(Rn) ïðàâà ÷àñòèíà (13)
(ôóíêöiÿ hφ) íàëåæèòü C(0, T ] ∩ L(0, T ).

Ïîêàæåìî, ùî ôóíêöiÿ (13) ¹ ðîçâ'ÿçêîì
çàäà÷i â ñåíñi îçíà÷åííÿ 1. Äëÿ äîâiëüíî¨
ψ ∈ D(Q) çíàõîäèìî

(
u, (L̂ψ)

)
=

T∫
0

(
u(·, t), (L̂ψ)(·, t)

)
dt =

T∫
0

( t∫
0

g(τ)
(
F0(y), (Ĝ0(L̂ψ))(y, t, τ)

)
dτ
)
dt

+
2∑
j=1

T∫
0

(
Fj(y), (Ĝj(L̂ψ))(y, t)

)
dt =

=
(
F0(y),

T∫
0

g(τ)dτ

T∫
τ

(Ĝ0(L̂ψ))(y, t, τ)dt
)
+

+
2∑
j=1

(
Fj(y),

T∫
0

(
Ĝj(L̂ψ)

)
(y, t)dt

)
=

=
(
F0(y) · g(τ),

(
Ĝ0(L̂ψ)

)
(y, τ)

)
+

+
2∑
j=1

(
Fj, Ĝj(L̂ψ)

)
.

Ñêîðèñòàâøèñü ôîðìóëàìè (6), äëÿ
ôóíêöi¨ u, çàäàíî¨ ôîðìóëîþ (13), i äîâiëü-
íî¨ ψ ∈ D(Q) îäåðæó¹ìî òîòîæíiñòü (4) ïðè
r(t) = b(t) = 0, t ∈ [0, T ]. Çà îçíà÷åííÿì 1
ôóíêöiÿ (13) ¹ ðîçâ'ÿçêîì çàäà÷i øóêàíîãî
êëàñó.

�äèíiñòü ðîçâ'ÿçêó çàäà÷i äîâîäèòüñÿ, ÿê
ó [21].

Ïîêàæåìî, ùî u(β)t ∈ D′
C,L(Q).

Âèêîðèñòîâóþ÷è çîáðàæåííÿ (13), äëÿ
äîâiëüíî¨ φ ∈ D(Rn) îäåðæó¹ìî(

u
(β)
t (·, t), φ(·)

)
= h(β)φ (t) =

=
2∑
j=1

(
Fj(·), (Ĝjφ)

(β)
t (·, t)

)
+

+f−β(t) ∗
t∫

0

g(τ)
(
F0(·), (Ĝ0φ)(·, t− τ)

)
dτ =

=
2∑
j=1

(
Fj(·),

(
(f1−β(t) ∗ Ĝj)φ

)
t
(·, t)

)
+

+
(
F0(·), f1−β(t) ∗

∂

∂t

(
g(t) ∗ (Ĝ0φ)(·, t)

))
=

=
2∑
j=1

(
Fj(·),

(
(f1−β(t) ∗ Ĝj)tφ

)
(·, t)

)
+

+
(
F0(·), g(t) ∗

(
(f1−β(t) ∗ Ĝ0)tφ

)
(·, t)

)
=

=
2∑
j=1

(
Fj(·),

( ̂(f1−β(t) ∗Gj)tφ
)
(·, t)

)
+

+
(
F0(·), g(t) ∗

( ̂(f1−β(t) ∗G0)tφ
)
(·, t)

)
.

Çà ëåìîþ 3 òà ôîðìóëîþ (14) ïðè j = 0 äëÿ
äîâiëüíî¨ φ ∈ D(Rn)∣∣∣(F0(·), g(t) ∗

( ̂(f1−β(t) ∗G0)tφ
)
(·, t)

)∣∣∣ =∣∣∣ t∫
0

g(τ)
(
F0(y), (Ĝ0φ)

(β)
t (y, t− τ)

)
dτ
∣∣∣ ≤

≤ c0||φ||Dk0 (Rn)×
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×
t∫

0

τ s|g(τ)|(t− τ)α−β−1−ετ−s dτ

≤ b̂0t
α−β−s−ε||φ||Dk0 (Rn), t ∈ [0, T ],∣∣∣(Fj(·), ( ̂(f1−β(t) ∗Gj)tφ

)
(·, t)

)∣∣∣ ≤
≤ b̂jt

j−β−1−ε||φ||Dkj (Rn), t ∈ (0, T ].

Îòîæ, òàêîæ h
(β)
φ ∈ C(0, T ]∩L(0, T ) ïðè φ ∈

D(Rn).

Íàñëiäîê 1. Íåõàé âèêîíàíi ïðèïóùåí-
íÿ òåîðåìè 1 ïðè s = 0 òà F1 = 0. Òîäi iñíó¹
¹äèíèé ðîçâ'ÿçîê u çàäà÷i (1), (2) iç r(t) =

b(t) = 0, t ∈ [0, T ] òàêèé, ùî u, u(β)t ∈ D′
C(Q̄).

2. Òåîðåìè iñíóâàííÿ òà ¹äèíîñòi
äëÿ îáåðíåíî¨ çàäà÷i. Çà òåîðåìîþ 1
çà ïðèïóùåíü (L), (A1) ìà¹ìî hφ, h

(β)
φ ∈

C(0, T ] ∩ L(0, T ) äëÿ âñiõ φ ∈ D(Rn) i áóäü-
ÿêèé ðîçâ'ÿçîê u ∈ D′

C,L(Q) ðiâíÿííÿ(
u(·, t), φ(·)

)
= hφ(t)+ (15)

+

t∫
0

r(τ)
(
u(β)τ (·, τ), (Ĝ0φ)(·, t− τ)

)
dτ+

+

t∫
0

b(τ)
(
u(·, τ), (Ĝ0φ)(·, t− τ)

)
dτ

∀φ ∈ D(Rn), t ∈ (0, T ],

ïðè r(t) = b(t) = 0 ¹ ðîçâ'ÿçêîì çàäà÷i (1),
(2). Ïðè r(t) ̸= 0 äëÿ äîâiëüíî¨ ψ ∈ D(Q)

T∫
0

dt

t∫
0

r(τ)
(
u(β)τ (·, τ), (Ĝ0(L̂ψ))(·, t−τ)dτ

)
=

=

T∫
0

r(τ)dτ

T∫
τ

(
u(β)τ (·, τ), (Ĝ0(L̂ψ))(·, t− τ)

)
dt

=

T∫
0

r(τ)
(
u(β)τ (·, τ),

T∫
τ

(Ĝ0(L̂ψ))(·, t− τ)dt
)
dτ

=

T∫
0

r(τ)
(
u(β)τ (·, τ), (Ĝ0(L̂ψ))(·, τ)

)
dτ

=

T∫
0

r(t)
(
u
(β)
t (·, t), ψ(·, t)

)
dt.

Àíàëîãi÷íî ïðè b(t) ̸= 0

T∫
0

dt

t∫
0

b(τ)
(
u(·, τ), (Ĝ0(L̂ψ))(·, t− τ)dτ

)

=

T∫
0

b(τ)dτ

T∫
τ

(
u(·, τ), (Ĝ0(L̂ψ))(·, t− τ)

)
dt

=

T∫
0

b(τ)
(
u(·, τ),

T∫
τ

(Ĝ0(L̂ψ))(·, t− τ)dt
)
dτ

=

T∫
0

b(τ)
(
u(·, τ), (Ĝ0(L̂ψ))(·, τ)

)
dτ

=

T∫
0

b(t)
(
u(·, t), ψ(·, t)

)
dt.

Îòæå, ïðàâà ÷àñòèíà (15) çàäîâîëüíÿ¹ òî-
òîæíiñòü (4) i çà îçíà÷åííÿì áóäü-ÿêèé
ðîçâ'ÿçîê u ∈ D′

C,L(Q) ðiâíÿííÿ (15) ¹ ðîç-
â'ÿçêîì çàäà÷i (1), (2).

Ç ðiâíÿííÿ (1) îòðèìó¹ìî(
u
(α)
t (·, t), φj(·)

)
+ a2

(
u(·, t), (−∆)γ/2φj(·)

)
=

= r(t)
(
u
(β)
t (·, t), φj

)
+

+b(t)
(
u(·, t), φj

)
+ g(t)

(
F0, φj

)
, j = 1, 2,

à âèêîðèñòîâó÷è óìîâè (3), ìàòèìåìî

Φ
(α)
1 (t) = −a2

(
u(·, t), (−∆)γ/2φ1(·)

)
+r(t)Φ

(β)
1 (t) + b(t)Φ1(t) + g(t)

(
F0, φ1

)
,

Φ
(α)
2 (t) = −a2

(
u(·, t), (−∆)γ/2φ2(·)

)
+r(t)Φ

(β)
2 (t) + b(t)Φ2(t) + g(t)

(
F0, φ2

)
.

Çâiäñè, âðàõîâóþ÷è ïðèïóùåííÿ (A2), çíà-
õîäèìî íåïåðåðâíi é iíòåãðîâíi ôóíêöi¨

r(t) =
[(

Φ
(α)
1 (t) + a2

(
u(·, t), (−∆)γ/2φ1(·)

)
(16)

−g(t)
(
F0, φ1

))
Φ2(t)−
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−
(
Φ

(α)
2 (t) + a2

(
u(·, t), (−∆)γ/2φ2(·)

)
−

−g(t)
(
F0, φ2

))
Φ1(t)

]
tβ(1 + |ln t|)[d(t)]−1,

b(t) =
[
−
(
Φ

(α)
1 (t)+a2

(
u(·, t), (−∆)γ/2φ1(·)

)
−

−g(t)
(
F0, φ1

))
Φ

(β)
2 (t)+

+
(
Φ

(α)
2 (t) + a2

(
u(·, t), (−∆)γ/2φ2(·)

)
−

−g(t)
(
F0, φ2

))
Φ

(β)
1 (t)

]
tβ(1 + |ln t|)[d(t)]−1,

t ∈ (0, T ].

Âiäçíà÷èìî, ùî r(t) = O(tβ−s(1 + |ln t|)),
b(t) = O(t−s), t → +0 òà iíòåãðîâíi íà (0, T )
ïðè 0 ≤ s < 1− β.

Ïîçíà÷èìî ÷åðåç H1(u, t), H2(u, t) ïðàâi
÷àñòèíè (16), ïiäñòàâèìî ¨õ ó (15) âiäïîâiäíî
çàìiñòü r(t), b(t). Îòðèìó¹ìî íåëiíiéíå îïå-
ðàòîðíå ðiâíÿííÿ(

u(·, t), φ(·)
)
= hφ(t)+ (17)

+

t∫
0

H1(u, τ)
(
u(β)τ (·, τ), (Ĝ0φ)(·, t− τ)

)
dτ+

+

t∫
0

H2(u, τ)
(
u(·, τ), (Ĝ0φ)(·, t− τ)

)
dτ

∀φ ∈ D(Rn), t ∈ (0, T ]

ùîäî íåâiäîìî¨ u ∈ D′
C,L(Q). Íàâïàêè, ÿêùî

u ∈ D′
C,L(Q) � ðîçâ'ÿçîê ðiâíÿííÿ (17), r, b

âèçíà÷åíi ôîðìóëîþ (16), òî ç íàâåäåíîãî
âèùå i äîâåäåííÿ òåîðåìè 1 âèïëèâà¹, ùî
òðiéêà (u, r, b) çàäîâîëüíÿ¹ çàäà÷ó (1)�(3).

Òåîðåìà 2. Çà ïðèïóùåíü (L), (A1), (A2)
iñíó¹ T ∗ ∈ (0, T ] (âiäïîâiäíî Q∗ = Rn ×
(0, T ∗]) i ðîçâ'ÿçîê (u, r, b) ∈ U(T ∗) çàäà÷i
(1)-(3): ôóíêöiÿ u � ðîçâ'ÿçîê ðiâíÿííÿ (17),
r òà b âèçíà÷åíi ôîðìóëàìè (16).

Äîâåäåííÿ. Çãiäíî ç íàâåäåíèì, çà ïðè-
ïóùåíü òåîðåìè òðiéêà (u, r, b) ∈ U òàêà, ùî
ôóíêöiÿ u ∈ D′

C,L(Q) ¹ ðîçâ'ÿçêîì (17), à
r(t), b(t) âèçíà÷åíi çãiäíî ç (16), ¹ ðîçâ'ÿç-
êîì çàäà÷i (1)-(3). Äîñòàòíüî äîâåñòè ðîç-
â'ÿçíiñòü ðiâíÿííÿ (17) â D′

C,L(Q).

Iç äîâåäåííÿ òåîðåìè 1 äëÿ âñiõ ε ∈ (0, 1),
φ ∈ DK(Rn) iç K ∈ Z+, K ≥ max{k0, k1, k2}
îòðèìó¹ìî

ts
∣∣∣ t∫
0

g(τ)
(
F0(·), (Ĝ0φ)(·, t− τ)

)
dτ
∣∣∣ ≤

≤ b0t
α−ε||φ||DK(Rn),

(18)

ts|hφ(t)| ≤[
b0t

α−ε + b1t
s−ε + b2t

s+1−ε] ||φ||DK(Rn).
(19)

Íåõàé ïðè R > 0

MR,s =MR,s(Q) =
{
v ∈ D′

C,L(Q) :

||v||s = sup
t∈(0,T ]

sup
φ∈DK(Rn)

ts
∣∣(v(·, t), φ(·))∣∣
||φ||DK(Rn)

≤ R
}
.

Âèçíà÷à¹ìî îïåðàòîð

P : D′
C,L(Q) → D′

C(Q),(
(Pv)(·, t), φ(·)

)
= hφ(t)

+

t∫
0

H1(v, τ)
(
v(β)τ (·, τ), (Ĝ0φ)(·, t− τ)

)
dτ

+

t∫
0

H2(v, τ)
(
v(·, τ), (Ĝ0φ)(·, t− τ)

)
dτ

∀φ ∈ DK(Rn).

Âèêîðèñòîâóþ÷è ïðèíöèï Áàíàõà, äîâå-
äåìî ðîçâ'ÿçíiñòü ðiâíÿííÿ (17), òîáòî ðiâ-
íÿííÿ

u = Pu, u ∈MR,s(Q) ⊂ D′
C,L(Q).

Ñïî÷àòêó ïîêàæåìî, ùî iñíóþòüR > 0, T ∗ ∈
(0, T ], Q∗ = Rn × (0, T ∗] i M∗

R,s = MR,s(Q
∗)

òàêi, ùî P :M∗
R,s →M∗

R,s.
Äëÿ êîæíî¨ v ∈MR,s ìà¹ìî

τ s|
(
v(·, τ), a2(−∆)γ/2φj(·)

)
| ≤

≤ R∥(−∆)γ/2φj∥DK(Rn) := BjR,

òîìó

τ s|Hj(v, τ)| ≤
Aj +BjR

d0
, j = 1, 2,
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äå

A1 = sup
τ∈(0,T ]

τ s
∣∣∣[Φ(α)

1 (τ)− g(τ)(F0, φ1)]Φ2(τ)

−[Φ
(α)
2 (τ)− g(τ)(F0, φ2)]Φ1(τ)

∣∣∣τβ(1 + |ln τ |)),

A2 = − sup
τ∈(0,T ]

τ s
∣∣∣[Φ(α)

1 (τ)−

−g(τ)(F0, φ1)]Φ
(β)
2 (τ)− [Φ

(α)
2 (τ)−

−g(τ)(F0, φ2)]Φ
(β)
1 (τ)

∣∣∣τβ(1 + |ln τ |)).

Çâiäñè, âðàõîâóþ÷è (18), (19) i ëåìó 3,
äëÿ âñiõ v ∈ MR,s, φ ∈ D(Rn), t ∈ (0, T ] ïðè
0 ≤ s < α−β

2
, ε < min{α−β−s, s} îòðèìó¹ìî

ts
∣∣((Pv)(·, t), φ(·))∣∣

||φ||DK(Rn)

≤

b0t
α−ε + b1t

s−ε + b2t
s+1−ε+

+
(A1 +B1R)Rt

s

d0
×

×
t∫

0

||(Ĝ0φ)
(β)
τ (·, t− τ)||DK(Rn)τ

−2sdτ

||φ||DK(Rn)

+
(A2 +B2R)Rt

s

d0
×

×
t∫

0

||(Ĝ0φ)(·, t− τ)||DK(Rn)τ
−2sdτ

||φ||DK(Rn)

≤ b0t
α−ε + b1t

s−ε + b2t
s+1−ε+

+
(A1 +B1R)Rt

s

d0

t∫
0

cK(t− τ)α−β−ε−1τ−2sdτ+

+
(A2 +B2R)Rt

s

d0

t∫
0

cK(t− τ)α−ε−1τ−2sdτ ≤

≤ b0t
α−ε + b1t

s−ε + b2t
s+1−ε+

+
(A1 +B1R)R

d0
tα−β−ε +

(A2 +B2R)R

f
tα−ε ≤

≤ tα−β−s−ε(q0R
2 + q1R) + q2,

äå qj (j ∈ {0, 1, 2, 3}) � äîäàòíi ñòàëi.
Äëÿ âèêîíàííÿ íåðiâíîñòi

tα−β−s−ε(q0R
2 + q1R) + q2 ≤ R ∀t ∈ [0, T ∗]

(20)

iç äåÿêèìè R > 0, T ∗ ∈ (0, T ], ñïî÷àòêó âè-
áåðåìî R ≥ max{1, 2q2}. Òîäi (20) âèïëèâà¹
ç íåðiâíîñòi

(q0 + q1)Rt
α−β−s−ε ≤ 1

2
∀t ∈ [0, T ∗] (21)

ïðè âèáðàíîìó R, ïðàâèëüíî¨ ïðè T ∗ ≤
min{T, [2(q0 + q1)R]

− 1
α−β−s−ε}. Ìè äîâåëè

iñíóâàííÿ R ≥ max{1, 2q2}, T ∗ ∈ (0, T ] òà-
êèõ, ùî P :M∗

R,s →M∗
R,s ïðè s ∈ [0, α−β

2
).

Òåïåð ïîêàæåìî, ùî P ¹ ñòèñíèì îïåðà-
òîðîì íàM∗

R,s. Äëÿ v1, v2 ∈M∗
R,s, φ ∈ D(Rn),

t ∈ [0, T ∗] ìà¹ìî

ts
∣∣((Pv1)(·, t)− ((Pv2)(·, t), φ(·))∣∣

||φ||DK(Rn)

=

=
ts

||φ||DK(Rn)

∣∣∣ t∫
0

H1(v2, τ)×

×
(
v1(·, τ)− v2(·, τ), (Ĝ0φ)

(β)
τ (·, t− τ)

)
dτ+

+

t∫
0

(
H1(v1, τ)−H1(v2, τ)

)
×

×
(
v1(·, τ), (Ĝ0φ)

(β)
τ (·, t− τ)

)
dτ
∣∣∣+

+
ts

||φ||DK(Rn)

∣∣∣ t∫
0

H2(v2, τ)×

×
(
v1(·, τ)− v2(·, τ), (Ĝ0φ)(·, t− τ)

)
dτ+

+

t∫
0

(
H2(v1, τ)−H2(v2, τ)

)
×

×
(
v1(·, τ), (Ĝ0φ)(·, t− τ)

)
dτ
∣∣∣ ≤

≤ (A1 +B1R)t
s

d0
×

×
t∫

0

∣∣(v1(·, τ)− v2(·, τ), (Ĝ0φ)
(β)
τ (·, t− τ)

)∣∣
||(Ĝ0φ)

(β)
τ (·, t− τ)||DK(Rn)

||(Ĝ0φ)
(β)
τ (·, t− τ)||DK(Rn)

||φ||DK(Rn)

τ−sdτ+

+
a2tsR||(−∆)γ/2φ1||DK(Rn)

d0
×
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×
t∫

0

∣∣(v1(·, τ)− v2(·, τ), (−∆)γ/2φ1(·)
)∣∣

||(−∆)γ/2φ1||DK(Rn)

×

×
||(Ĝ0φ)

(β)
τ (·, t− τ)||DK(Rn)

||φ||DK(Rn)

τ−sdτ+

+
(A2 +B2R)t

s

d0
×

×
t∫

0

∣∣(v1(·, τ)− v2(·, τ), (Ĝ0φ)(·, t− τ)
)∣∣

||(Ĝ0φ)(·, t− τ)||DK(Rn)

||(Ĝ0φ)(·, t− τ)||DK(Rn)

||φ||DK(Rn)

τ−sdτ+

+
a2tsR||(−∆)γ/2φ2||DK(Rn)

d0
×

×
t∫

0

∣∣(v1(·, τ)− v2(·, τ), (−∆)γ/2φ2(·)
)∣∣

||(−∆)γ/2φ2||DK(Rn)

×

×
||(Ĝ0φ)(·, t− τ)||DK(Rn)

||φ||DK(Rn)

τ−sdτ

≤ (2A1 +B1R)t
s

d0
· ||v1 − v2||s×

×

t∫
0

||(Ĝ0φ)
(β)
τ (·, t− τ)||DK(Rn)τ

−2sdτ

||φ||DK(Rn)

+

+
(2A2 +B2R)t

s

d0
· ||v1 − v2||s×

×

t∫
0

||(Ĝ0φ)(·, t− τ)||DK(Rn)τ
−2sdτ

||φ||DK(Rn)

≤

≤ (2q0R + q1)t
α−β−s−ε||v1 − v2||s.

ßêùî (−∆)γ/2φj(x) ≡ 0, x ∈ Rn, òî(
v1(·, t)− v2(·, t), (−∆)γ/2φj(·)

)
= 0

∀t ∈ [0, T ∗], j = 1, 2.

Äëÿ t ∈ [0, T ∗] ìà¹ìî

(2q0R + q1)t
α−β−s−ε ≤

≤ 2q0R + q1
2(q0 + q1)R

<
2q0 + q1
2(q0 + q1)

< 1.

Îòæå, P ¹ ñòèñíèì îïåðàòîðîì íà
MR,s(Q

∗), i çà òåîðåìîþ Áàíàõà îòðèìó¹-
ìî ðîçâ'ÿçíiñòü ðiâíÿííÿ (17) â M∗

R,s ⊂
D′
C,L(Q

∗).
Íàñëiäîê 2. Íåõàé F1 = 0, âèêîíàíi ïðè-

ïóùåííÿ (L), (A1) ïðè s = 0, φj ∈ D(Rn),
Φj,Φ

(β)
j ,Φ

(α)
j ∈ C[0, T ], j = 1, 2, Φ1(0) = 0,

Φ2(0) = (F2, φ2), inf
t∈(0,T ]

|p(t)| = p0 > 0, äå

p(t) := Φ
(β)
1 (t)Φ2(t) − Φ1(t)Φ

(β)
2 (t). Òîäi iñíó¹

T ∗ ∈ (0, T ] (âiäïîâiäíî Q∗ = Rn × (0, T ∗]) i
ðîçâ'ÿçîê

(u, r, b) ∈ D′
C(Q̄)× C[0, T ]2

çàäà÷i (1)-(3): ôóíêöiÿ u ¹ ðîçâ'ÿçêîì ðiâ-
íÿííÿ (17),

r(t) = H1(u, t) =
[(

Φ
(α)
1 (t)+

+a2
(
u(·, t), (−∆)γ/2φ1(·)

)
−

−g(t)
(
F0, φ1

))
Φ2(t)−

−
(
Φ

(α)
2 (t) + a2

(
u(·, t), (−∆)γ/2φ2(·)

)
−

−g(t)
(
F0, φ2

))
Φ1(t)

]
[p(t)]−1,

b(t) = H2(u, t) =
[
−
(
Φ

(α)
1 (t)+

+a2
(
u(·, t), (−∆)γ/2φ1(·)

)
−

−g(t)
(
F0, φ1

))
Φ

(β)
2 (t)+

+
(
Φ

(α)
2 (t) + a2

(
u(·, t), (−∆)γ/2φ2(·)

)
−

−g(t)
(
F0, φ2

))
Φ

(β)
1 (t)

]
[p(t)]−1, t ∈ (0, T ].

Òåîðåìà 3. Çà ïðèïóùåíü (L), (A2) ðîçâ'ÿ-
çîê (u, r, b) ∈ U(T ) çàäà÷i (1)-(3) ¹äèíèé.

Äîâåäåííÿ. Íåõàé iñíó¹ äâà ðîçâ'ÿçêè
(u1, r1, b1), (u2, r2, b2) ∈ U çàäà÷i (1)-(3). Ïiä-
ñòàâèìî ¨õ â (1), (2). Âiçüìåìî u = u1 − u2,
r = r1 − r2, b = b1 − b2 i îòðèìà¹ìî çàäà÷ó
Êîøi äëÿ ðiâíÿííÿ

u
(α)
t = a2(−∆)γ/2u+ r2u

(β)
t + ru1

(β)
t + b2u+ bu1

(22)
ç íóëüîâèìè ïî÷àòêîâèìè óìîâàìè. Çà îçíà-
÷åííÿì ðîçâ'ÿçêó

(
u, L̂ψ

)
=

T∫
0

[
r2(t)

(
u
(β)
t (·, t), ψ(·, t)

)
+
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+r(t)
(
u1

(β)
t (·, t), ψ(·, t)

)
+

+b2(t)
(
u(·, t), ψ(·, t)

)
+ b(t)

(
u1(·, t), ψ(·, t)

)]
dt

∀ψ ∈ D(Q̄).

Çãiäíî ç [16], äëÿ êîæíî¨ ϱ ∈ D(Q̄) iñíó¹
ψ = Ĝ0ϱ ∈ D(Q̄) òàêà, ùî L̂ψ = ϱ â Q. Òîäi
äëÿ êîæíî¨ ϱ ∈ D(Q̄)

T∫
0

(
u(·, t), ϱ(·, t)

)
dt =

=

T∫
0

(
r2(t)u

(β)
t (·, t)+

r(t)u1
(β)
t (·, t) + b2(t)u(·, t)+

+b(t)u1(·, t), (Ĝ0ϱ)(·, t)
)
dt.

(23)

Çàóâàæèìî, ùî ðiâíiñòü (23) áó-
äå ïðàâèëüíîþ òàêîæ äëÿ òàêî¨ ϱ, ùî
ϱ(·, t) ∈ D(Rn) ïðè êîæíîìó t ∈ (0, T ], à(
u1

(β)
t (·, t), (Ĝ0ϱ)(·, t)

)
íåïåðåðâíà é iíòåãðîâ-

íà íà (0, T ). Ç óìîâè (3) çíàõîäèìî

r(t)Φ
(β)
1 (t) + b(t)Φ1(t) =

= a2
(
u(z, t), (−∆)γ/2φ1(z)

)
,

r(t)Φ
(β)
2 (t) + b(t)Φ2(t) =

= a2
(
u(z, t), (−∆)γ/2φ2(z)

)
, t ∈ (0, T ],

çâiäêè

r(t) =
a2tβ(1 + |ln t|)

d(t)
×

×
[(
u(z, t), (−∆)γ/2φ1(z)

)
Φ2(t)−

−
(
u(z, t), (−∆)γ/2φ2(z)

)
Φ1(t)

]
,

(24)

b(t) =
a2tβ(1 + |ln t|)

d(t)
×

×
[(
u(z, t), (−∆)γ/2φ2(z)

)
Φ

(β)
1 (t)

−
(
u(z, t), (−∆)γ/2φ1(z)

)
Φ

(β)
2 (t)

]
,

t ∈ (0, T ]

(25)

i òîäi, ç (23), äëÿ âñiõ ϱ ∈ D(Q̄) îòðèìó¹ìî
ðiâíÿííÿ

T∫
0

(
u(·, t), ϱ(·, t)− r2(t)(Ĝ0ϱ)

(β)
t (·, t)−

−b2(t)(Ĝ0ϱ)(·, t) + wϱ(t)
)
dt = 0,

(26)

äå

wϱ(t) =
a2tβ(1 + |ln t|)

d(t)

[
Φ2(t)(−∆)γ/2φ1(·)−

−Φ1(t)(−∆)γ/2φ2(·)
](
u1

(β)
t (·, t), (Ĝ0ϱ)(·, t)

)
+

+
a2tβ(1 + |ln t|)

d(t)

[
Φ

(β)
1 (t)(−∆)γ/2φ2(·)−

−Φ
(β)
2 (t)(−∆)γ/2φ1(·)

](
u1(·, t), (Ĝ0ϱ)(·, t)

)
i ¹ âiäîìîþ ôóíêöi¹þ iç C(0, T ] ∩ L(0, T ),

ϱ(·, t)− r2(t)(Ĝ0ϱ)
(β)
t (·, t)− b2(t)(Ĝ0ϱ)(·, t)+

+wϱ(t) ∈ D(Rn) ∀t ∈ (0, T ]

i ¹ íåïåðåðâíîþ é iíòåãðîâíîþ ôóíêöi¹þ t ∈
(0, T ] (çà ëåìîþ 3). Îòæå, äëÿ äîâiëüíèõ φ ∈
D(Rn), µ ∈ D(0, T ], µ(T ) = 0 iñíó¹ ¹äèíèé
ðîçâ'ÿçîê ϱ ∈ D(Q) iíòåãðàëüíîãî ðiâíÿííÿ
Âîëüòåððè äðóãîãî ðîäó

ϱ(x, t)− r2(t)(Ĝ0ϱ)
(β)
t (x, t)−

−b2(t)(Ĝ0ϱ)(·, t)+wϱ(t) = φ(x)µ(t), (x, t) ∈ Q

ç iíòåãðîâíèì ÿäðîì. Òîäi ç (12)

T∫
0

(
u(·, t), φ(·)

)
µ(t)dt = 0

∀φ ∈ D(Rn), µ ∈ D(0, T ], µ(T ) = 0.

Çà ëåìîþ Äþáóà-Ðåéìîíà îòðèìó¹ìî(
u(·, t), φ(·)

)
= 0 ∀φ ∈ D(Rn), t ∈ (0, T ].

Îòæå, u = 0 â D′
C,L(Q), à ç (21) òà (22) âè-

ïëèâà¹, ùî r(t) = 0, b(t) = 0, t ∈ (0, T ].

3. Âèñíîâîê. Âèâ÷åíî îáåðíåíó çàäà÷ó
Êîøi äëÿ òåëåãðàôíîãî ðiâíÿííÿ ç äðîáî-
âèìè ïîõiäíèìè òà çàäàíèìè óçàãàëüíåíèìè
ôóíêöiÿìè â ïðàâèõ ÷àñòèíàõ ïðÿìî¨ çàäà-
÷i. Âîíà ïîëÿãà¹ ó âèçíà÷åííi óçàãàëüíåíîãî
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ðîçâ'ÿçêó u i íåâiäîìèõ, çàëåæíèõ âiä ÷àñó,
íåïåðåðâíèõ òà iíòåãðîâíèõ ìîëîäøèõ êîå-
ôiöi¹íòiâ b, r ó ðiâíÿííi. Iñíóâàííÿ ðîçâ'ÿç-
êó (u, r, b) ∈ U(T ∗) îòðèìàíî ïðè äåÿêîìó
T ∗ ∈ (0, T ], à ¹äèíiñòü íà âñüîìó iíòåðâàëi
(0, T ] çà ñëàáøèõ ïðèïóùåíü. �
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c⃝2016 ð. Â. Ê. Ìàñëþ÷åíêî, Î. Â. Ìàñëþ÷åíêî, Â. Ñ. Ìåëüíèê

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

IÑÍÓÂÀÍÍß ÏÐÎÌIÆÍÈÕ ÊÓÑÊÎÂÎ ËIÍIÉÍÈÕ ÒÀ ÍÅÑÊIÍ×ÅÍÍÎ
ÄÈÔÅÐÅÍÖIÉÎÂÍÈÕ ÔÓÍÊÖIÉ

Äëÿ ðiçíèõ ïðîìiæêiâ I ⊆ R, íàïiâíåïåðåðâíèõ âiäïîâiäíî çâåðõó òà çíèçó ôóíêöié g : I →
R òà h : I → R, òàêèõ, ùî g(x) < h(x) íà I, òà êîíñòàíòè γ ∈ (g(x0), h(x0)) äëÿ äåÿêîãî x0 ∈ I
çíàõîäÿòüñÿ ïðîìiæíi êóñêîâî ëiíiéíi òà íåñêií÷åííî äèôåðåíöiéîâíi ôóíêöi¨, ùî íàáóâàþòü
çíà÷åííÿ γ â òî÷öi x0.

For given interval I ⊆ R, semicontinuous upper and lower respectively functions g : I → R and
h : I → R, such, that g(x) < h(x) on I, and a constant γ ∈ (g(x0), h(x0)) for some x0 ∈ I we �nd
intermediate piecewise linear and in�nitely di�erentiable function, that gain γ in x0.

1. Òåîðåìà Ãàíà ïðî ïðîìiæíó ôóí-
êöiþ òà ¨¨ çâ'ÿçîê ç òåîðåìîþ Òiòöå-
Óðèñîíà.

Àâñòðiéñüêèé ìàòåìàòèê Ã. Ãàí ó ñâî-
¨é ñòàòòi 1917 ðîêó [1] äîâiâ òàêó òåîðåìó:
äëÿ ìåòðè÷íîãî ïðîñòîðó X, íàïiâíåïåðåðâ-
íî¨ çâåðõó ôóíêöi¨ g : X → R i íàïiâíåïå-
ðåðâíî¨ çíèçó ôóíêöi¨ h : X → R, òàêèõ,
ùî g(x) ≤ h(x) íà X, iñíó¹ òàêà íåïåðåðâíà
ôóíêöiÿ f : X → R, ùî g(x) ≤ f(x) ≤ h(x)
íà X. Ã. Òîí  [2] i Ì. Êàòåòîâ [3] ïîêàçàëè,
ùî öÿ òåîðåìà ¹ õàðàêòåðèñòè÷íîþ äëÿ íîð-
ìàëüíîñòi â êëàñi T1-ïðîñòîðiâ. Ïåðåä íèìè
Æ. Ä'¹äîííå [4] ïåðåíiñ òåîðåìó Ãàíà íà ïà-
ðàêîìïàêòíi ïðîñòîðè.

Âiäîìî, ùî â íîðìàëüíèõ ïðîñòîðàõ âè-
êîíó¹òüñÿ i òåîðåìà Òiòöå-Óðèñîíà ïðî ïðî-
äîâæåííÿ íåïåðåðâíèõ ôóíêöié [5]. Âèÿâëÿ-
¹òüñÿ, öÿ òåîðåìà âèïëèâà¹ ç òåîðåìè Ãàíà-
Ä'¹äîííå-Òîí à-Êàòåòîâà, ÿêó ìè êîðîòêî
íàçèâàòèìåìî òåîðåìîþ Ãàíà ïðî ïðîìiæíó
ôóíêöiþ àáî ïðîñòî òåîðåìîþ Ãàíà.

Ñïðàâäi, íåõàé X � íîðìàëüíèé ïðî-
ñòið, X0 � çàìêíåíà ìíîæèíà â X i f0 :
X0 → [0, 1] � íåïåðåðâíà ôóíêöiÿ. Âèçíà÷è-
ìî ôóíêöi¨ g : X → [0, 1] i h : X → [0, 1],
ïîêëàäàþ÷è g(x) = h(x) = f0(x) íà X0 i
g(x) = 0, h(x) = 1 íà X \ X0. Ëåãêî ïåðå-
âiðèòè, ùî ôóíêöiÿ g : X → [0, 1] íàïiâíåïå-
ðåðâíà çâåðõó, à h : X → [0, 1] � çíèçó, ïðè
öüîìó g(x) ≤ h(x) íà X. Çà òåîðåìîþ Ãàíà
iñíó¹ íåïåðåðâíà ôóíêöiÿ f : X → [0, 1], äëÿ
ÿêî¨ g(x) ≤ f(x) ≤ h(x) íà X. Òîäi f íàáóâà¹

çíà÷åíü ó âiäðiçêó [0, 1] i f(x) = f0(x) íà X0.
Òàêèì ÷èíîì, f : X → [0, 1] � öå íåïåðåðâíå
ïðîäîâæåííÿ ôóíêöi¨ f0.

2. Ðîçâèòîê òåîðåìè Ãàíà.
Â îñòàííi ðîêè òåîðåìà Ãàíà ïðî ïðî-

ìiæíó ôóíêöiþ îáðîñëà ðiçíèìè àíàëîãà-
ìè i óçàãàëüíåííÿìè. Ùîá ¨õ ñôîðìóëþâà-
òè, ââåäåìî íîâó òåðìiíîëîãiþ.

Ïàðó (g, h) ôóíêöié g, h : X → R, äå
g � íàïiâíåïåðåðâíà çâåðõó, à h � çíèçó,
äëÿ ÿêèõ âèêîíó¹òüñÿ íåðiâíiñòü g(x) ≤ h(x)
íà X, íàçèâàòèìåìî ïàðîþ Ãàíà íà X, à ó
âèïàäêó, êîëè âèêîíó¹òüñÿ ñòðîãà íåðiâíiñòü
g(x) < h(x) íà X � ñòðîãîþ ïàðîþ Ãàíà
íà X. Ôóíêöiþ f íàçâåìî ïðîìiæíîþ äëÿ
ïàðè Ãàíà (g, h), ÿêùî g(x) ≤ f(x) ≤ h(x)
íà x ∈ X, i ñòðîãî ïðîìiæíîþ äëÿ ïà-
ðè Ãàíà (g, h), ÿêùî g(x) < f(x) < h(x)
ïðè g(x) < h(x) i g(x) = f(x) = h(x) ïðè
g(x) = h(x).

Ê. Äàóêåð [6] i Ì. Êàòåòîâ [3] âñòàíîâèëè,
ùî T1-ïðîñòið X áóäå íîðìàëüíèì i çëi÷åí-
íî ïàðàêîìïàêòíèì òîäi i òiëüêè òîäi, êî-
ëè äëÿ êîæíî¨ ñòðîãî¨ ïàðè Ãàíà (g, h) íà X
iñíó¹ ñòðîãî ïðîìiæíà íåïåðåðâíà ôóíêöiÿ
f : X → R.

Ç äðóãîãî áîêó Å. Ìàéêë [7] äîâiâ, ùî T1-
ïðîñòið X áóäå äîñêîíàëî íîðìàëüíèì òîäi
i òiëüêè òîäi, êîëè êîæíà ïàðà Ãàíà (g, h)
íà X ìà¹ ñòðîãî ïðîìiæíó íåïåðåðâíó ôóí-
êöiþ f : X → R.

Íîâi äîâåäåííÿ òåîðåì ïðî ïðîìiæíó
ôóíêöiþ äàëè Ê. �óä i ß. Ñòàðñ [8]. Ìîæëè-
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âiñòü ïåðåíåñåííÿ òåîðåìè Ãàíà íà âèïàäîê
çàãàëüíiøèõ, íiæ R âïîðÿäêîâàíèõ ïðîñòî-
ðiâ çíà÷åíü âèâ÷àâ Ê. ßìàçàêi [9].

Íåäàâíî ç'ÿâèëèñÿ iíøi àíàëîãè òåîðå-
ìè Ãàíà. Òàê, Â. Ìàñëþ÷åíêî i Ñ. Ïåòåé
[10] âñòàíîâèëè, ùî äëÿ äîâiëüíî¨ ïàðè Ãàíà
(g, h) íà âiäðiçêó [a, b], äå g i h � çðîñòàþ÷i
ôóíêöi¨ iñíó¹ çðîñòàþ÷à íåïåðåðâíà ïðîìi-
æíà ôóíêöiÿ f : X → R.

Ïðîìiæíi àôiííi ôóíêöi¨ f : E → R
íà îïóêëèõ ïiäìíîæèíàõ âåêòîðíèõ ïðîñòî-
ðiâ äëÿ ïàðè (g, h), ùî ñêëàäà¹òüñÿ ç îïó-
êëî¨ ôóíêöi¨ g : E → R i âãíóòî¨ ôóíêöi¨
h : E → R, âèâ÷àëè Â. Ìàñëþ÷åíêî i Â.
Ìåëüíèê [11].

3. Íîâi çàäà÷i ïðî ïðîìiæíó ôóí-
êöiþ.

Ó çâ'ÿçêó ç ðåçóëüòàòîì Ìàñëþ÷åíêà-
Ïåòåÿ ç [10] âèíèêëî ïèòàííÿ: ÷è äëÿ êî-
æíî¨ ïàðè Ãàíà (g, h) íà âiäðiçêó [a, b], äå g i
h � ôóíêöi¨ îáìåæåíî¨ âàðiàöi¨, iñíó¹ ïðîìi-
æíà íåïåðåðâíà ôóíêöiÿ îáìåæåíî¨ âàðiàöi¨
f : [a, b] → R? Âiäïîâiäü íà öå ïèòàííÿ ïîêè
ùî íå çíàéäåíà. Ó ïðîöåñi ïîøóêiâ âiäïî-
âiäi íà íüîãî âèíèêëè ïèòàííÿ ïðî iñíóâàí-
íÿ ïðîìiæíèõ íåïåðåðâíî äèôåðåíöiéîâíèõ
(êîðîòøå: C1-ôóíêöiÿ) ÷è êóñêîâî ëiíiéíèõ
ôóíêöié, àäæå òàêi ôóíêöi¨ ìàþòü ñêií÷åí-
íó âàðiàöiþ. Òàêi ïèòàííÿ ïðèðîäíî ñòàâèòè
äëÿ ñòðîãî¨ ïàðè Ãàíà (g, h), îñêiëüêè ó âè-
ïàäêó ðiâíîñòi g = h ïðîìiæíà ôóíêöiÿ f
áóäå ìàòè òi æ âëàñòèâîñòi, ùî é g i h, à öi
ôóíêöi¨ íå çîáîâ'ÿçàíi áóòè íåïåðåðâíî äè-
ôåðåíöiéîâíèìè ÷è êóñêîâî ëiíiéíèìè. Ïè-
òàííÿ ïðî ïðîìiæíó C1-ôóíêöiþ ÷è êóñêî-
âî ëiíiéíó ôóíêöiþ äëÿ ñòðîãî¨ ïàðè Ãàíà
ìîæíà ñòàâèòè íå òiëüêè äëÿ âiäðiçêà, à i,
ñêàæiìî, äëÿ âñi¹¨ ÷èñëîâî¨ ïðÿìî¨ R.

Òóò ìè ïîêàæåìî, ùî äëÿ âiäðiçêà íà öå
ïèòàííÿ ëåãêî ìîæíà äàòè âiäïîâiäü ç äîïî-
ìîãîþ òåîðåìè Äàóêåðà-Êàòåòîâà.

Ðîçãëÿíåìî áàíàõîâèé ïðîñòið Cu[a, b]
âñiõ íåïåðåðâíèõ ôóíêöié f : [a, b] → R ç
ðiâíîìiðíîþ íîðìîþ ||f || = max

a≤x≤b
|f(x)|.

Òåîðåìà 1. Íåõàé E � âñþäè ùiëüíà ìíî-
æèíà ó ïðîñòîði Cu[a, b] i (g, h) � ñòðîãà ïà-
ðà Ãàíà íà [a, b]. Òîäi iñíó¹ ñòðîãî ïðîìiæíà
äëÿ (g, h) ôóíêöiÿ f ç ìíîæèíè E.

Äîâåäåííÿ. Çà òåîðåìîþ Äàóêåðà-
Êàòåòîâà iñíó¹ íåïåðåðâíà ôóíêöiÿ
f1 : [a, b] → R, ÿêà ¹ ñòðîãî ïðîìiæíîþ
äëÿ ïàðè (g, h). Îñêiëüêè (f1, h) � öå
òåæ ñòðîãà ïàðà Ãàíà, òî iñíó¹ íåïå-
ðåðâíà ôóíêöiÿ f2 : [a, b] → R, ÿêà ¹
ñòðîãî ïðîìiæíîþ äëÿ (f1, h). Òàêèì ÷è-
íîì, äëÿ ïîáóäîâàíèõ ôóíêöié ìà¹ìî,
ùî g(x) < f1(x) < f2(x) < h(x) íà [a, b].
Ðîçãëÿíåìî ôóíêöiþ φ(x) = f1(x)+f2(x)

2
íà

[a, b]. Çðîçóìiëî, ùî ôóíêöiÿ φ íåïåðåðâíà
i f1(x) < φ(x) < f2(x) íà [a, b]. Ïðè öüîìó

φ(x)− f1(x) =
f2(x)− f1(x)

2
= f2(x)− φ(x)

íà [a, b]. Çà òåîðåìîþ Âåéåðøòðàññà iñíó¹
÷èñëî

ε = min
a≤x≤b

(φ(x)− f1(x)) =

=
1

2
min
a≤x≤b

(f2(x)−f1(x)) = min
a≤x≤b

(f2(x)−φ(x))

i ε > 0. Â ε-îêîëi

Uε(φ) = {ψ ∈ C[a, b] : ||ψ − φ|| < ε}

ôóíêöi¨ φ çíàéäåòüñÿ ÿêèéñü åëåìåíò f ç
âñþäè ùiëüíî¨ â Cu[a, b] ìíîæèíè E. Öåé
åëåìåíò i áóäå øóêàíîþ ôóíêöi¹þ, àäæå

g(x) < f1(x) = φ(x)− (φ(x)− f1(x)) ≤

≤ φ(x)− ε < f(x) < φ(x) + ε ≤

≤ φ(x) + f1(x)− φ(x) = f2(x) < h(x)

íà [a, b].
Ïîçíà÷èìî ñèìâîëîì P [a, b] ìíîæèíó

âñiõ ìíîãî÷ëåíiâ íà [a, b]. Çà òåîðåìîþ
Âåé¹ðøòðàññà ïðî ðiâíîìiðíå íàáëèæåííÿ
íåïåðåðâíèõ ôóíêöié ìíîãî÷ëåíàìè íà âiä-
ðiçêó [a, b] ìíîæèíà P [a, b] âñþäè ùiëüíà â
Cu[a, b]. Òîìó ç òåîðåìè 1 íåãàéíî âèïëèâà¹.

Íàñëiäîê 1. Äëÿ êîæíî¨ ñòðîãî¨ ïàðè Ãà-
íà (g, h) íà [a, b] iñíó¹ òàêèé ìíîãî÷ëåí f :
[a, b] → R, ÿêèé ¹ ñòðîãî ïðîìiæíîþ ôóí-
êöi¹þ äëÿ (g, h) íà [a, b].

Çàóâàæèìî, ùî ìíîãî÷ëåí � öå íå òiëüêè
C1-ôóíêöiÿ, à é C∞-ôóíêöiÿ, òîáòî íåñêií-
÷åííî äèôåðåíöiéîâíà ôóíêöiÿ, îòæå, äëÿ
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êîæíî¨ ñòðîãî¨ ïàðè Ãàíà (g, h) íà [a, b] iñíó¹
ñòðîãî ïðîìiæíà C∞-ôóíêöiÿ f : [a, b] → R.

Ôóíêöiþ f : [a, b] → R íàçèâàþòü êó-
ñêîâî ëiíiéíîþ, ÿêùî iñíó¹ òàêå ðîçáèòòÿ
T : a = x0 < x1 < x2 < ... < xn = b
âiäðiçêà [a, b], ùî êîæíå çâóæåííÿ f |[xk−1,xk]

¹ ëiíiéíîþ ôóíêöi¹þ íà [xk−1, xk]. Çðîçóìi-
ëî, ùî êîæíà êóñêîâî ëiíiéíà ôóíêöiÿ íå-
ïåðåðâíà. Ìíîæèíó âñiõ êóñêîâî ëiíiéíèõ
ôóíêöié f : [a, b] → R ìè ïîçíà÷à¹ìî ñèì-
âîëîì Q[a, b]. Ç òåîðåìè Êàíòîðà ïðî ðiâíî-
ìiðíó íåïåðåðâíiñòü íåïåðåðâíî¨ íà âiäðiçêó
[a, b] ôóíêöi¨ íåãàéíî âèïëèâà¹, ùî ìíîæèíà
Q[a, b] âñþäè ùiëüíà â Cu[a, b]. Òîìó ç òåîðå-
ìè 1 îòðèìó¹ìî i íàñòóïíèé íàñëiäîê.

Íàñëiäîê 2. Äëÿ äîâiëüíî¨ ñòðîãî¨ ïàðè
Ãàíà (g, h) íà [a, b] iñíó¹ ñòðîãî ïðîìiæíà êó-
ñêîâî ëiíiéíà ôóíêöiÿ f : [a, b] → R.

Çàóâàæèìî, ùî äëÿ ñòðîãèõ ïàð Ãàíà íà
R öåé ìåòîä ïîáóäîâè ñòðîãî ïðîìiæíèõ
C∞-ôóíêöié ÷è êóñêîâî ëiíiéíèõ ôóíêöié
íå çàñòîñîâíèé. Òóò ìè ðîçâèíåìî iíøi ìå-
òîäè, ÿêi äîçâîëÿþòü áóäóâàòè ñòðîãî ïðî-
ìiæíi C∞-ôóíêöi¨ i êóñêîâî ëiíiéíi ôóíêöi¨
ç ïåâíèìè äîäàòêîâèìè âëàñòèâîñòÿìè äëÿ
ñòðîãèõ ïàð Ãàíà íà âiäðiçêó [a, b], íå âè-
êîðèñòîâóþ÷è ïðè öüîìó òåîðåìó Äàóêåðà-
Êàòåòîâà, à áåçïîñåðåäíüî äîâîäÿ÷è ¨¨ ïiäñè-
ëåíi âåðñi¨ äëÿ [a, b]. Öi ðåçóëüòàòè äîçâîëÿ-
þòü çäiéñíèòè ïîáóäîâó ñòðîãî ïðîìiæíèõ
C∞-ôóíêöié i êóñêîâî ëiíiéíèõ ôóíêöié i íà
äîâiëüíèõ ÷èñëîâèõ ïðîìiæêàõ.

4. Iñíóâàííÿ ïðîìiæíèõ êóñêîâî ëi-
íiéíèõ ôóíêöié ç äàíèì çíà÷åííÿì.

Íàäàëi ïîçíà÷àòèìåìî ñèìâîëîì Uε(x0)
ε-îêië (x0 − ε, x0 + ε) òî÷êè x0 â R.

Òåîðåìà 2. Íåõàé (g, h) � ñòðîãà ïàðà Ãà-
íà íà âiäðiçêó I = [a, b] i g(a) < γ < h(a). Òî-
äi iñíó¹ êóñêîâî ëiíiéíà ôóíêöiÿ f : I → R,
òàêà, ùî g(x) < f(x) < h(x) íà I òà f(a) = γ.

Äîâåäåííÿ. Ðîçãëÿíåìî ìíîæèíó

X = {x ∈ [a, b] : ∃fx ∈ Q[a, x] |

g(t) < fx(t) < h(t) íà [a, x] i fx(a) = γ}

Çàóâàæèìî, ùî a ∈ X, îñêiëüêè íà {a}
ìîæíà âèçíà÷èòè êóñêîâî ëiíiéíó ôóíêöiþ
fa(a) = γ, i äëÿ íå¨ g(a) < fa(a) < g(a), à
îòæå, X ̸= Ø. Îêðiì òîãî, X ⊆ [a, b], à îòæå,

ìíîæèíàX îáìåæåíà çâåðõó ÷èñëîì b. Òîìó
iñíó¹ x0 = supX i a ≤ x0 ≤ b.

Äîâåäåìî ñïî÷àòêó, ùî x0 ∈ X. Âiçüìå-
ìî äîâiëüíå ÷èñëî y0, òàêå, ùî g(x0) < y0 <
h(x0). Îñêiëüêè ôóíêöi¨ g i h íàïiâíåïåðåðâ-
íi â òî÷öi x0 âiäïîâiäíî çâåðõó i çíèçó, òî
iñíó¹ òàêå δ0 > 0, ùî g(x) < y0 < h(x) íà
Uδ0(x0) ∩ I

Çà îçíà÷åííÿì ñóïðåìóìó iñíó¹ x1 ∈ X,
òàêå, ùî x0 − δ0 < x1 ≤ x0. ßêùî x0 = x1,
òî x0 ∈ X. Íåõàé x1 < x0. Îñêiëüêè ôóíêöi¨
g i h íàïiâíåïåðåðâíi â òî÷öi x1 âiäïîâiäíî
çâåðõó i çíèçó, òî iñíó¹ òàêå δ1 > 0, ùî x1 +
δ1 < x0 i g(x) < y1 < h(x) ç y1 = fx1(x1)
íà Uδ1(x1) ∩ I. Ïîêëàäåìî c = min{y0, y1} i
d = max{y0, y1}. Îñêiëüêè g(x) < y1 < h(x) i
g(x) < y0 < h(x) íà J = [x1; x1+δ1], òî g(x) <
c ≤ d < h(x) íà J . Îòæå, ïðÿìîêóòíèê P =
J×[c; d] íå ìiñòèòü òî÷îê æîäíîãî ç ãðàôiêiâ
ôóíêöié g i h.

Ââåäåìî ôóíêöiþ fx0 : [a, x0] → R:

fx0(x) =


fx1(x), x ∈ [a; x1];

y1 +
y0−y1
δ1

(x− x1), x ∈ J ;

y0, x ∈ [x1 + δ1;x0].

Äàíà ôóíêöiÿ êîðåêòíî âèçíà÷åíà i ¹ êóñêî-
âî ëiíiéíîþ. Îêðiì òîãî, fx0(a) = γ, i, ÿê
ëåãêî ïåðåâiðèòè, g(x) < fx0(x) < h(x) íà
[a, x0]. Òàêèì ÷èíîì, x0 ∈ X.

Äîâåäåìî òåïåð, ùî x0 = b. Íåõàé x0 < b.
Ïîêëàäåìî x2 = min{x0+ δ0

2
; b} i ðîçãëÿíåìî

ôóíêöiþ

fx2(x) =

{
fx0(x), x ∈ [a; x0];
y0, x ∈ [x0;x2].

Îñêiëüêè [x0;x2] ⊆ Uδ0(x0) ∩ I, òî g(x) <
y0 < h(x) íà [x0, x2]. Êðiì òîãî, fx2 � êóñêîâî
ëiíiéíà ôóíêöiÿ i f(x2) = γ, îòæå, x2 ∈ X.
Àëå öå íåìîæëèâî, áî x2 > x0 = supX.
Òàêèì ÷èíîì, ìà¹ìî, ùî x0 = b i ôóíêöiÿ
f = fb ¹ øóêàíîþ.

Çàìiíîþ t = b−x ç òåîðåìè 2 ëåãêî âèâî-
äèòüñÿ i òàêèé ðåçóëüòàò.

Òåîðåìà 3. Íåõàé (g, h) � ñòðîãà ïàðà Ãà-
íà íà âiäðiçêó I = [a, b] i g(b) < γ < h(b). Òî-
äi iñíó¹ êóñêîâî ëiíiéíà ôóíêöiÿ f : [a, b] →
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R, òàêà, ùî g(x) < f(x) < h(x) íà I i
f(b) = γ.

5. Ëåìà ïðî iñíóâàííÿ ëàíöþæêà
âiäðiçêiâ.

Ñèñòåìà ìíîæèí A íàçèâà¹òüñÿ âïèñà-
íîþ â ñèñòåìó ìíîæèí B (ïîçíà÷à¹òüñÿ:A 4
B), ÿêùî äëÿ äîâiëüíîãî A ∈ A iñíó¹ B ∈ B,
òàêå, ùî A ⊆ B.

Êàæóòü, ùî âiäðiçêè I = [a, b] òà J = [c, d]
ïåðåòèíàþòüñÿ íåòðèâiàëüíî, ÿêùî a <
c < b < d.

Ëàíöþæêîì äëÿ âiäðiçêà [a, b] ìè íàçè-
âàòèìåìî ñêií÷åííó ïîñëiäîâíiñòü âiäðiçêiâ
I1, ..., In, òàêó, ùî âiäðiçêè Ik òà Ik+1 íå-
òðèâiàëüíî ïåðåòèíàþòüñÿ äëÿ êîæíîãî k =
1, ..., n − 1, âiäðiçêè Ik òà Ik+2 íå ïåðåòèíà-

þòüñÿ äëÿ êîæíîãî k = 1, ..., n− 2 i
n∪
k=1

Ik ⊇

[a, b].

Íàäàëi ÷åðåç
◦
A ìè ïîçíà÷àòèìåìî âíóòði-

øíiñòü ìíîæèíè A.
Ëåìà 1. Íåõàé I = [a, b], Pj = [αj, βj] i

αj < βj ïðè j = 0, 1, ...,m òà ã = min{β0, b},
ïðè÷îìó [ã, b) ⊆

m∪
j=1

◦
P j i a ∈

◦
P 0. Òîäi iñíó¹

òàêèé ëàíöþæîê âiäðiçêiâ Ik = [ak, bk], äå
k = 0, 1, ..., n, ùî ñèñòåìà I = {I0, I1, .., In}
âïèñàíà â ñèñòåìó P = {P0, P1, ..., Pm}, ïðè-
÷îìó a0 = a, bn = b i I0 ⊆ P0.

Äîâåäåííÿ. Çà óìîâîþ α0 < a < β0. ßêùî
β0 ≥ b, òî ìè ïîêëàäà¹ìî a0 = a, b0 = b,
I0 = [a0, b0] i ïîñëiäîâíiñòü ç îäíîãî âiäðiçêà
I0 áóäå øóêàíèì ëàíöþæêîì.

Íåõàé β0 < b. Ïîêëàäåìî b0 = β0 =
ã, I0 = [a0, b0] i j0 = 0. Îñêiëüêè b0 ∈
[ã, b), òî iñíó¹ òàêèé iíäåêñ j1 = 1, ...,m,

ùî b0 ∈
◦
P j1 , òîáòî αj1 < b0 < βj1 . Âiçüìå-

ìî a1 =
max{αj1

,a}+b0
2

, b1 = min{βj1 ; b} i ïî-
êëàäåìî I1 = [a1, b1]. Îñêiëüêè αj1 < b0 i
a < b0, òî max{αj1 , a} < b0, à òîìó a0 =
a ≤ max{αj1 , a} < a1 < b0 i a1 > αj1 . Ç äðó-
ãîãî áîêó b1 ≤ βj1 , îòæå, I1 ⊆ Pj1 . Êðiì òîãî,
b0 < βj1 i b0 < b, òîìó b0 < b1. Òàêèì ÷èíîì,
a0 < a1 < b0 < b1, îòæå, âiäðiçêè I0 òà I1
íåòðèâiàëüíî ïåðåòèíàþòüñÿ. ßêùî b1 = b,
òî ïàðà (I0, I1) áóäå øóêàíèì ëàíöþæêîì.

Íåõàé b1 < b. Îñêiëüêè b1 > b0 = ã, òà

b1 ∈ [ã, b), îòæå, iñíó¹ j2 = 1, ...,m, òàêå, ùî

b1 ∈
◦
P j2 = (αj2 , βj2), òîáòî, αj2 < b1 < βj2 .

Îñêiëüêè b1 = βj1 /∈
◦
P j1 i b1 ∈

◦
P j2 , òî j1 ̸= j2.

Òîìó âñi òðè íîìåðè j0, j1 i j2 ðiçíi. Âi-
çüìåìî a2 =

max{αj2
,b0}+b1

2
, b2 = min{βj2 ; b},

I2 = [a2, b2]. Îñêiëüêè αj2 < b1 i b0 < b1, òî
max{αj2 , b0} < b1, à òîìó a1 < max{αj2 , b0} <
a2 < b1 i a2 > αj2 . Ç äðóãîãî áîêó, b2 ≤ βj2 ,
îòæå, I2 ⊆ Pj2 . Êðiì òîãî, b1 < βj2 i b1 < b,
òîìó b1 < b2. Òàêèì ÷èíîì, a1 < a2 <
b1 < b2, îòæå, âiäðiçêè I1 òà I2 íåòðèâi-
àëüíî ïåðåòèíàþòüñÿ. Îêðiì òîãî, îñêiëüêè
b0 ≤ max{αj2 , b0} < a2, òî âiäðiçêè I0 òà I2
íå ïåðåòèíàþòüñÿ. ßêùî b2 = b, òî òðiéêà
(I0, I1, I2) áóäå øóêàíèì ëàíöþæêîì, ÿêùî
æ b2 < b, òî ïîáóäîâà ïðîäîâæó¹òüñÿ.

Ïðèïóñòèìî, ùî äëÿ äåÿêîãî íîìåðà k >
2 âæå ïîáóäîâàíi âiäðiçêè Is = [as, bs] ïðè
s = 0, ..., k − 1, òàêi, ùî ñóñiäíi âiäðiçêè
Is òà Is+1 ïåðåòèíàþòüñÿ íåòðèâiàëüíî ïðè
s = 0, ..., k − 2, à âiäðiçêè Is òà Is+2 íå ïå-
ðåòèíàþòüñÿ ïðè s = 0, ..., k − 3. Ïðè öüîìó
âèçíà÷åíi ðiçíi íîìåðè 0 = j0, j1, ..., jj−1 ñå-
ðåä ÷èñåë 0, 1, ...,m, òàêi, ùî Is ⊆ Pjs ïðè
s = 0, ..., k− 1, as =

max{αjs ,bs−2}+bs−1

2
, bs = βjs

ïðè s = 2, ..., k − 2, bk−1 = min{βjk−1
; b} i

b0 < b1 < ... < bk−1. ßêùî bk−1 = b, òî íà-
áið (I0, ..., Ik−1) i áóäå øóêàíèì ëàíöþæêîì
âiäðiçêiâ.

Íåõàé bk−1 < b. Òîäi bk−1 ∈ [ã, b), îòæå,
iñíó¹ òàêèé íîìåð jk = 1, ...,m, ùî bk−1 ∈
◦
P jk , òîáòî αjk < bk−1 < βjk . Çà ïîáóäîâîþ
bk−1 = βjk−1

> bk−2 = βjk−2
> ... > b1 = βj1 ,

îòæå, bk−1 /∈
◦
P js ïðè s = 1, ..., k − 1. Êðiì

òîãî, jk ̸= j0 = 0, áî jk ≥ 1. Òàêèì ÷èíîì,
âñi íîìåðè j0, ..., jk ðiçíi.

Ïîêëàäåìî ak =
max{αjk

,bk−2}+bk−1

2
, bk =

min{βjk ; b} i Ik = [ak, bk]. Ïåðåâiðèìî, ùî
ak−1 < ak < bk−1 < bk. Îñêiëüêè çà ïðèïóùå-
ííÿì âiäðiçêè Ik−2 òà Ik−1 íåòðèâiàëüíî ïå-
ðåòèíàþòüñÿ, òî ak−2 < ak−1 < bk−2 < bk−1,
çîêðåìà, ak−1 < bk−2, à çíà÷èòü, ak−1 <
max{αjk , bk−2}. Àëå αjk < bk−1 i bk−2 < bk−1,
òîìó max{αjk , bk−2} < bk−1. Îòæå, ak−1 <
max{αjk , bk−2} < ak < bk−1. Äàëi bk−1 < βjk
i bk−1 < b, òîìó bk−1 < bk. Òàêèì ÷èíîì,

96 ISSN 2309-4001. Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2016. � Ò. 4, � 3�4.



ak < bk, i âiäðiçêè Ik−1 òà Ik íåòðèâiàëüíî
ïåðåòèíàþòüñÿ. Äî òîãî æ

ak > max{αjk , bk−2} ≥ bk−2,

îòæå, âiäðiçêè Ik−2 òà Ik íå ïåðåòèíàþòüñÿ.
Íàðåøòi,

αjk ≤ max{αjk , bk−2} < ak < bk ≤ βjk .

Îòæå, Ik ⊆ Pjk . Òàêèì ÷èíîì, ïîáóäîâó ìî-
æíà ïðîäîâæèòè ùå íà îäèí êðîê.

Îñêiëüêè ÷èñëî iíäåêñiâ âiäðiçêiâ Pj äî-
ðiâíþ¹ m + 1, òî ïðîöåñ ïîáóäîâè âiäðiçêiâ
Ik íå ìîæå òðèâàòè äî íåñêií÷åííîñòi, àäæå
iíäåêñè j0, ..., jk, ÿêi âèíèêàþòü ó ïîáóäîâi ¹
ðiçíèìè. Îòæå, ïðîöåäóðà çàâåðøó¹òüñÿ íà
ÿêîìóñü êðîöi n ≤ m i ìè îòðèìà¹ìî øóêà-
íèé ëàíöþæîê I0, ..., In äëÿ âiäðiçêà I.

6. Ëåìà ïðî íåñêií÷åííî äèôåðåíöi-
éîâíi ôóíêöi¨.

Ðîçãëÿíåìî ôóíêöiþ f : R → R

f(x) =

{
e

1
x2−1 , |x| < 1;
0, |x| ≥ 1.

Äîáðå âiäîìî, ùî f � íåñêií÷åííî äèôåðåí-
öiéîâíà ôóíêöiÿ. Ïðè öüîìó f(x) > 0 íà
(−1, 1).

Ïîçíà÷èìî I =
+∞∫
−∞

f(x)dx =
1∫

−1

e
1

x2−1dx.

ßñíî, ùî I > 0. Ðîçãëÿíåìî ôóíêöiþ g(x) =
x∫

−∞

f(t)
I
dt. Îñêiëüêè ôóíêöiÿ f íåïåðåðâíà,

òî g′(x) = f(x)
I

≥ 0 íà R. Òîìó ôóíêöiÿ g
íåñêií÷åííî äèôåðåíöiéîâíà íà R, g çðîñòà¹
íà R, ïðè÷îìó g(x) = 0 ïðè x ≤ −1 i g(x) = 1
ïðè x ≥ 1.

Ïîçíà÷èìî ñèìâîëîì C∞(R) ïðîñòið âñiõ
íåñêií÷åííî äèôåðåíöéîâíèõ ôóíêöié h :
R → R.

Ëåìà 2. Íåõàé a, b, α, β ∈ R i a < b. Òîäi
iñíó¹ ôóíêöiÿ φ ∈ C∞(R), òàêà, ùî φ(x) = α
ïðè x ≤ a, φ(x) = β ïðè x ≥ β, i φ çðîñòà¹
ïðè α < β, ñïàäà¹ ïðè α > β òà ¹ ñòàëîþ
ïðè α = β.

Äîâåäåííÿ. Ïîçíà÷èìî ψ(x) = 2x−a
b−a − 1.

Ëåãêî ïåðåâiðèòè, ùî ôóíêöiÿ φ(x) = (β −
α)g(ψ(x))+α, äå g � âèùå ïîáóäîâàíà ôóí-
êöiÿ, ¹ øóêàíîþ.

7. Iñíóâàííÿ íåñêií÷åííî äèôåðåí-
öiéîâíèõ ïðîìiæíèõ ôóíêöié, ëî-
êàëüíî ñòàëèõ íà êiíöÿõ âiäðiçêà.

Òåîðåìà 4. Íåõàé (g, h) � ñòðîãà ïàðà Ãà-
íà íà I = [a, b], i γ � äîâiëüíå ÷èñëî ç iíòåð-
âàëó (g(a), h(a)). Òîäi äëÿ ïàðè (g, h) iñíó¹
ñòðîãî ïðîìiæíà C∞-ôóíêöiÿ f : I → R,
òàêà, ùî f ëîêàëüíî ñòàëà â òî÷êàõ a i b i
f(a) = γ.

Äîâåäåííÿ. Äëÿ êîæíî¨ òî÷êè x ∈ (a, b]
ðîçãëÿíåìî äîâiëüíå ÷èñëî yx, òàêå, ùî
g(x) < yx < h(x), i ïîêëàäåìî ya = γ.
Îñêiëüêè ôóíêöiÿ g íàïiâíåïåðåðâíà çâåð-
õó, à h çíèçó, òî äëÿ êîæíîãî x ∈ I iñíó¹
òàêå δx > 0, ùî g(u) < yx < h(u) ïðè
u ∈ Vx = (x− 2δx, x+ 2δx) i u ∈ I.

ßêùî d = a + 2δa ≥ b, òî ñòàëà ôóíêöiÿ
f(x) = ya = γ i áóäå øóêàíîþ. Íåõàé d < b.
Ïîêëàäåìî c = a + δa. Òîäi a < c < b. Çðî-
çóìiëî, ùî âiäðiçîê [c, b] ïîêðèâà¹òüñÿ ñè-
ñòåìîþ iíòåðâàëiâ Ux = (x − δx, x + δx), äå
x ïðîáiãà¹ [c, b], àäæå x ∈ Ux äëÿ êîæíîãî
x ∈ [c, b]. Çà ëåìîþ Ãåéíå-Áîðåëÿ iñíó¹ ñêií-
÷åííå ÷èñëî òî÷îê x1, ..., xm ç âiäðiçêà [c, b],

òàêèõ, ùî [c, b] ⊆
m∪
j=1

Uxj .

Âiçüìåìî Pj = Uxj , P0 = [a, c] òà P = {Pj :
j = 0, 1, ...,m}. Çà ëåìîþ 1, iñíó¹ ëàíöþæîê
ç âiäðiçêiâ Ik = [ak, bk], k = 0, 1, ..., n, âïèñà-
íèé â ïîêðèòòÿ P , òàêèé, ùî I0 ⊆ P0, a0 = a
i bn = b. Îñêiëüêè äëÿ äîâiëüíîãî k = 0, ...,m
ìà¹ìî, ùî Ik ⊆ Pjk = Uxjk ⊆ Vxjk , òî
g(u) < yxkj < h(u) íà I ∩ Ik. Íàäàëi áóäå-
ìî ïîçíà÷àòè z0 = ya = γ i yxjk = zk ïðè
k = 1, ..., n. Äëÿ íàøîãî ëàíöþæêà âèêîíó-
þòüñÿ òàêi íåðiâíîñòi:

a = a0 < a1 < b0 < a2 < b1 < ... < an <

< bn−1 < bn = b

Ïîêëàäåìî Ak = [ak, bk−1], k = 1, ..., n; B0 =
[a0, a1], Bk = [ak−1, ak+1] ïðè k = 1, ..., n −
1, Bn = [bn−1, bn]. Ìà¹ìî, ùî äëÿ êîæíîãî
k = 0, ..., n âèêîíóþòüñÿ âêëþ÷åííÿ Bk ⊆ Ik
i äëÿ êîæíîãî k = 1, ..., n � âêëþ÷åííÿ Ak =
Ik−1 ∩ Ik.

Äëÿ êîæíîãî âiäðiçêà Ak = [ak, bk−1] ïðè
k = 1, ..., n, âèêîðèñòîâóþ÷è ëåìó 2, ïîáó-
äó¹ìî C∞-ôóíêöiþ φk : R → R, äëÿ ÿêî¨
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φk(x) = zk−1 ïðè x ≤ ak, φk(x) = zk ïðè
x ≥ bk−1, ïðè÷îìó ôóíêöiÿ φk çðîñòà¹ ïðè
zk−1 ≤ zk i ñïàäà¹ ïðè zk−1 ≥ zk. Âèçíà-
÷èìî ôóíêöiþ f : [a, b] → R, ïîêëàäàþ÷è
f(x) = zk, ÿêùî x ∈ Bk ïðè k = 0, 1, ..., n, i
f(x) = φk(x), ÿêùî x ∈ Ak ïðè k = 1, ..., n.

Çðîçóìiëî, ùî ôóíêöiÿ f íåñêií÷åííî äè-
ôåðåíöiéîâíà, ëîêàëüíî ñòàëà ó òî÷êàõ a i b,
i f(a) = z0 = γ.

Ïîêàæåìî, ùî f ¹ ñòðîãî ïðîìiæíîþ
ôóíêöi¹þ äëÿ ïàðè (g, h) íà [a, b]. Íåõàé x ∈
[a, b]. Òîäi iñíó¹ òàêèé íîìåð k = 0, 1, ..., n,
ùî x ∈ Bk, àáî òàêèé íîìåð k = 1, ..., n, ùî
x ∈ Ak.

Ïðèïóñòèìî, ùî x ∈ Bk ïðè k = 1, ..., n−
1. Òîäi f(x) = zk = yjk i g(u) < yjk < h(u) íà
Vjk . Îñêiëüêè âiäðiçêè Ik−1 òà Ik i Ik òà Ik+1

íåòðèâiàëüíî ïåðåòèíàþòüñÿ i Ik−1 ∩ Ik+1 =
Ø, òî

ak−1 < ak < bk−1 < ak+1 < bk < bk+1,

îòæå, Bk = [bk−1, ak+1] ⊆ [ak, bk] = Ik ⊆ Vxjk
à òîìó f(x) = zk ∈ (g(x), h(x)).

Íåõàé x ∈ B0. Òîäi f(x) = z0 = ya = γ.
Àëå a = a0 < a1 < b0, òîìó

B0 = [a0, a1] ⊆ [a0, b0] = I0 ⊆ P0 = [a, c] ⊆ Va.

Îòæå f(x) = γ ∈ (g(x), h(x)).
Íàðåøòi, íåõàé x ∈ Bn. Òîäi f(x) = zn =

yjn . Àëå âiäðiçêè In−1 òà In íåòðèâiàëüíî ïå-
ðåòèíàþòüñÿ. Òîìó an−1 < an < bn−1 < bn,
îòæå,

Bn = [bn−1, bn] ⊆ [an, bn] = In ⊆ Vxjn .

Â òàêîìó ðàçi f(x) = yjn ∈ (g(x), h(x)).
Íåõàé òåïåð x ∈ Ak äëÿ äåÿêîãî k =

1, ..., n. Çà ïîáóäîâîþ g(u) < zs < h(u) íà
Is äëÿ äîâiëüíîãî s = 0, 1, ..., n. Íåõàé ck =
min{zk−1, zk} i dk = max{zk−1, zk}. Îñêiëüêè
Ak = Ik−1 ∩ Ik, òî g(x) < ck ≤ dk < h(x). Àëå
f(x) = φk(x) ∈ [ck, dk]. Òîìó g(x) < f(x) <
h(x). Òàêèì ÷èíîì, f � öå øóêàíà ôóíêöiÿ.

Çàìiíîþ t = b−x ç òåîðåìè 2 ëåãêî âèâî-
äèòüñÿ i òàêèé ðåçóëüòàò.

Òåîðåìà 5. Íåõàé (g, h) � ñòðîãà ïàðà Ãà-
íà íà I = [a, b], i γ � äîâiëüíå ÷èñëî ç iíòåð-
âàëó (g(b), h(b)). Òîäi äëÿ ïàðè (g, h) iñíó¹
ñòðîãî ïðîìiæíà C∞-ôóíêöiÿ f : I → R,

òàêà, ùî f ëîêàëüíî ñòàëà â òî÷êàõ a i b i
f(b) = γ.

Çàóâàæèìî, ùî ç ëåìè ïðî iñíóâàííÿ âïè-
ñàíîãî ëàíöþæêà âiäðiçêiâ ìîæíà âèâåñòè i
òåîðåìó 2.

8. Ïðîìiæíi ôóíêöi¨ íà ðiçíèõ ïðî-
ìiæêàõ.

Ç äîïîìîãîþ òåîðåì 2, 3, 4 i 5 ìè ìî-
æåìî çäiéñíèòè ïîáóäîâó ñòðîãî ïðîìiæíèõ
êóñêîâî ëiíiéíèõ ÷è C∞-ôóíêöié íà äîâiëü-
íèõ ïðîìiæêàõ ÷èñëîâî¨ ïðÿìî¨.

Òåîðåìà 6. Íåõàé I = [a, b) � äîâiëüíèé
âiäêðèòèé ñïðàâà ïðîìiæîê â R, ñêií÷åííèé
÷è íåñêií÷åííèé, (g, h) � ñòðîãà ïàðà Ãàíà
íà I i g(a) < γ < h(a). Òîäi iñíó¹ ñòðîãî
ïðîìiæíà äëÿ ïàðè (g, h) íåñêií÷åííî äèôå-
ðåíöiéîâíà ôóíêöiÿ f : I → R, òàêà, ùî
f(a) = γ i f � ëîêàëüíî ñòàëà ó òî÷öi a.

Äîâåäåííÿ. Ëåãêî ïîáóäóâàòè òàêó ñòðî-
ãî çðîñòàþ÷ó ïîñëiäîâíiñòü òî÷îê bn ∈ (a, b),
ùî lim

n→∞
bn = b. Äëÿ îäíîìàíiòíîñòi ïîçíà-

÷åíü ïîêëàäåìî b0 = a. Çà òåîðåìîþ 3
iñíó¹ òàêà C∞-ôóíêöiÿ f1 : [b0, b1] → R, ùî
f1(b0) = γ, ïðè÷îìó f1 ëîêàëüíî ñòàëà íà
êiíöÿõ âiäðiçêà [b0, b1] i ¹ ñòðîãî ïðîìiæíîþ
äëÿ ñòðîãî¨ ïàðè Ãàíà (g|[b0,b1], h|[b0,b1]). Íà
äðóãîìó êðîöi áóäó¹ìî òàêó C∞-ôóíêöiþ
f2 : [b1, b2] → R, ùî f2(b1) = f1(b1), ïðè÷î-
ìó âîíà ¹ ëîêàëüíî ñòàëîþ íà êiíöÿõ âiäðiç-
êà [b1, b2], i ¹ ñòðîãî ïðîìiæíîþ äëÿ ñòðîãî¨
ïàðè Ãàíà (g|[b1,b2], h|[b1,b2]).

Ïðîäîâæóþ÷è öåé ïðîöåñ äî íåñêií÷åí-
íîñòi, ìè ïîáóäó¹ìî äëÿ êîæíîãî íîìåðà n ∈
N òàêó C∞-ôóíêöiþ fn : [bn−1, bn] → R, ùî
ëîêàëüíî ñòàëi íà êiíöÿõ âiäðiçêà [bn−1, bn], i
fn(bn−1) = fn−1(bn−1) òà ¹ ñòðîãî ïðîìiæíîþ
äëÿ ñòðîãî¨ ïàðè Ãàíà (g|[bn−1,bn], h|[bn−1,bn]).

Ïîêëàäåìî f(x) = fn(x) íà [bn−1, bn], äå
n � äîâiëüíèé íîìåð. Öèìè óìîâàìè êîðå-
êòíî âèçíà÷à¹òüñÿ C∞-ôóíêöiÿ f : I → R,
ÿêà i áóäå ñòðîãî ïðîìiæíîþ äëÿ ñòðîãî¨ ïà-
ðè Ãàíà (g, h) íà I, ïðè÷îìó f(a) = γ i f ¹
ëîêàëüíî ñòàëîþ â òî÷öi a.

Òàê ñàìî ç òåîðåìè 4 ëåãêî âèâîäèòüñÿ
òàêèé ðåçóëüòàò, ÿêèé ìîæíà îòðèìàòè i ç
òåîðåìè 6 âiäïîâiäíîþ çàìiíîþ.

Òåîðåìà 7. Íåõàé I = (a, b] � äîâiëü-
íèé âiäêðèòèé çëiâà ïðîìiæîê, ñêií÷åííèé
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÷è íåñêií÷åííèé, (g, h) � ñòðîãà ïàðà Ãà-
íà íà I i g(b) < γ < h(b). Òîäi iñíó¹ ñòðî-
ãî ïðîìiæíà äëÿ ïàðè (g, h) íåñêií÷åííî äè-
ôåðåíöiéîâíà ôóíêöiÿ f : I → R, òàêà, ùî
f(b) = γ i f ëîêàëüíî ñòàëà â òî÷öi b.

Ç òåîåðåì 6 i 7 ëåãêî ëåãêî âèâîäèòüñÿ:
Òåîðåìà 8. Íåõàé I = (a, b) � äîâiëüíèé

iíòåðâàë â R, ñêií÷åííèé ÷è íåñêií÷åííèé,
x0 ∈ I, (g, h) � ñòðîãà ïàðà Ãàíà íà I, i
g(x0) < y0 < h(x0). Òîäi iñíó¹ ñòðîãî ïðîìi-
æíà äëÿ ïàðè (g, h) íåñêií÷åííî äèôåðåíöi-
éîâíà ôóíêöiÿ f : I → R, òàêà, ùî f(x0 = y0.

Äîâåäåííÿ. Çà òåîðåìàìè 6 i 7 iñíóþòü
C∞-ôóíêöi¨ f− : (a, x0] → R i f+ : [x0, b) →
R, ÿêi ¹ ñòðîãî ïðîìiæíèìè äëÿ ñòðîãèõ ïàð
Ãàíà (g|(a,x0], h|(a,x0]) i (g|[x0,b), h|[x0,b)) âiäïî-
âiäíî i f−(x0) = y0 = f+(x0), f− òà f+ ëî-
êàëüíî ñòàëi â òî÷öi x0. Òîäi ôóíêöiÿ f :
I → R, äëÿ ÿêî¨ f(x) = f−(x) íà (a, x0] i
f(x) = f+(x) íà [x0, b) áóäå øóêàíîþ.

Ôóíêöiþ f : [a, b) → R /f : (a, b] → R/
ìè íàçèâà¹ìî êóñêîâî ëiíiéíîþ, ÿêùî iñíó¹
òàêà ñòðîãî çðîñòàþ÷à /ñïàäíà/ ïîñëiäîâ-
íiñòü òî÷îê (xn)

∞
n=0, ùî x0 = a /x0 = b/,

lim
n→∞

xn = b / lim
n→∞

xn = a/ i âñi çâóæåííÿ

f |[xn,xn+1] /f |[xn+1,xn]/ ¹ ëiíiéíèìè.
Ôóíêöiþ f : (a, b) → R ìè íàçèâàòèìå-

ìî êóñêîâî ëiíiéíîþ, ÿêùî iñíó¹ òàêà äâî-
ñòîðîííÿ ïîñëiäîâíiñòü (xn)n∈Z òî÷îê xn ç
iíòåðâàëó (a, b), ùî xn < xn+1 äëÿ êîæíîãî
n ∈ Z, lim

n→+∞
xn = b, lim

n→−∞
xn = a, i çâóæåííÿ

f |[xn,xn+1] ¹ ëiíiéíîþ ôóíêöi¹þ äëÿ êîæíîãî
n ∈ Z.

Àíàëîãi÷íi òâåðäæåííÿ ñïðàâåäëèâi i â
òîìó âèïàäêó, êîëè I � äîâiëüíèé ïðîìi-
æîê.

Òàê ñàìî ÿê òåîðåìà 6 íà îñíîâi òåîðåì 2
i 3, ëåãêî âñòàíîâëþþòüñÿ òàêi ðåçóëüòàòè.

Òåîðåìà 9. Äëÿ äîâiëüíî¨ ñòðîãî¨ ïàðè Ãà-
íà (g, h) íà ïðîìiæêó I = [a, b) i ÷èñëà γ,
äëÿ ÿêîãî g(a) < γ < h(a), iñíó¹ òàêà ñòðî-
ãî ïðîìiæíà äëÿ ïàðè (g, h) êóñêîâî ëiíiéíà
ôóíêöiÿ f : I → R, ùî f(a) = γ.

Òåîðåìà 10. Äëÿ äîâiëüíî¨ ñòðîãî¨ ïàðè
Ãàíà (g, h) íà ïðîìiæêó I = (a, b] i ÷èñëà γ,
äëÿ ÿêîãî g(b) < γ < h(b), iñíó¹ òàêà ñòðî-
ãî ïðîìiæíà äëÿ ïàðè (g, h) êóñêîâî ëiíiéíà
ôóíêöiÿ f : I → R, ùî f(b) = γ.

Òåîðåìà 11. Íåõàé I = (a, b) äîâiëüíèé
iíòåðâàë â R, ñêií÷åííèé ÷è íåñêií÷åííèé,
x0 ∈ I, (g, h) � ñòðîãà ïàðà Ãàíà íà I, i
g(x0) < y0 < h(x0). Òîäi iñíó¹ ñòðîãî ïðîìi-
æíà äëÿ ïàðè (g, h) êóñêîâî ëiíiéíà ôóíêöiÿ
f : I → R, òàêà, ùî f(x0) = y0.

9. Ïðèêëàäè.
Ïîêàæåìî, ùî êîëè g(x) = h(x) õî÷à á

â îäíié òî÷öi, òî ïðîìiæíi êóñêîâî ëiíiéíi
÷è íåñêií÷åííî äèôåðåíöiéîâíi ôóíêöi¨ ìî-
æóòü íå iñíóâàòè.

Ïðèêëàä 1. Äëÿ òî÷îê xn = 1
n
ç âiäðiç-

êà [0, 1] ïîáóäó¹ìî ôóíêöi¨ g : [0, 1] → R i
h : [0, 1] → R, ïîêëàäàþ÷è g(0) = h(0) = 0,
g(xn) = −2xn

3
i h(xn) = −xn

3
, ÿêùî n ïàðíå,

g(xn) = xn
3
i h(xn) = 2xn

3
, ÿêùî n íåïàðíå,

i ââàæàþ÷è, ùî ôóíêöi¨ g i h ëiíiéíi íà êî-
æíîìó âiäðiçêó [xn+1, xn].

Ìà¹ìî, ùî g(0) = h(0) i g(x) < h(x) íà
(0, 1]. Ëåãêî ïåðåâiðèòè, ùî ôóíêöi¨ g i h íå-
ïåðåðâíi. Ïîêàæåìî, ùî äëÿ ïàðè Ãàíà (g, h)
íà [0, 1] íå iñíó¹ ïðîìiæíî¨ êóñêîâî ëiíiéíî¨
ôóíêöi¨. Ñïðàâäi, íåõàé f : [0, 1] → R � ïðî-
ìiæíà ôóíêöiÿ äëÿ ïàðè (g, h). Ïîêàæåìî,
ùî íà êîæíîìó âiäðiçêó [xn+2, xn] ôóíêöiÿ
f íå ìîæå áóòè ëiíiéíîþ. ßêùî n ïàðíå, òî

f(xn) ≤ h(xn) = −xn
3
< 0 <

<
xn+1

3
= g(xn+1) ≤ f(xn+1)

i
f(xn+2) ≤ h(xn+2) = −xn+2

3
< 0 <

<
xn+1

3
= g(xn+1) ≤ f(xn+1),

îòæå, f(xn) < f(xn+1) i f(xn+1) > f(xn+2),
à xn+2 < xn+1 < xn. Òàêèì ÷èíîì, ôóí-
êöiÿ f íå ¹ ìîíîòîííîþ íà In, à çíà÷èòü,
íå ¹ i ëiíiéíîþ íà In. ßêùî n íåïàðíå, òî
f(xn+1) < f(xn) i f(xn+2) > f(xn+1) i çíîâó
f íå ìîíîòîííà, à òîìó i íå ëiíiéíà íà In.

Òåïåð çðîçóìiëî, ùî f íå ìîæå áóòè êó-
ñêîâî ëiíiéíîþ íà [0, 1], iíàêøå á iñíóâàëî
òàêå ÷èñëî c ∈ (0, 1), ùî f ëiíiéíà íà [0, c],
àëå xn → 0, òîìó ïðè äîñòàòíüî âåëèêèõ n
âèêîíóþòüñÿ íåðiâíîñòi 0 < xn+2 < xn < c,
à òîäi In ⊆ [0, c] i f ëiíiéíà íà In, ùî íåìî-
æëèâî.
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Ïðèêëàä 2. Âiçüìåìî g(x) = |x|, h(x) =
2|x|. Ïîêàæåìî, ùî íå iñíó¹ ïðîìiæíî¨ äè-
ôåðåíöiéîâíî¨ ôóíêöi¨ äëÿ ïàðè (g, h) íà
[−1, 1].

Íåõàé òàêà ôóíêöiÿ f iñíó¹. Òîäi ïðè
∆x > 0:

|∆x|
∆x

=
g(∆x)

∆x
≤ f(∆x)

∆x
≤ h(∆x)

∆x
=

2|∆x|
∆x

.

Îòæå, lim
∆x→+0

∆x
∆x

≤ lim
∆x→+0

f(∆x)
∆x

≤ lim
∆x→+0

2∆x
∆x
.

Çâiäêè 1 ≤ f ′(0) ≤ 2.
Ç iíøîãî áîêó, |∆x|

∆x
≥ f(∆x)

∆x
≥ 2|∆x|

∆x
ïðè

∆x < 0, à îòæå, lim
∆x→−0

|∆x|
∆x

≥ lim
∆x→−0

f(∆x)
∆x

≥

lim
∆x→−0

2|∆x|
∆x

çâiäêè, −1 ≥ f ′(0) ≥ −2.

Îòðèìàíà ñóïåðå÷íiñòü ïîêàçó¹, ùî ïðî-
ìiæíî¨ äèôåðåíöiéîâíî¨ ôóíêöi¨ äëÿ ïàðè
(g, h) íà [−1, 1] íå iñíó¹.
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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÏÐÎ ÇÂ'ßÇÎÊ ÌIÆ ÔÓÍÄÀÌÅÍÒÀËÜÍÈÌÈ ÐÎÇÂ'ßÇÊÀÌÈ
ÏÀÐÀÁÎËI×ÍÈÕ ÐIÂÍßÍÜ I ÐIÂÍßÍÜ Ç ÄÐÎÁÎÂÈÌÈ ÏÎÕIÄÍÈÌÈ

Âñòàíîâëþ¹òüñÿ çâ'ÿçîê ìiæ ôóíêöiÿìè Ãðiíà çàäà÷i Êîøi äëÿ ïàðàáîëi÷íèõ ðiâíÿíü
i âiäïîâiäíèõ ðiâíÿíü ç äðîáîâîþ ïîõiäíîþ. Íà éîãî îñíîâi âèâîäÿòüñÿ îöiíêè êîìïîíåíò
ôóíêöi¨ Ãðiíà i áóäó¹òüñÿ ðîçâ'ÿçîê òà ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi çi çìiííèìè
êîåôiöi¹íòàìè ôðàêòàëüíèõ ðiâíÿíü.

It is established the connection between Green functions of the Cauchy problem for parabolic
equations and related equations with fractional derivative. On the basis of such connection esti-
mates of component of Green function are derived and the solution and the fundamental solution
of the Cauchy problem with variable coe�cients of fractal equations are constructed.

Âñòóï
Çàäà÷i äëÿ ðiâíÿíü ç ÷àñòèííèìè ïîõi-

äíèìè âèíèêàþòü ïðè ìîäåëþâàííi ðiçíèõ
ñêëàäíèõ ÿâèù i ïðîöåñiâ ó ñó÷àñíîìó ïðè-
ðîäîçíàâñòâi, òåõíiöi, ìàòåìàòè÷íié ôiçèöi,
êâàíòîâié ìåõàíiöi, òåîði¨ ÿäåðíèõ ëàíöþãî-
âèõ ðåàêöié, åêîíîìiöi åêîëîãi¨ òîùî. Êëà-
ñè÷íi ðîçâ'ÿçêè çàäà÷i Êîøi é êðàéîâèõ çà-
äà÷ âèâ÷àëèñü â ìîíîãðàôiÿõ Ò.ß. Çàãîðñêî-
ãî, Ñ.Ä. Åéäåëüìàíà, Î.Î. Ëàäèæèíñüêî¨,
Ñ.Ä. Iâàñèøåíà, Á.É. Ïòàøíèêà òà ií.

Çàäà÷i ç äðîáîâèìè ïîõiäíèìè áóëè ïðå-
äìåòîì äîñëiäæåíü áàãàòüîõ ìàòåìàòèêiâ ó
ðiçíi ïåðiîäè: Ë. Åéëåðîì, Æ. Ëióâiëëåì òà
Ðiìàíîì, Æ. Àäàìàðîì, Ñ. Ñàìêî i À. Êií-
áàñîì, À. Íàõóøåâèì òîùî. Îñíîâè äðîáî-
âîãî iíòåãðî-äèôåðåíöiþâàííÿ ïîäàíî ó ïî-
ñiáíèêó Í.Î. Âið÷åíêî i Â.ß. Ðèáàêà [1], äå
ïðîàíàëiçîâàíî áiëüøå äâîõñîò ïóáëiêàöié.

Äëÿ ðiâíÿíü ïàðàáîëi÷íîãî òèïó òåïåð
îïóáëiêîâàíî âiò÷èçíÿíèìè i çàðóáiæíèìè
ìàòåìòàèêàìè ðÿä âèçíà÷íèõ ïðàöü. Çîêðå-
ìà, ó êíèçi Ñ.Ä. Åéäåëüìàíà, Ñ.Ä. Iâàñèøå-
íà, À.Í. Êî÷óáåÿ [3] çà äîïîìîãîþ ôóíêöié
Ôîêñà âèâ÷åíî âëàñòèâîñòi ôóíêöi¨ Ãðiíà çà-
äà÷i Êîøi äëÿ ðiâíÿíü äðóãîãî ïîðÿäêó, ìå-
òîäîì �. Ëåâi ïîáóäîâàíî ôóíäàìåíòàëüíèé
ðîçâ'ÿçîê i âñòàíîâëåíî êîðåêòíiñòü öi¹¨ çà-
äà÷i.

Ó öié ñòàòòi, ÿêà ñêëàäà¹òüñÿ iç äâîõ ÷à-
ñòèí, êîìïîíåíòè ôóíêöi¨ Ãðiíà çàäà÷i Êîøi

äëÿ ðiâíÿíü ç äðîáîâîþ ïîõiäíîþ âèçíà÷à-
þòüñÿ çà äîïîìîãîþ ôóíêöi¨ Ãðiíà âiäïîâiä-
íîãî ïàðàáîëi÷íîãî ðiâíÿííÿ. Íåçàëåæíî âiä
ïîðÿäêó ðiâíÿííÿ i ÷èñëà ïðîñòîðîâèõ çìií-
íèõ âñòàíîâëþ¹òüñÿ ¹äèíèé ïiäõiä äî îöiíîê
êîìïîíåíò ôóíêöi¨ Ãðiíà. Âií áàçó¹òüñÿ íà
çîáðàæåííi iíòåãðàëiâ Ëàïëàñà ïî ñïåöiàëü-
íèõ êîíòóðàõ.

Ó äðóãié ÷àñòèíi äîñëäæåííÿ ðîçãëÿäà-
¹òüñÿ çàäà÷à Êîøi äëÿ ðiâíÿíü çi çìiííè-
ìè êîåôiöi¹íòàìè. Çà äîïîìîãîþ îá'¹ìíî-
ãî ïîòåíöiàëà çàäà÷à çâîäèòüñÿ äî íåðåãó-
ëÿðíîãî iíòåãðàëüíîãî ðiâíÿííÿ Âîëüòåððà�
Ôðåäãîëüìà ç ÿäðîì iç êëàñó Äiíi. Áóäó-
¹òüñÿ ðåçîëüâåíòà i âñòàíîâëþ¹òüñÿ êîðå-
êòíiñòü çàäà÷i Êîøi â íîðìîâàíèõ ïðîñòî-
ðàõ Äiíi.

�1. Ôóíêöiÿ Ãðiíà çàäà÷i Êîøi

Ó ïiâïðîñòîði Π = (0,∞) × En ðîçãëÿíå-
ìî çàäà÷ó Êîøi äëÿ ðiâíÿíü ïàðàáîëi÷íîãî
òèïó

∂u

∂t
=
∑
|k|≤2b

AkD
k
xu+ f(t, x), (1)

u|t=0 = φ(x).

À òàêîæ öþ çàäà÷ó äëÿ ðiâíÿííÿ ç ìîäèôi-
êîâàíèì îïåðàòîðîì äðîáîâîãî äèôåðåíöiþ-
âàííÿ

Dα
t u1 −

u1(0, t)

Γ(1− α)tα
=
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=
∑
|k|≤2b

AkD
k
xu1 + f1(t, x). (2)

Äëÿ çíàõîäæåííÿ ðîçâ'ÿçêiâ ñêîðèñòà¹-
ìîñü ïåðåòâîðåííÿìè Ôóð'¹ i Ëàïëàñà

F (t, σ) = Ff(t, x) =

∫
En

e−iσxf(t, x)dx, (3)

Lf1(t, x) = ψ(p, x) =

∞∫
0

e−ptf1(t, x)dt, (4)

äå f ∈ L1(En), f1 � îðèãiíàë. Îïåðàòîðè F
i L ìàþòü îáåðíåíi F−1 i L−1, ç äîïîìîãîþ
F−1 ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êî-
øi (1) âèçíà÷à¹òüñÿ ôîðìóëîþ

G0(t, x) = F−1Q(t, σ) =

=
1

(2π)n

∫
En

eiσxQ(t, σ)dσ, (5)

äå Q(t, σ) = exp{A(iσ)t} � íîðìàëüíèé
ðîçâ'ÿçîê ðiâíÿííÿ

dv

dt
=
∑
|k|≤2b

Ak(iσ)
kv(t, σ) ≡ A(iσ)v,

σ ∈ En, i =
√
−1.

Ïðèïóñòèìî, ùî ðiâíÿííÿ (1) ïàðàáîëi-
÷íå, ïðè÷îìó ôóíêöiÿ G(t, x) çàäîâîëüíÿ¹
íåðiâíîñòi [2]

|Dk
xG0(t, x)| ≤ ckt

−n+|k|
2b e−cp(t,x), (6)

äëÿ âñiõ t ∈ (0,∞), ck, c � äîäàòíi ñòàëi,

ρ0(t, x) =
(
|x|t− 1

2b

)q0
, q0 =

2b

2b− 1
. Çàóâàæè-

ìî, ùî äëÿ |x| < 1 ñïðàâäæó¹òüñÿ íåðiâíiñòü
[2]

T∫
0

t−
n+|k|
2b e−ρ0(t,x)dt ≤

≤ cT


1, n+ |k| < 2b,
ln 1

|x| + 1, n+ |k| = 2b,

|x|−(n+|k|−2b), n+ |k| > 2b.

Çàñòîñó¹ìî äî ðiâíÿííÿ (2) ïåðåòâîðåííÿ
Ôóð'¹ Ëàïëàñà, òîäi îòðèìà¹ìî ðiâíÿííÿ

pαv1(p, σ)− pα−1φ̃1(σ) =

=
∑
|k|≤2b

Ak(iσ)v1 + f̃1(p, σ). (7)

Çâiäñè çíàõîäèìî

v1(p, σ) =
φ̃1(σ)p

α−1

pα − A(iσ)
+

f̃1(p, σ)

pα − A(iσ)
, (8)

A(σ) ≡
∑
|k|≤2b

Ak(iσ)
k.

Â ðåçóëüòàòi çàñòîñóâàííÿ îáåðíåíîãî îïå-
ðàòîðà Ôóð'¹-Ëàïëàñà äî îáîõ ÷àñòèí ðiâ-
íîñòi òà òåîðåìè ïðî ïåðåòâîðåííÿ Ôóð'¹-
Ëàïëàñà çãîðòêè áóäåìî ìàòè

u1(t, x) =

∫
En

G1(t, x− ξ)φ1(ξ)dξ+

+

t∫
0

dτ

∫
En

G2(t− τ, x− ξ)f1(τ, ξ)dξ. (9)

Òóò ïîçíà÷åíî

G1(t, x) = F−1
σ L−1

p

(
pα−1

pα − A(iσ)

)
=

= 1
(2π)n+1i

a+iσ∫
a−iσ

ept
∫
En

eiσx
(

pα−1

pα−A(σ)

)
dσdp;

G2(t, x) = F−1L−1
p

(
1

pα − A(iσ)

)
=

= L−1
p

{∞∫
0

e−p
ατG0(τ, x)dτ

}
.

(10)
Òåîðåìà 1 (ïðî ôóíêöiþ Ãðiíà).

ßêùî ðiâíÿííÿ (1) ïàðàáîëi÷íå, òî êîìïî-
íåíòè ôóíêöi¨ Ãðiíà çàäà÷i äëÿ ðiâíÿííÿ
(2) âèçíà÷àþòüñÿ ôîðìóëàìè (10) i äëÿ íèõ
ñïðàâäæóþòüñÿ íåðiâíîñòi

|Dk
xG1(t, x)| ≤

≤ cke
−cρ(x̂)t−

n+|k|
2b

αΨn+|k|−2b(x̂), (11)

|Dk
xG2(t, x)| ≤

≤ cke
−cρ(x̂)t−α

n+|k|
2b

−1+αΨn+|k|−2b(x̂), (12)

äå äëÿ |x| < 1

Ψm(x) =

 1, m < 0,
| ln |x||+ 1, m = 0,

|x|−m, m > 0,
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à ïðè |x| ≥ 1 Ψm(x) = Ψm(1) i m ∈ E1,

ρ(x̂) =

(
|x|
t

α
2b

)q
, q =

2b

2b− α

|DtG1(t, x)| ≤ ct−
nα+2b

2b Ψn−2b|x̂|e
−c|x̂|q . (13)

Äëÿ ôóíêöié φ ∈ c(ω)(En), f ∈
c(ω)((0, T ) × En) ðîçâ'ÿçîê çàäà÷i Êîøi (1),
(2) âèçíà÷à¹òüñÿ ôîðìóëîþ (9) i äëÿ íüîãî
ïðàâèëüíà íåðiâíiñòü

|Dk
xu(t, x)| ≤ ck

[
t−

|k|
2b (|φ|ω + |f1|ω)

]
,

|k| ≤ 2b.

Äîâåäåííÿ. Î÷åâèäíî ïðàâèëüíà ðiâ-
íiñòü

1

pα − A(iσ)
=

∞∫
0

e−(pα−A(iσ))τdτ.

Òîìó çãiäíî ç ôîðìóëîþ (5) ìà¹ìî çîáðàæå-
ííÿ

G1(t, x) = F−1L−1

 ∞∫
0

e
−(pα−A(iσ))τ
pα−1 dτ

 =

= L−1

 ∞∫
0

e−p
ατ

pα−1 F
−1
σ

(
eA(iσ)τ

)
dτ

 =

= L−1
p

 ∞∫
0

e−p
ατ

pα−1 G0(τ, x)dτ

 . (14)

Ç äðóãîãî áîêó òàêîæ çíàõîäèìî

G1(t, x) = F−1L−1

 pα−1

pα
(
1− A

pα

)
 =

= F−1L−1

(
1

p

∞∑
k=0

Ak

pαk

)
äëÿ |A(iσ)| < |p|α. Ñêîðèñòà¹ìîñü ñïiââiäíî-
øåííÿì

L−1p−αk−1 =
1

2πi

∫
Repα≥|A(σ)|

eptp−αk−1dp =

=
tαk

Γ(αk + 1)
, (k = 0, 1, ...),

ÿêå ëåãêî ïåðåâiðÿ¹òüñÿ, ÿêùî äî îáîõ ÷à-
ñòèí çàñòîñóâàòè ïðÿìå ïåðåòâîðåííÿ Ëà-

ïëàñà

∞∫
0

e−pttαkdt = p−(k+α+1)Γ(αk + 1).

Îòæå, ïðèõîäèìî äî òàêîãî çîáðàæåííÿ
ôóíêöi¨

G1(t, x) = F−1

(
∞∑
k=0

Aktαk
1

Γ(αk + 1)

)
=

= F−1
σ Eα(A(iσ)t

α), (15)

äå Eα(t) =
∞∑
k=0

tk

Γ(αk + 1)
� ôóíêöiÿ Ìiòòàã-

Ëåôëåðà.
Îöiíèìî ôóíêöiþ G1(t, x) òà ¨¨ ïîõiäíi,

âèõîäÿ÷è iç çîáðàæåííÿ (14). Ïîçíà÷èìî
ôóíêöiþ ïiä çíàêîì îïåðàòîðà L−1

p ÷åðåç
φα(p, x) i ïðîäèôåðåíöiþ¹ìî.

Áóäåìî ìàòè

Dk
xφα(p, x) =

∞∫
0

e−p
ατDk

xG0(τ, x)dτ.

Äëÿ ïîõiäíèõ Dk
xG1, ïîêëàäàþ÷è p = zt−1,

τ = βt, îòðèìó¹ìî ôîðìóëó

Dk
xG1(t, x) =

1

2πi

a+i∞∫
a−i∞

eptpα−1Dk
xφα(p, x)dp =

=
t−α

2πi

at+i∞∫
at−i∞

ezDk
xφα(zt

−1, x)zα−1dz =

=
1

2πi

a+i∞∫
a−i∞

ezzα−1

∞∫
0

e−z
αβDk

xG0(t
αβ, x)dβdz.

(16)
Ñïî÷àòêó îöiíèìî ôóíêöiþ

Dk
xφα(zt

−1, x). Çðîáèâøè çàìiíó τ = tαβ,
áóäåìî ìàòè

Dk
xφα(zt

−1, x) = tα
∞∫
0

e−z
αβDk

xG0(t
αβ, x)dβ.
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Çà äîïîìîãîþ íåðiâíîñòi (6) çíàõîäèìî

|Dk
xφα(zt

−1, x)| ≤

≤ ctα
∞∫
0

e−(Rezα)β−cp(β,x̂)β−n+|k|
2b dβt−

n+|k|
2b

α.

Ñêîðèñòà¹ìîñü íåðiâíiñòþ [2, c. 153]

−Aβ − C1(|x̂|β− 1
2b )q ≤ −C0A

1
2b |x̂|, (17)

äå C0 =
2bC

1
q

1

(2b− 1)
1
q

, 0 < c1 < c, A > 0.

ßêùî ñêîðèñòàòèñü ëåìîþ 7.1 [2], òî äëÿ
ReZα ≥ c(φ) > 0 îòðèìà¹ìî

|Dk
xφα(zt

−1, x)| ≤ Cke
−(1−ε)(Rezα) 1

2b |x̂|×

×t−
n+|k|−2b

2b
α

∞∫
0

e−ε(Rez
α)β−ερ(β,x̂)β−n+|k|

2b dβ ≤

≤ Cke
−Cε(Rezα)

1
2b |x̂|Ψn+|k|−2b(x̂)×

×t−
n+|k|−2b

2b
α. (18)

Â iíòåãðàëi (16) äëÿ DkG1(t, x)
ïiäiíòåãðàëüíà ôóíêöiÿ Ψk(z) ≡
ezzα−1Dk

zφα(zt
−1, x) àíàëiòè÷íà â îáëà-

ñòi Z = {Z = (a1 + iv1)e
iφ0 , a1 > 0, |v1| <

∞, 0 < φ0 <
ε

4
}.

Ó îáëàñòi Z ìiñòèòüñÿ îáëàñòü Ca =
{Z,Z = a + ivei(sgnv)φ0 , a > 0}, ÿêà ñêëàäà-
¹òüñÿ iç äâîõ ïðÿìèõ íà ïëîùèíi, ùî âèõî-
äÿòü ç òî÷êè (a, 0) ïiä êóòîì φ0 ç óÿâíîþ
âiññþ ïðè v ≥ 0 i (−φ0) ïðè v ≤ 0.

ßêùî z = |z|eiψ, z ∈ Ca, cosψ = Rez
|z| , òî

cos(φ0 +
π

2
) = − sinφ0 ≤ cosψ =

=
Rez = a− |v| sinφ0√

(a− v sinφ0)2 + v2 cos2 φ0

≤ 1, (19)

òîáòî 0 ≤ ψ(v) ≤ φ0 +
π

2
, v ∈ (0,∞);

cosψ(0) = 1 + cosψ(∞) = cos(
π

2
+ φ0) < 0,

a cosφ0 ≤ |z(v)| ≤
√
v2 + a2.

Ó ôîðìóëi (16) iíòåãðàë ïî êîíòóðó
Áðîìâi÷à (a−i∞; a+i∞) ìîæíà çàìiíèòè íà
êîíòóð Ca. Ñïðàâäi, íåõàé z = z1 + iz2. Òî-
äi ôóíêöiÿ f(z) â iíòåãðàëi âíàñëiäîê îöiíêè
(6) çàäîâîëüíÿ¹ íåðiâíiñòü

|fk(z)| ≤ eRez|z|α−1ec[Re(z1+iz2)
α]

1
2b ≤

≤ Cke
z1−c|z|

α
2b cosψα|x̂|Ψk(x̂)|z|α−1 (20)

i âîíà â îáëàñòi Z àíàëiòè÷íà. Çà òåîðåìîþ
Êîøi (äèâ. ðèñ.)∫
aA

f(z)dz +

∫
AB

f(z)dz +

∫
Ca≃Ba

f(z)dz = 0.

Äëÿ òî÷îê z ∈ Ca cosαψ ≥ cosα
(π
2
+ φ0

)
=

γ > 0, ÿêùî 0 < φ0 <

(
1

α
− 1

)
π

2
. Òîìó

lim
z2→∞

fk(z1 + iz2) = 0, z1 ∈ (−∞, a], x̂ ̸= 0

lim
z2→∞

∫
AB

fk(z1 + iz2)dz1 =

= lim
z2→∞

a∫
−∞

fk(z1 + iz2)dz1 = 0.

Îòæå, çíàõîäèìî, ùî

lim
z2→∞

∫
aA

fk(z1 + iz2)dz1 =

a+i∞∫
a−i∞

f(z)dz =

=

∫
Ca∗

f(z)dz.

Òåïåð îöiíèìî ïîõiäíi Dk
xG1(t, x). Çãiäíî

ç ôîðìóëîþ (16)

Dk
xG1(t, x) = 2πi

∫
Ca

fk(z, t, x)dz =
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=
t−α

2πi

∞∫
0

fk(z(v), t, x)dv.

Âðàõîâóþ÷è íåðiâíîñòi Rezα ≥ γ > 0, (19),
(20), áóäåìî ìàòè ïðè |x̂| < 1

|Dk
xG1(t, x)| ≤ Ckt

−αn+|k|
2b ×

×
∞∫
0

ea−v sinφ0−c(a cosφ0)
α
2b γ|x̂|(a cosφ0)

α−1dv×

×Ψk(x̂) ≤ Ck(a)t
−αn+|k|

2b Ψn+|k|−2b(x̂). (21)

ßêùî |x̂| ≥ 1, òî â iíòåãðàëi Dk
xG1 ïî êîí-

òóðó Ca âèêîíà¹ìî çàìiíó z = |x̂|yξ. Îòðè-
ìà¹ìî

Dk
xG1(t, x) =

=
1

2πi

∫
Ca|x̂|y

eξ|x̂|
y

Dk
xG1(t, x̂

yξ, x)|ξ|−1dξ|x̂|yαt−α.

Çíîâó ç äîïîìîãîþ òèõ æå íåðiâíîñòåé çíà-
õîäèìî

|Dk
xG1(t, x)| ≤ Ckt

−αn+|k|
2b Ψn+|k|−2b(x̂)×

×
∞∫
0

e(a−v sinφ0)|x̂|y−c2a
α
2b γ|x̂||x̂|y α

2bdv|x̂|yα.

Îñêiëüêè q
α

2b
+1 =

2b

2b− α
· α
2b

+1 =
2b

2b− α
=

q i ïðè äîñèòü ìàëîìó a : a − c2a
α
2b = −c3,

c3 > 0, òî äëÿ |x̂| ≥ 1 ñïðàâäæó¹òüñÿ íåðiâ-
íiñòü

|Dk
xG1(t, x)| ≤ CkΨn+|k|−2b(x̂)×

×t−α
n+|k|
2b |x̂|yαe−c3|x̂|y0

∞∫
0

e−v sinφ0dv ≤

≤ CkΨn+|k|−2b(x̂)e
−c4|x̂|qt−α

n+|k|
2b . (22)

Çíàõîäèìî ùå ïîõiäíó DtG1 iç (16):

DtG1 =
1

2πi

a+i∞∫
a−i∞

eptpα−1Φα(p, x)dp.

ßêùî âèêîíàòè çàìiíó p = zt−1, à â iíòå-
ãðàëi Φα(zt

−1, x) ââåñòè çàìiíó τ = βtα, òî
îòðèìà¹ìî

DtG1(t, x) =
1

2πi
t−1

at+i∞∫
at−i∞

ezzαΦα(t
−1z, x)dz =

=
t−1

2πi

a+i∞∫
a−i∞

dz

∞∫
0

e−βz
α+zzαG0(βt

αz, x)dβ.

Âíàñëiäîê ïåðåõîäó â iíòåãðàëi ïî z íà
êîíòóð iíòåãðóâàííÿ Ca i ïîâòîðåííÿì ïðî-
âåäåíèõ îöiíîê áóäåìî ìàòè

|DtG1(t, x)| ≤ ct−
αn+2b

2b Ψn−2b(x̂)e
−c|x̂|y0 .

Çâiäñè äëÿ |x| < t
α
2b

|DtG1| ≤

≤ e−|x̂|y0


t−

αn+2b
2b , n < 2b,

t−1−α|x|−n+2b, n > 2b,

t−|1+α|
[
ln

|x|
t

α
2b

+ 1

]
, n = 2b,

(23)
à ïðè |x| > t

α
2b îòðèìó¹ìî |DtG1(t, x)| ≤

ce−|x̂|y .
Ùå îöiíèìî äðîáîâó ïîõiäíó Dα

t G1(t, x)
i ïîðiâíÿ¹ìî ç DtG1. Ôóíêöiÿ G1(t, x) ïðè
(t, x) ̸= 0 çàäîâîëüíÿ¹ ðiâíÿííÿ

Dα
t G1(t, x) =

∑
|k|≤2b

AkD
kG1(t, x).

Çãiäíî ç íåðiâíiñòþ (22) ìà¹ìî, ùî

|Dα
t G1(t, x)| ≤ C|D2b

x G1(t, x)| ≤

≤ CΨn(x̂)t
−αn+2b

2b e−c|x̂|
y0 .

Òîìó,
|Dα

t G1(t, x)| ≤

≤ c

{
t−α|x|−n, |x| < t

α
2b ,

t−α
n+2b
2b e−c|x̂|

y0 , |x| > t
α
2b .

(24)

Âëàñòèâîñòi ôóíêöi¨ Ãðiíà

Âëàñòèâiñòü 1.Ôóíêöiÿ G1(t, x) ìà¹ òà-
êó âëàñòèâiñòü

I1 =

∫
En

G1(t, x− ξ)dξ = Eα(A(0)t
α) =
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= Eα(A0t
α). (25)

Çîêðåìà, ÿêùî â ðiâíÿííi (1) A0 = 0, òî
Eα(0) = 1 i òîìó∫

En

G1(t, x− ξ)dξ = 1.

Äîâåäåííÿ. Çãiäíî ç ôîðìóëîþ (15)

I1 =

∫
En

G1(t, x− ξ)dξ =

=

∫
En

∫
En

eiσ(x−ξ)Eα(A(iσ)t
α)dσdξ.

Ïiñëÿ çàìiíè ïîðÿäêó iíòåãðóâàííÿ çà âëà-
ñòèâiñòþ δ(x)�ôóíêöi¨ îòðèìà¹ìî

I1 =

∫
En

Eα(A(iσ)t
α)

∫
En

eiσ(x−ξ)dσ =

=

∫
En

Eα(A(iσ)t
α)δ(σ)dσ =

= Eα(A(0)t
α) = Eα(A0t

α).

Àíàëîãi÷íî äîâîäèòüñÿ òàêå òâåðäæåííÿ.
Âëàñòèâiñòü 2. Äëÿ êîìïîíåíòè

G2(t, x) ïðàâèëüíà ðiâíiñòü

I2(t) =

∫
En

G2(t, x− ξ)dξ =

=


1

Γ(α)
tα−1, ÿêùî A0 = 0,

1

Γ(α)
tα−1 + o(tα−1), ÿêùî A0 ̸= 0, t→ 0.

�2. Çàäà÷à Êîøi äëÿ ðiâíÿíü çi
çìiííèìè êîåôiöi¹íòàìè

1. Âëàñòèâîñòi îá'¹ìíîãî ïîòåíöiàëà
Ðîçãëÿíåìî ðiâíÿííÿ ç êîåôiöi¹íòàìè,

ÿêi çàëåæàòü âiä ïàðàìåòðà y ∈ En:

∂u

∂t
=
∑
|k|≤2b

Ak(y)D
ku.

ßêùî Ak ∈ C(ω)(En), òî äëÿ ïðèðîñòó ôóí-
êöi¨ Ãðiíà ïðàâèëüíà íåðiâíiñòü [5]

|∆yD
k
xG0(t, x− ξ; y)| ≤

≤ Ckωk(|∆y|)(t− τ)−
n+|k|
2b e

−c
(

|x−ξ|

t
1
2b

)q0

.

Òóò ω(η) � ìîäóëü íåïåðåðâíîñòi Ak(y), ÿêèé
íàäàëi çàäîâîëüíÿ¹ óìîâó Äiíi

F (η) =

η∫
0

ω(t)t−1dt <∞.

Êîìïîíåíòè ôóíêöi¨ Ãðiíà G1(t, x, η),
G2(t, x, η), ÿêi âèçíà÷àþòüñÿ ôîðìóëàìè
(10), íàïðèêëàä

G1(t, x− ξ; y) =
1

2πi
×

×
a+i∞∫
a−i∞

eptpα−1

∞∫
0

e−p
ατG0(τ, x− ξ; y)dτ (26)

òàêîæ ïî ïàðàìåòðó y çàäîâîëüíÿòü âiäïî-
âiäíi íåðiâíîñòi (11) � (13), (23)

|∆yD
k
xG1(t, x− ξ; y)| ≤ Ckω(|∆y|)×

×e−cρ0(x̂−ξ)t−α
n+|k|
2b Ψn+|k|−2b(x̂− ξ).

|∆yDtG1(t, x− ξ; y)| ≤ Ckω(|∆y|)× (27)

×t−
αn+2b

2b e−cρ0(x̂−ξ)Ψn−2b(x̂− ξ).

|∆yD
k
xG2(t, x− ξ; y)| ≤ ω(∆y)×

×t−1+α+α
n+|k|
2b Ψn+|k|−2b(x− ξ)e−c|x̂−ξ|

q

.

Äàëi ðîçãëÿíåìî îá'¹ìíèé ïîòåíöiàë

V (t, x) =

t∫
0

dτ

∫
En

G2(t− τ, x− ξ, ξ)f(τ, ξ)dξ.

Ïîõiäíi D2b
x V çíàõîäÿòüñÿ çà ôîðìóëîþ

D2b
x V (t, x) =

t∫
0

dτ

∫
En

D2b
x G2(t− τ, x− ξ, ξ)×

×[f(τ, ξ)− f(τ, x)]dξ +

t∫
0

dτ×
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×
∫
En

[
D2b
x G2(t− τ, x− ξ, ξ)−

−D−2b
x G2(t− τ, x− ξ, x)

]
dξf(τ, x)+

+

t∫
0

dτ

∫
En

D−2b
x G2(t− τ, x− ξ, x)dξf(τ, x) ≡

≡ I1 + I2 + I3f. (28)

Iíòåãðàëè I1, I2 îöiíþþòüñÿ îäíàêîâî ç
âèêîðèñòàííÿì óìîâè Äiíi ôóíêöi¨ f ïî x
i öi¹¨ óìîâè äëÿ G2(t, σ, x− ξ, x) ïî òðåòüîìó
àðãóìåíòó. Òàê äëÿ I1 çíàõîäèìî

|I1| ≤ c

t∫
0

dτ

(t− τ)1−α

∫
En

e
−c
(

|x−y|

(t−τ)
α
2b

)q

×

×(t− τ)−α
n+2b
2b Ψn(x̂− y)ωf (|x− y|)dy|f |ω =

= c

t∫
0

dτ

(t− τ)1−α

∫
|x−y|≤(t−τ)

α
2b

e−c|x̂−y|
q×

×(t− τ)−α|x− y|−nωf (|x− y|)dy|f |ω+

+c

t∫
0

dτ

(t− τ)1−α

∫
|x−y|>(t−τ)

α
2b

e−c|x̂−y|
q×

×(t− τ)−α
n+2b
2b ωf (|x− y|)dy|f |ω.

Ó iíòåãðàëi ïåðøîãî äîäàíêó ïåðåéäåìî
äî ñôåðè÷íî¨ ñèñòåìè êîîðäèíàò, à â äðóãî-
ìó äîäàíêó ùå âèêîðèñòà¹ì âëàñòèâiñòü ìî-
äóëÿ íåïåðåðâíîñòi: ω(t)t−1 < 2ω(τ)τ−1 äëÿ
0 < τ < t. Áóäåìî ìàòè íåðiâíiñòü

|I1| ≤ c

t∫
0

dτ

(t− τ)

(t−τ)
α
2b∫

0

ωf (ρ)ρ
−1dρ|f |ω+

+c|f |ω

t∫
0

dτ

t− τ

∞∫
(t−τ)

α
2b

e
−c
(

ρ

(t−τ)
α
2b

)q

ρn−1×

×ωf ((t− τ)
α
2b )(t− τ)−

αn
2b dρ.

Çâiäñè, ïîêëàäàþ÷è ρ = (t− τ)
α
2b z, äiñòà¹ìî

ùî

|I1| ≤ c|f |ω
t
α
2b∫

0

Ff (τ)τ
−1dτ + Ff (t

α
2b ) ≡

≡ c|f |ωΦf (t
α
2b ).

Òàêà æ íåðiâíiñòü ñïðàâäæó¹òüñÿ i äëÿ I2
òiëüêè ç ìîäóëåì íåïåðåðâíîñòi êîåôiöi¹íòiâ
ðiâíÿííÿ.

Iíòåãðàë I3 äîðiâíþ¹ íóëåâi çà âëàñòèâi-
ñòþ ôóíêöi¨ G2. Îòæå, îñòàòî÷íî

|D2b
x V (t, x)| ≤ c0|f |ω[Fk[t

α
2b ] + Φf [t

α
2b ]]. (29)

Òåïåð çíàéäåìî äðîáîâó ïîõiäíó
Dα
t V (t, x) òà îöiíèìî ¨¨ âèðàç. Çãiäíî ç

âèçíà÷åííÿì Dα
t V (t, x) = DtI

1−α
t V (t, x).

Ïîçíà÷èìî I1−αt V (t, x) ≡ W (t, x) i âèðà-
çèìî W ÷åðåç ôóíêöiþ G1, âðàõîâóþ÷è,
ùî G2(t, x − ξ, ξ) = D1−α

t G1(t, x − ξ, ξ).
Î÷åâèäíî, ìà¹ìî

W (t, x) =
1

Γ(α)

t∫
0

dτ

(t− τ)α

τ∫
0

dβ×

×
∫
En

D1−α
τ G1(τ − β, x− ξ, ξ)f(β, ξ)dξ.

Çìiíèìî ïîðÿäîê iíòåãðóâàííÿ, îòðèìà¹-
ìî

W (t, x) =

t∫
0

dβ

(
1

Γ(α)

) t∫
β

dτ

(t− τ)α
×

×
∫
En

D1−α
τ G1(τ − β, x− ξ, ξ)f(β, ξ)dξ.

Îñêiëüêè I1−αt (D1−α
t f) = f , òî

W (t, x) =

t∫
0

dτ×

×
∫
En

G1(τ − τ, x− ξ, ξ)f(τ, ξ)dξ. (30)
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Îòæå, Dα
t V (t, x) = DtW . Àëå DtW çíà-

õîäèòüñÿ çà ôîðìóëîþ, ÿêà àíàëîãi÷íà â [2].
Òîìó îòðèìó¹ìî, ùî

Dα
t V (t, x) =

∫
En

G1(t−τ, x−ξ, ξ)f(τ, ξ)dξ|τ=t+

+

t∫
0

dτ

∫
En

∂

∂t
G1(t− τ, x− ξ, ξ)f(τ, ξ)dξ =

= f(t, x) +

t∫
0

dτ

∫
En

∂G

∂t
[f(τ, ξ)− f(τ, x)]dξ+

+f(t, x) +

t∫
0

dτ

∫
En

[
∂

∂t
G1(t− τ, x− ξ, ξ)−

− ∂

∂t
G1(t− τ, x− ξ, x)

]
dξf(τ, x)+

+

t∫
0

f
∂

∂t

∫
En

G1(t− τ, x− ξ, x)dξ =

= f +H1 +H2 +H3.

Iíòåãðàëè H1 i H2 îöiíþþòüñÿ îäíàêîâî ç
âèêîðèñòàííÿì ãåëüäåðîâîñòi f(t, x) i G1 ïî
òðåòüîìó àðãóìåíòó òà îöiíêè (27):

|H1| ≤ c|f |ω

t∫
0

dτ

∫
En

e−c|x̂−ξ|
q

(t− τ)−
nα+2b

2b ×

×ωf (|x− ξ|)Ψn−2b(x̂− ξ)dξ = c|f |ω

t∫
0

dτ×

×
∫

|x−ξ|≤(t−τ)
α
2b

e−c|x̂−ξ|
q

(t−τ)−
nα+2b

2b ωf (|x−ξ|)×

×Ψn−2b(x̂− ξ)dξ + c|f |ω

t∫
0

dτ×

×
∫

|x−ξ|≥(t−τ)
α
2b

e−c|x̂−ξ|
q

(t− τ)−
nα+2b

2b ×

×ωf (|x− ξ|)Ψn−2b(x̂− ξ)dξ = H
(1)
1 +H

(2)
1 .

Äëÿ H
(1)
1 âíàñëiäîê ïåðåõîäó äî ñôåðè-

÷íî¨ ñèñòåìè êîîðäèíàò îòðèìó¹ìî íåðiâ-
íiñòü

H
(1)
1 ≤ c|f |ω

t∫
0

dτ

(t−τ)
α
2b∫

0

ω
(
(t− τ)

α
2b

)
t− τ

×

×e
−
(

ρ

(t−τ)
α
2b

)q

pn−1

pn− 2b
dp = c|f |ωF (t

α
2b ).

Iíòåãðàë H(2)
1 îöiíþ¹òüñÿ àíàëîãi÷íî, àëå

ïðè öüîìó âèêîðèñòîâó¹òüñÿ âëàñòèâiñòü ìî-
äóëÿ íåïåðåðâíîñòi

H
(2)
1 ≤ c|f |ω

t∫
0

ω((t− τ)α)

t− τ
dτ×

×
∞∫

(t−τ)
α
2b

e
−
(

ρ

(t−τ)
α
2b

)q

ρn(t− τ)−
nα+α

2b dρ ≤

≤ c|f |ωF (t
α
2b ).

ÄëÿH3 ïðàâèëüíà íåðiâíiñòü |H3| ≤ c|f |c,
áî
∫
En

G1(t, x − ξ, x)dξ çà âëàñòèâiñòþ 1 ìà¹

îáìåæåíó ïîõiäíó ïî t. Îòæå, îòðèìó¹ìî íå-
ðiâíiñòü

|Dα
t V (t, x)| ≤

≤ |f |c + C0

[
Ff (t

α
2b ) + Fk(t

α
2b )
]
|f |ω. (31)

Òåîðåìà 2 (ïðî îá'¹ìíèé ïîòåíöi-
àë). Íåõàé êîåôiöi¹íòè Ak ðiâíÿííÿ íà-
ëåæàòü êëàñó C(ωk)(En), à ùiëüíiñòü ïî-
òåíöiàëà V (t, x) f ∈ C(ωf )(En+), ïðè÷îìó
ìîäóëi ωk(t) i ωf (t) çàäîâîëüíÿþòü óìîâè
t∫

0

ωk(τ)τ
−1dτ , Φf (t) =

t∫
0

Ft(τ)τ
−1dτ < ∞,

òî V (t, x) ìà¹ íåïåðåðâíi ïîõiäíi Dk
xV (t, x),

|k| ≤ 2b, Dα
t V (t, x), ÿêi çàäîâiëüíÿþòü íå-

ðiâíîñòi (29), (31),

|Dk
xV (t, x)| ≤ Ck|f |ct

2b−|k|
2b

α), |k| < 2b.
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2. Çâåäåííÿ çàäà÷i Êîøi äî iíòå-
ãðàëüíîãî ðiâíÿííÿ, ïîáóäîâà ðåçîëü-
âåíòè

Ó øàði Π = (0, T )×En ðîçãëÿíåìî çàäà÷ó
Êîøi äëÿ ìîäèôiêîâàíîãî ðiâíÿííÿ

D∗α
t u ≡ Dα

t u−
u(0, x)

Γ(1− α)tα
=

=
∑
|k|≤2b

Ak(x)Dku+ f(t, x), (32)

u|t=0 = φ(x). (33)

Ïîçíà÷èìî ÷åðåç
{
G

(0)
1 (t, x− ξ, y) ,

G
(0)
2 (t, x− ξ, y)

}
ôóíêöiþ Ãðiíà äëÿ ðiâíÿí-

íÿ iç "çàìîðîæåíèìè"êîåôiöi¹íòàìè â ãðóïi
ñòàðøèõ ÷ëåíiâ

D∗α
t u =

∑
|k|=2b

Ak(y)D
ku+ f(t, x), (34)

u|t=0 = φ(x).

Ðîçâ'ÿçîê çàäà÷i (32), (33) âiäøóêó¹ìî ó
âèãëÿäi ñóìè ïîòåíöiàëiâ

u(t, x) =

∫
En

G
(0)
1 (t, x− ξ, ξ)φ(ξ)dξ+

+

t∫
0

dτ

∫
En

G
(0)
2 (t− τ, x− ξ, ξ)µ(τ, ξ)dξ, (35)

äå àïðiîði µ(τ, ξ) � øóêàíà ôóíêöiÿ, ÿêà
ïðè (t, x) ̸= 0 çàäîâîëüíÿ¹ íåðiâíîìið-
íó óìîâó Äiíi. Ôóíêöiÿ G

(0)
1 (t, x − ξ, y)

çàäîâîëüíÿ¹ îäíîðiäíå ðiâíÿííÿ (32), à
G

(0)
2 (t, x−ξ, y) � ðiâíÿííÿDα

t G
(0)
2 (t, x−ξ, y) =∑

|k|=2b

Ak(y)D
k
xG

(0)
2 .

ßêùî äî ôóíêöi¨ u(t, x) iç (35) çàñòîñóâà-
òè îïåðàòîð D∗α

t −
∑
|k|≤2b

AkD
k
x i çàäîâîëüíèòè

ðiâíÿííÿ (32), òî íà îñíîâi ôîðìóë äëÿ ïîõi-
äíèõ ïîòåíöiàëiâ (28), (29) äëÿ µ(t, x) îòðè-
ìó¹ìî iíòåãðàëüíå ðiâíÿííÿ

µ(t, x) = F(t, x)+

+

t∫
0

dτ

∫
K(t, τ, x, ξ)µ(τ, ξ)dξ, (36)

äå

F(t, x) = f(t, x) +
φ(x)

Γ(1− α)tα
+

+

∫
En

∑
|k|≤2b

[Ak(x)− Ak(ξ)δ2b|k|]D
k
x×

×G(0)
1 (t, x− ξ, ξ)φ(ξ)dξ, (37)

δ2b|k| = 1, ÿêùî |k| = 2b; δ2b|k| = 0, ÿêùî
|k| < 2b.

|F(t, x)| ≤ |f |+ C|φ|ct−α
∫
En

e−ρ|x̂−ξ|
q×

×ω(|x− ξ|)
|x− ξ|n

dξ ≤ c

(
|f |c +

|φ|
tα

)
K(t− τ, x, ξ) ≡

∑
|k|=2b

[Ak(x)− Ak(ξ)]D
k
x×

×G(0)
2 (t−τ, x−ξ, ξ)+

∑
|k|<2b

Ak(x)D
kG

(0)
2 . (38)

Çãiäíî ç íåðiâíîñòÿìè (27) äëÿ G(0)
2 i óìî-

âîþ Ak ∈ c(ω) ìà¹ìî

|K(t− τ, x, ξ)| ≤

≤ Cω(|x− ξ|)|x− ξ|−n|t− τ |−1e−c|x̂−ξ|
q

, (39)

äå x̂− ξ = (x− ξ)/(t− τ)
α
2b .

Ïðè ïîáóäîâi ðåçîëüâåíòè äëÿ ÿäðà K
ñêîðèñòà¹ìîñÿ òàêîþ ëåìîþ.
Ëåìà. Äëÿ îá'¹ìíîãî iíòåãðàëà

It(t, τ, x, ξ) =

t∫
τ

dβ

t− β

∫
En

e−ε|x̂−y|
q×

×ω(|x− y|)
|x− y|

ω(|y − ξ|n)
|y − ξ|n

dy

ñïðàâäæó¹òüñÿ íåðiâíiñòü

It(t, τ, x, ξ) ≤ C
ω(|x− ξ|)
|x− ξ|n

Φ
(
(t− τ)

α
2b

)
,

C = C(ε, n), ε > 0.
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Äîâåäåííÿ. Ïðîâåäåìî âiäðiçîê, ÿêèé
ç'¹äíó¹ òî÷êè x i ξ, i ÷åðåç éîãî ñåðåäèíó
ïðîâåäåìî ïåðïåíäèêóëÿðíó ïëîùèíó. ×å-
ðåç Ex ïîçíà÷èìî òó ÷àñòèíó ïðîñòîðó, ÿêà
ìiñòèòü òî÷êó x, à ÷åðåç Eξ � òî÷êó ξ. ßêùî

y ∈ Ex, òî î÷åâèäíî, ùî |y − ξ| ≥ |x− ξ|
2

,

ÿêùî y ∈ Eξ, òî |x − y| ≥ |x− ξ|
2

. Òåïåð ií-

òåãðàë I çàïèøåìî ó âèãëÿäi

I =

t∫
τ

dβ

t− β

∫
Ex

e−ε|x̂−y|
q ω(|x− y|)
|x− y|n

ω(|y − ξ|)
|y − ξ|n

dy+

+

t∫
τ

dβ

t− β

∫
Eξ

e−ε|x̂−y|
q ω(|x− y|)
|x− y|n

ω(|y − ξ|)
|y − ξ|n

dy =

= I(x) + I(ξ).

Çà âëàñòèâiñòþ ìîíîòîííîñòi ìîäóëÿ íå-
ïåðåðâíîñòi ω(h) ìà¹ìî, ùî

I(x) ≤ 2n
ω(|x− ξ|)
|x− ξ|n

t∫
τ

dβ

t− β
×

×

 ∫
|x−y|≤(t−β)

α
2b

e−ε|x̂−y|
q ω(|x− y|)
|x− y|n

dy+

+

∫
|x−y|≥(t−β)

α
2b

e−ε|x̂−y|
q ω(|x− y|)
|x− y|n

dy

 .

Âíàñëiäîê ïåðåõîäó äî ñôåðè÷íî¨ ñèñòå-
ìè êîîðäèíàò ç öåíòðîì â òî÷öi x çâiäñè
îòðèìó¹ìî

I(x) ≤ 2nSn
ω(|x− ξ|)
|x− ξ|n

 (t−τ)
α
2b∫

0

dh

h

h∫
0

ω(ρ)

ρ
dρ+

+2

t∫
τ

ω([t− β]
α
2b )

[t− β]
α
2b

+1

∞∫
0

e
−ε
(

ρ

(t−β)
α
2b

)q

dρ

 .

Ïîêëàäåìî ρ = (t − β)
α
2bη, äiñòà¹ìî íåðiâ-

íiñòü

I(x) ≤ Cnω(|x− ξ|)|x− ξ|−n×

×
[
Φ((t− τ)

α
2b ) + F ((t− τ)

α
2b )
]
.

Â iíòåãðàëi I(ξ) î÷åâèäíî |x − y| ≥ 1

2
|x − ξ|,

òîìó

I(ξ) ≤ 2n
ω(|x− ξ|)
|x− ξ|n

 t∫
τ

dβ

t− β
×

×
∫

|y−ξ|≤(t−β)
α
2b

e−ε|x̂−y|
q ω(|y − ξ|)
|y − ξ|n

dy+

+

∫
|y−ξ|≥(t−β)

α
2b

e−ε|x̂−y|
q ω(|y − ξ|)
|y − ξ|n

dy

 .

Çâiòñè çíàõîäèìî

I(ξ) ≤ 2n
ω(|x− ξ|)
|x− ξ|n

 (t−β)
α
2b∫

0

F (n)

n
dn+

+

t∫
τ

ω(|t− β| α
2b )

|t− β|nα
2b

∫
e−ε|x̂−y|

q

dydβ

 .

ßêùî â îñòàííüîìó iíòåãðàëi âèêîíàòè çàìi-
íó x− y = (t− β)

α
2b z, òî äëÿ I(ξ) îòðèìó¹ìî

ïîòðiáíó íåðiâíiñòü, òàêó ÿê äëÿ I(x).
Ïðèìiòêà. Àíàëîãi÷íî äîâîäèòüñÿ íå-

ðiâíiñòü

Iτ (t, τ, x, ξ) =

t∫
τ

dβ

β − τ

∫
En

e−ε|ŷ−ξ|
q×

×ω(|x− y|)|x− y|−nω(|y − ξ|)|y − ξ|−ndy ≤
≤ cω(|x− ξ|)|x− ξ|−nΦ

(
(t− τ)

α
2b

)
.

Òåïåð îöiíèìî ïîâòîðíi ÿäðà Km äëÿ K =
K1:

Km(t, τ, x, ξ) =

t∫
τ

dβ

∫
En

K(t, β, x, y)×

×Km−1(β, τ, y, ξ), (m = 2, 3, ...). (40)

Êîðèñòóþ÷èñü íåðiâíiñòþ äëÿ K1 çíàõî-
äèìî

|K2(t, τ, x, ξ)| ≤ C2
1

t∫
τ

dβ

(t− β)(β − τ)
×
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×
∫
En

e−c|x̂−y|
q ω(|x− y|)
|x− y|n

e−c|ŷ−ξ|
q ω(|y − ξ|)
|y − ξ|n

dy.

Áåðó÷è äî óâàãè íåðiâíiñòü |x̂− y|q +

|ŷ − ξ|q ≥ |x̂− ξ|q, îòðèìó¹ìî

|K2| ≤ C2
1(t− τ)−1e−(c−ε)|x−ξ|q

 t∫
τ

dβ

β − τ
×

×
∫
En

e−ε|x̂−ξ|
q ω(|x− y|)ω(|y − ξ|)

|x− y|n|y − ξ|n
dy+

t∫
τ

dβ

t− β

×
∫
En

e−ε|x̂−y|
q ω(|x− y|)ω(|y − ξ|)

|x− y|n|y − ξ|n
dy

 ≡

≡ c21
ω(|x− y|)

(t− τ)|x− ξ|n
[Iτ + It]×

× exp{−(c− ε)|x̂− ξ|q}, 0 < ε < c.

Çâiòñè ç äîïîìîãîþ ëåìè ïðèõîäèìî äî íå-
ðiâíîñòi

|K2(t, τ, x, ξ)| ≤ C2
1CnΦ

[
(t− τ)

α
2b

]
×

× ω(|x− ξ|)
(t− τ)|x− ξ|n

e−(c−ε)|x̂−ξ|q . (41)

Äëÿ íàñòóïíîãî ÿäðà K3 ç âðàõóâàííÿì
îöiíîê (40), (41) ìà¹ìî, ùî

|K3(t, τ, x, ξ)| ≤ C3
1Cn

t∫
τ

Φ((β − τ)
α
2b )

(β − τ)(t− β)
×

×
∫
En

e−c|x̂−y|
q−(c−ε)|y−ξ|q ω(|x− y|)

|x− y|n
ω(|y − ξ|)
|y − ξ|n

dy ≤

≤ C3
1Cne

−(c−ε)|x̂−ξ|q(t− τ)−1×

×
t∫

τ

(
1

β − τ
+

1

t− β

)
Φ((β − τ)

α
2b )×

×
∫
e−ε|x̂−y|

q ω(|y − x|)
|x− y|n

ω(|y − ξ|)
|y − ξ|n

dy.

Çâiäñè âèïëèâà¹ íåðiâíiñòü

|K3| ≤ C3
1C

2
ne

−(c−ε)|x̂−ξ|q(t− τ)−1×

×
t∫

τ

[
Φ((β − τ)

α
2b )

β − τ
· F ((t− β)

α
2b )+

+Φ((β − τ)
α
2b ) · F ((t− β)

α
2b )

t− β

]
dβ×

×ω(|x− ξ|)|x− ξ|−n.
Îñòàòî÷íî äiñòà¹ìî íåðiâíiñòü

|K3(t, τ, x, ξ)| ≤ C3
1C

2
ne

−(c−ε)|x̂−ξ|q(t− τ)−1×

×Φ((t− τ)
α
2b )
ω(|x− ξ|)
|x− ξ|n

Ψ(t− τ), (42)

äå Ψ(t) ≡
t
α
2b∫

0

Φ(τ)τ−1dτ + Φ(t
α
2b ) ≤

c0

t
α
2b∫

0

Φ(τ)τ−1dτ , c0 > 0. Ïî iíäóêöi¨ âñòàíîâ-

ëþþòüñÿ îöiíêè

|Km(t, τ, x, ξ)| ≤ Cm
1 C

m−1
n (t−τ)−1Φ((t−τ)

α
2b )×

×ω(|x− ξ|)
|x− ξ|n

e−(c−ε)|x̂−ξ|qΨm−1(t− τ), (43)

(m = 2, 3, ...).

Ñóìà ðÿäó Íåéìàíà � ðåçîëüâåíòà çàäî-
âîëüíÿ¹ íåðiâíiñòü

|R(t, τ, x, ξ)| ≤ C1
ω(|x− ξ|)

|x− ξ|n(t− τ)
e−(c−ε)|x̂−ξ|q×

×

[
∞∑
m=1

(C1CnΨ)mΦ((t− τ)
α
2b ) + 1

]
.

ßêùî C1CnΨ(t−τ) < 1 äëÿ 0 < t−τ ≤ T , òî
ðÿä Íåéìàíà â îáëàñòi |x − ξ| ≥ δ > 0, 0 <
t − τ ≤ T ðiâíîìiðíî i àáñîëþòíî çáiæíèé,
ïðè öüîìó

|R(t, τ, x, ξ)| ≤ C(t− τ)−1ω(|x− ξ|)|x− ξ|−n×

×e−(c−ε)|x̂−ξ|q . (44)
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3. Îöiíêà ðîçâ'ÿçêó iíòåãðàëüíîãî
ðiâíÿííÿ

Ðîçâ'ÿçîê ðiâíÿííÿ (36) âèçíà÷à¹òüñÿ çà
äîïîìîãîþ ðåçîëüâåíòè ôîðìóëîþ

µ(t, x) = F(t, x) +

t∫
0

dτ×

×
∫
R(t, τ, x, ξ)F(τ, ξ)dξ, (45)

Êîðèñòóþ÷èñü íåðiâíiñòþ (27) äëÿ
G0

1(t, x − ξ, ξ) i óìîâíî, ùî φ ∈ C(ωφ),
f ∈ Cωτ (Q) îòðèìó¹ìî

|F(t, x)| ≤ |f |+ |φ|c
tα

+ C

∫
En

ω(|x− ξ|)
|x− ξ|ntα

×

×e−c|x̂−ξ|q |φ|cdξ ≤ C

(
|f |c +

|φ|c
tα

)
. (46)

Òîìó äëÿ äðóãîãî äîäàíêà â (45) ïðàâèëüíà
îöiíêà

|R×F| ≤ C

t∫
0

dτ

t− τ

∫
ω(|x− ξ|)
|x− ξ|n

e−c|x̂−ξ|
q×

×(|f |c + τ−α|φ|c)dξ ≤ C

t∫
0

dτ

(t− τ)τα
×

×

 (t−τ)
α
2b∫

0

ω(ρ)

ρ
dρ+ ω(t+ τ)

α
2b

×

×(|φ|c + tα|f |c)dτ.
Çâiäñè âèïëèâà¹ íåðiâíiñòü

|R×F| ≤ CΦ(t
α
2b )

(
|φ|c
tα

+ |f |c
)
,

òîáòî µ(t, x) òàêîæ çàäîâîëüíÿ¹ íåðiâíiñòü
(46).

Ïðèðiñò ∆xµ(t, x) îöiíèìî íà îñíîâi ôîð-
ìóëè (36). Ðîçãëÿíåìî â öié ôîðìóëi iíòå-
ãðàëüíèé äîäàíîê, ÿêèé çàïèøåìî ó âèãëÿäi
ñóìè

∆x(K×µ) =
t−η∫
0

dτ

∫
|x+h−τ |≤2|h|

[K(t, τ, x+h, ξ)−

−K(t, τ, x, ξ)]µ(τ, ξ)dξ+

+

t−η∫
0

dτ

∫
|x+h−ξ|≥2|h|

∆xK(t, τ, x, ξ)µ(τ, ξ)dξ+

+

t∫
t−η

dτ

∫
En

K(t, τ, x+ h, ξ)µ(τ, ξ)dξ−

−
t∫

t−η

dτ

∫
K(t, τ, x, ξ)µ(τ, ξ)dξ ≡

≡ I1 + I2 + I3 + I4, (47)

äå η = |h| 2bα , h = ∆x, |∆x| < 1

2
t

α
2b , 0 < η <

t

4
.

Â iíòåãðàëi I1 äîäàíêè îöiíèìî ïî ìîäó-
ëþ çà íåðiâíîñòÿìè (39), (46). Áóäåìî ìàòè

|I1| ≤ c

t−η∫
0

dτ

(t− τ)τα

∫
|x+h−ξ|≥2|h|

[
e−c|

̂x+h−ξ|q×

×ω(|x+ h− ξ|)|x+ h− ξ|−n+

+e−c|x̂−ξ|
q

ω(|x− ξ|)|x− ξ|−n
]
dξ×|φ|c+tα|f |c.

Ñêîðèñòà¹ìîñü âëàñòèâiñòþ àääèòèâíîñòi
ìîäóëÿ ω(t+ τ) ≤ ω(t) + ω(τ) i íåðiâíiñòþ∫

|x+h−ξ|≤2h

ω(|x− ξ|)
|x− ξ|n

dξ ≤

≤
∫

|x−ξ|≤3h

ω(|x− ξ|)|x− ξ|−ndξ ≤

≤ Sn

3|h|∫
0

ω(ρ)

ρ
dρ ≤ 3SnF (|h|).

Òîäi îòðèìó¹ìî, áåðó÷è äî óâàãè, ùî η <

|∆x| 2bα < 2−
2b
α t,

|I1| ≤ CF (|h|)


t
2∫

0

dτ

(t− τ)τα
+

t−η∫
t
2

dτ

(t− τ)τα

×

×(|φ|c + tα|f |c) ≤ CF (|h|)
[
2

t
t1−α+
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+
2α

tα
ln

1

|∆x|

]
(|φ|c + tα|f |c).

Îòæå,

|I1| ≤ C(t−α|φ|c + |f |c)F (|∆x|)×

×
∣∣∣∣ln 1

(|∆x|)

∣∣∣∣ . (48)

Äëÿ îöiíêè iíòåãðàëà I2 çàïèøåìî ïðè-
ðiñò ÿäðà K(t, τ, x, ξ) ó âèãëÿäi

∆xK(t, τ, x, ξ) =
∑
|k|=2b

[
∆xAk(x)D

k
xG2+

+(Ak(x)− Ak(ξ))∆xD
k
xG2

]
+

+
∑
|k|<2b

[
∆xAk(x)D

k
xG2+

+Ak(x)∆xD
k
xG2(t− τ, x− ξ, ξ)

]
.

Ñêîðèñòà¹ìîñü òåîðåìîþ ïðî ñåðåäí¹
çíà÷åííÿ, íåðiâíîñòÿìè |x+h−ξ| > 2|h| äëÿ
G2 i óìîâîþ |∆x| ≤ 1

2
(t− τ)

α
2b . Çíàõîäèìî

|∆xK(t, τ, x, ξ)| ≤ cω(|∆x|)×

×[|x− ξ|−ne−c|x̂−ξ|q +e−c| ̂x+h−ξ|q |x+h− ξ|−n]×
×(t− τ)−1. (49)

Òîìó ìà¹ìî äëÿ I2 îöiíêó

|I2| ≤ ω(h)

t−h∫
0

dτ

t− τ
×

×
∫

|x+h−ξ|≥2|h|

[
|x− ξ|−ne−c|x̂−ξ|q+

+|x+ h− ξ|−ne−c| ̂x+h−ξ|q
]
dξ(|φ|c + tα|f |c).

ßêùî |x + h − ξ| ≥ 2h, òî |x − ξ| ≥ h, à
òîìó îòðèìà¹ìî

|I2| ≤ (|φ|c + tα|f |c)ω(|∆x|)×

×

 ∞∫
|h|

e−ρ̂
q

ρ
dρ+

∞∫
|2h|

e−cρ̂ρ−1dρ

 t−α |ln |∆x|| ,
òîáòî

|I2| ≤ Cω(|∆x|) ln2 |∆x|(t−α|φ|c + |f |c). (50)

Iíòåãðàëè I3 i I4 îöiíþþòüñÿ îäíàêîâî. Çà
äîïîìîãîþ (39), (46) çíàõîäèìî

|I3| ≤
t∫

t−h

dτ

t− τ

 ∫
|x+h−ξ|<(t−τ)

α
2b

ω(|x+ h− ξ|)×

×|x+ h− ξ|−ne−c| ̂x+h−ξ|qdξ+

+

∫
|x+h−ξ|≥(t−τ)

α
2b

ω(|x+ h− ξ|)|x+ h− ξ|−n×

×e−c| ̂x+h−ξ|qdξ

]
(|φ|ct−α + |f |c) ≤

t∫
t−η

dτ

t− τ
×

×

 (t−τ)
α
2b∫

0

ω(ρ)

ρ
dρ+ ω((t− τ)

α
2b )

 (|φ|ct−α+|f |c).

Çâiäñè

|I3| ≤

 |∆x|∫
0

F(τ)

τ
dτ + F (|∆x|)

 (|φ|ct−α+|f |c).

Ç íåðiâíîñòi äëÿ I1, I2, I3 âèïëèâà¹ îöiíêà

|∆x(K × µ)| ≤ C(t−α|φ|c + |f |)×

×
[
F (|∆x|)

∣∣∣∣ln 1

|∆x|

∣∣∣∣+ ω(|∆x|) ln2 |∆x|+

+Φ(|∆x|)
]

(51)

äëÿ |∆x| < t
α
2b/2

Ùîá îöiíèòè ïðèðiñò∆xF(t, x) ó ôîðìóëi
(37) äîñèòü iíòåãðàëüíèé äîäàíîê (ïîçíà÷è-
ìî éîãî ÷åðåç H(t, x)) çîáðàçèòè ó âèãëÿäi
ñóìè iíòåãðàëiâ

H =

∫
|x+n−ξ|≤2|h|

∑
[Ak(x+ h)− Ak(ξ)δ2bk]×

×Dk
xG

(0)
1 φdξ −

∫
|x+n−ξ|≤2|h|

∑
[Ak(x+ h)−

−Ak(ξ)δ2bk]Dk
xG

(0)
1 φdξ +

∫
|x+n−ξ|≥2|h|

∑
|k|≤2b

∆x×
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×Ak(x)Dk
xG

(0)
1 (t, x− h− ξ, ξ)φ(ξ)dξ+

+

∫
|x+n−ξ|≥2|h|

∑
|k|≤2b

[Ak(x)− Ak(ξ)vνk]×

×∆xD
k
xG1(t, x− ξ, ξ)φ(ξ)dξ.

Îöiíþþ÷è ç äîïîìîãîþ íåðiâíîñòi (27)
äëÿ G(0)

1 äîäàíêè ÿê âiäïîâiäíi âèðàçè â ií-
òåãðàëàõ I1, I2 äëÿ |∆x| ≤ |h| < t

α
2b/2 îòðè-

ìà¹ìî

|H| ≤ Ct−α
2|h|∫
0

ω(ρ)

ρ
dρ|φ|c + t−αω(|∆x|)×

×
∣∣∣∣ln 1

|∆x|

∣∣∣∣ |φ|c. (52)

ßêùî òåïåð ïîðiâíÿòè íåðiâíîñòi (51),

(52) i âðàõóâàòè, ùî ôóíêöi¨ F (|h|) ln 1

|h|
,

ω(h) ln2 |h| ìàþòü òàêèé ïîðÿäîê ïðè h → 0

ÿê Φ(h) =

h∫
0

F |τ |
τ

dτ = A2ω(h), òî îòðèìó¹-

ìî îñòàòî÷íó íåðiâíiñòü

|∆µ(t, x)| ≤ C[ωφ(|h|) + ωf (|h|)+

+Φ(|h|)](|φ|ωt−α + |f |ωf
). (53)

Äëÿ ïðèðîñòó ðåçîëüâåíòè âñòàíîâëþ¹-
òüñÿ òàêà íåðiâíiñòü

|∆xR(t, τ, x, ξ)| ≤ C(t− τ)−1ω(|∆x|)×

×
[
|x+∆x− ξ|−n + |x− ξ|−n

]
e−c|x̂

∗−ξ|q ,
(54)

äå |x̂∗ − ξ| = min |x+∆x− ξ|, |x− ξ|.
Òåîðåìà 3 (ïðî êîðåêòíiñòü). Íåõàé

ðiâíÿííÿ (32) ïàðàáîëi÷íå i ôóíêöi¨, ÿêi âè-
çíà÷àþòü çàäà÷ó (32), (33), íàëåæàòü êëà-
ñàì: Ak ∈ C(ω)(En), f ∈ C

(ωf )

([0,T ]×En)
, φ ∈

C
(ωφ)

(En)
. Ìîäóëü íåïåðåðâíîñòi Ω(h) = ωφ(h)+

ωt(h) + Φ(h) çàäîâîëüíÿ¹ óìîâó Äiíi. Òî-
äi ðîçâ'ÿçîê öi¹¨ çàäà÷i Êîøi âèçíà÷à¹òüñÿ
ôîðìóëîþ

u(t, x) =

∫
En

Z1(t, 0, x, ξ)φ(ξ)dξ+

+

τ∫
0

dτ

∫
En

Z2(t, τ, x, ξ)f(τ, ξ)dξ (55)

i äëÿ íüîãî âèêîíó¹òüñÿ íåðiâíiñòü

|Dk
xu(t, x)| ≤ Ck(t

−α|φ|c + |f |ω), (56)

äå |k| ≤ 2b, Zi(t, τ, x, ξ) = G
(0)
i (t, τ, x, ξ) +Wi,

W2 = G2 ××R, (i = 1, 2).
Çîáðàæåííÿ (55) âèíèêà¹, ÿêùî µ(t, x) iç

(45) ïiäñòàâèòè â ôîðìóëó (35) i âèäiëèòè
â íié ÿäðî îáåðåíîãî îïåðàòîðà çàäà÷i (32),
(33).
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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÀÍÀËIÇ ÌÎÄÅËÅÉ ÄÈÍÀÌIÊÈ ÂIÊÎÂÎ� ÑÒÐÓÊÒÓÐÈ ÁIÎËÎÃI×ÍÈÕ
ÏÎÏÓËßÖIÉ Ç ÍÅËIÍIÉÍÈÌÈ ÏÐÎÖÅÑÀÌÈ ÍÀÐÎÄÆÓÂÀÍÍß

Ðîçãëÿäà¹òüñÿ íåïåðåðâíà ìîäåëü äèíàìiêè içîëüîâàíèõ ïîïóëÿöié ç íåëiíiéíîþ íàðîäæó-
âàíiñòþ. Äëÿ ìàòåìàòè÷íî¨ ìîäåëi, ùî ¹ íåëiíiéíîþ êðàéîâîþ çàäà÷åþ äëÿ ðiâíÿííÿ ç ÷à-
ñòèííèìè ïîõiäíèìè äîâåäåíà òåîðåìà iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêiâ. Âèâ÷à¹òüñÿ ïèòàííÿ
iñíóâàííÿ òà ñòiéêîñòi ñòàöiîíàðíèõ ðîçïîäiëiâ âiêîâî¨ ñòðóêòóðè.

We consider continuous model of the dynamic age structure for an isolation population with
nonlinear birth-rate. For a mathematical model, which is a boundary value problem for a �rst
order partial di�erential equation, we prove the existence and uniqueness theorem. We also study
the existence and stability of a stationary distributions for the age structure.

1. Âñòóï
Îñîáëèâå ìiñöå ñåðåä ìîäåëåé äèíàìi-

êè ÷èñåëüíîñòi áiîëîãi÷íèõ ïîïóëÿöié çàéìà-
þòü ìîäåëi, ùî âðàõîâóþòü íåîäíîðiäíîñòi
îñîáèí ïîïóëÿöi¨, çîêðåìà, âiêîâó ñòðóêòó-
ðó.

Êëàñè÷íà ëiíiéíà ìîäåëü äèíàìiêè âiêî-
âî¨ ñòðóêòóðè [1] (ìîäåëü Ìàêêåíäðèêà ôîí
Ôîåðñòåðà) ÿâëÿ¹ ñîáîþ ñèñòåìó ðiâíÿíü ç
÷àñòèííèìè ïîõiäíèìè ïåðøîãî ïîðÿäêó, ùî
îïèñóþòü ïðîöåñ âèìèðàííÿ (ðiâíÿííÿ âè-
æèâàííÿ) òà iíòåãðàëüíîãî ðiâíÿííÿ âiäíîâ-
ëåííÿ, ùî âèçíà÷à¹ ïðîöåñ íàðîäæóâàííÿ,
âèãëÿäó

∂x

∂τ
+
∂x

∂t
= −d(τ)x(τ, t), t, τ > 0,

x(0, t) =

∞∫
0

b(τ)x(τ, t)dτ, t > 0, (1)

x(τ, t) = φ(τ), τ ≥ 0.

Òóò x(τ, t) � âiêîâà ùiëüíiñòü îñîáèí âi-
êó τ â ìîìåíò ÷àñó t, d(τ), b(τ) � ôóíêöi¨,
ùî îïèñóþòü ïðîöåñè âèæèâàííÿ òà íàðî-
äæóâàíîñòi, âiäïîâiäíî, φ(τ) � ïî÷àòêîâèé
âiêîâèé ðîçïîäië.

Ïîâåäiíêà ðîçâ'ÿçêiâ ñèñòåìè (1), ÿê ïî-
êàçàíî â [2], âèçíà÷à¹òüñÿ ñèñòåìíèì ïàðà-
ìåòðîì

P =

∞∫
0

b(τ) exp
(
−

τ∫
0

d(ξ)dξ
)
dτ,

ÿêèé íàçèâà¹òüñÿ áiîëîãi÷íèì ïîòåíöiàëîì.
Â çàëåæíîñòi ñàìå âiä çíà÷åííÿ P ìà¹-

ìî òðè ðiçíi ïîâåäiíêè ðîçâ'ÿçêó x(τ, t) [2].
Ïðè P > 1 äîìiíóþòü ïðîöåñè âiäòâîðåí-
íÿ i x(τ, t) → ∞ ïðè t → ∞, ïðè P < 1
x(τ, t) → 0 ïðè t → ∞ äëÿ áóäü-ÿêîãî τ ∈
[0,∞). Ïðè P = 1 ïðîöåñè íàðîäæóâàííÿ
i âèæèâàííÿ ïåðåáóâàþòü â ðiâíîâàçi i â ñè-
ñòåìi (1) iñíó¹ íåñêií÷åííî áàãàòî ñòàöiîíàð-

íèõ ñòàíiâ x0 exp
(
−

τ∫
0

d(ξ)dξ
)
, x0 ∈ [0,∞) i

òiëüêè âiä ïî÷àòêîâîãî çíà÷åííÿ φ(τ) çàëå-
æèòü, ÿêèé ç íèõ ðåàëiçó¹òüñÿ.

Â îñòàííié ÷àñ ïðèäiëÿ¹òüñÿ çíà÷íà óâàãà
íåëiíiéíèì ìîäåëÿì äèíàìiêè âiêîâî¨ ñòðó-
êòóðè, îñêiëüêè ôóíêöi¨ íàðîäæóâàííÿ òà
âèæèâàííÿ çàëåæàòü íå òiëüêè âiä âiêó τ ,
àëå é âiä ùiëüíîñòi x(τ, t) i äåÿêèõ ôóíêöiî-
íàëiâ, íàïðèêëàä, âiä çâàæåíî¨ ÷èñåëüíîñòi
ïîïóëÿöi¨.

Ìîäåëi, ÿêi âðàõîâóþòü íåëiíiéíîñòi äî-
çâîëÿþòü âiäøóêàòè ìåõàíiçìè ñòàáiëiçàöi¨
ðîçâ'ÿçêiâ äî íåòðèâiàëüíèõ ñòàíiâ ðiâíîâà-
ãè. Ïðèêëàäàìè òàêèõ ðîáiò ¹ [3, 4].

Àíàëiòè÷íå äîñëiäæåííÿ ìàòåìàòè÷íèõ
ìîäåëåé äèíàìiêè âiêîâî¨ ñòðóêòóðè ñïðè-
ÿ¹ áiëüø ãëèáîêîìó ðîçóìiííþ çàêîíîìið-
íîñòåé ðîçâèòêó áiîëîãi÷íèõ ñèñòåì òà âè-
ðîáëåííþ ðîçóìíèõ ñòðàòåãié ðàöiîíàëüíîãî
êåðóâàííÿ íàÿâíèìè áiîðåñóðñàìè.

Ìåòîþ äàíî¨ ðîáîòè ¹ äîñëiäæåííÿ ìî-
äåëi äèíàìiêè âiêîâî¨ ñòðóêòóðè áiîëîãi÷íèõ
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ïîïóëÿöié ó âèïàäêó, êîëè ôóíêöiÿ, ùî îïè-
ñó¹ ïðîöåñ íàðîäæóâàííÿ íåëiíiéíî çàëå-
æèòü âiä ãóñòèíè ÷èñåëüíîñòi x(τ, t), òîáòî
b = b(τ, x).
2. Ôîðìóëþâàííÿ îá'¹êòà äîñëiäæå-

ííÿ
Ìîäåëü, ùî âðàõîâó¹ íåëiíiéíîñòi â ïðî-

öåñàõ íàðîäæóâàííÿ óçàãàëüíþ¹ (1) i ìà¹
âèãëÿä

∂x

∂τ
+
∂x

∂t
= −d(τ)x, t, τ > 0,

x(0, t) =

∞∫
0

b(τ, x)x(τ, t)dτ, t > 0, (2)

x(τ, t) = φ(τ), τ ≥ 0.

Òóò b(τ, x) � íåëiíiéíà ôóíêöiÿ íàðîäæóâà-
íîñòi, ùî çàëåæèòü âiä âiêó τ i ùiëüíîñòi x.
Òèïîâèé ãðàôiê öi¹¨ çàëåæíîñòi íàâåäåíèé
íà ðèñ. 1.

Ðèñ. 1
Òàêà çàëåæíiñòü âèçíà÷à¹ ñòèìóëþþ÷ó

ïîïóëÿöiþ ïðè íåâåëèêèõ x, ïðè âåëèêèõ x
òàêà ôóíêöiÿ íàðîäæóâàíîñòi ëiìiòó¹ êiëü-
êiñíèé ðiñò ïîïóëÿöi¨, òîáòî íàéáiëüøà íà-
ðîäæóâàíiñòü ñïîñòåðiãà¹òüñÿ ïðè ïåâíié âi-
êîâié ùiëüíîñòi â ïîïóëÿöi¨.

Çðîáèìî òàêi ïðèïóùåííÿ âiäíîñíî ïàðà-
ìåòðiâ ñèñòåìè (2):

1) d(τ) � íåïåðåðâíà íà R+, R+ = [0,∞),
d(∞) = ∞;

2) b(τ, x) � íåïåðåðâíà é îáìåæåíà íà
R+ × R+, iíòåãðîâíà ïî x íà R+;

3) b′x(τ, x) � îáìåæåíà íà R+ × R+;
4) φ(τ) � iíòåãðîâíà íà R+;
5) d(τ), b(τ, x), φ(τ) ≥ 0, τ , x ∈ R+.
3. Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêiâ

çàäà÷i (2)
Ðîçâ'ÿçîê ðiâíÿííÿ âèæèâàííÿ ñèñòåìè

(2) ìîæíà ïîäàòè ó âèãëÿäi

x(τ, t) = Ω(t− τ)Λ(τ), (3)

äå Λ(τ) = exp
(
−

τ∫
0

d(ξ)dξ
)
, Ω(t) � äåÿêà

ôóíêöiÿ, ùî ìà¹ ÿñíèé áiîëîãi÷íèé çìiñò.
Äiéñíî, Ω(t) = x(0, t) � ùiëüíiñòü ÷èñåëü-
íiñòü íîâîíàðîäæåíèõ îñîáèí â ìîìåíò ÷àñó
t.

Ïiäñòàâèâøè (3) â ðiâíÿííÿ íàðîäæóâà-
íîñòi ñèñòåìè (2), ìà¹ìî

Ω(t) =

∞∫
0

b(τ,Ω(t− τ)Λ(τ))Λ(τ)Ω(t− τ)dτ.

(4)
ïðè t = 0 x(τ, 0) = φ(τ) = Ω(−τ)Λ(τ). Çâiäñè

Ω(−τ) = φ(τ)(Λ(τ))−1.

Ïîäàþ÷è â (4)
∞∫
0

=
t∫
0

+
∞∫
t

, îòðèìà¹ìî

Ω(t) =

t∫
0

b(τ,Ω(t−τ)Λ(τ))Λ(τ)Ω(t−τ)dτ+Q(t),

(5)
äå

Q(t) =

∞∫
0

b
(
τ + t, φ(τ)

Λ(τ + t)

Λ(τ)

)
×

×φ(τ)Λ(τ + t)

Λ(τ)
dτ. (6)

Q(t) ¹ ùiëüíiñòþ íîâîíàðîäæåíèõ â ìîìåíò
÷àñó t îñîáèíàìè, ùî ñêëàäàëè ïîïóëÿöiþ â
ïî÷àòêîâèé ìîìåíò ÷àñó t = 0. Iíòåãðàë â (5)
äà¹ ùiëüíiñòü íîâîíàðîäæåíèõ âiä îñîáèí,
ùî íàðîäèëèñÿ çà ÷àñ t.

Ðiâíÿííÿ (5) ìîæíà ïåðåïèñàòè ó ôîðìi

Ω(t) =

t∫
0

b(τ + t,Ω(τ)Λ(τ + t))×

×Λ(τ + t)Ω(τ)dτ +Q(t). (7)

Ðîçãëÿíåìî ïðîñòið H = {(τ, x) | τ, x ∈ R+}.
Çãiäíî ç óìîâàìè 2), 3), 5) îòðèìó¹ìî îöiíêè

b0 = sup
τ,x∈H

b(τ, x),

b1 = sup
τ,x∈H

|b′x(τ, x)|. (8)
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Äëÿ âñiõ x ≥ 0 iç (6), (8) òà (3), îäåðæó¹ìî

Ω(t) ≤ b0

t∫
0

Ω(τ)dτ+

+b0Φ,Φ =

∞∫
0

φ(τ)dτ.

Çãiäíî ç ëåìîþ Ãðîíóîëà-Áåëìàíà ìà¹ìî
îöiíêó

Ω(t) ≤ b0Φe
b0t. (9)

Äîâåäåìî òàêå òâåðäæåííÿ.
Òåîðåìà. ßêùî âèêîíóþòüñÿ óìîâè 1) �

5), òî ðiâíÿííÿ (5) ìà¹ ¹äèíèé íåâiä'¹ìíèé
ðîçâ'ÿçîê äëÿ t ∈ [0, T ], T > 0.
Äîâåäåííÿ. Ââåäåìî äî ðîçãëÿäó îïåðà-

òîð

Ψ(Ω) =

t∫
0

b(τ + t,Ω(τ)Λ(τ + t))×

×Λ(τ + t)Ω(τ)dτ +Θ(t).

Çãiäíî ç óìîâàìè 2), 5) îïåðàòîð Ψ:
C+(0, T ) → C+[0, T ], T > 0, äå C+[0, T ]
� ïðîñòið íåïåðåðâíèõ íåâiä'¹ìíèõ ôóíêöié
íà [0, T ]. Äîâåäåìî òåïåð, ùî îïåðàòîð Ψ ¹
ñòèñêàþ÷èì â ïðîñòîði C+[0, T ], T > 0. Äëÿ
öüîãî ðîçãëÿíåìî ðiçíèöþ

Ψ(Ω1)−Ψ(Ω2) =

t∫
0

[b(τ + t,Ω1(τ)Λ(τ + t))×

×Ω1(τ)− b(τ + t,Ω2(τ)Λ(τ + t))Ω2(τ)]×
×Λ(τ + t)dτ.

Çâiäñè

|Ψ(Ω1)−Ψ(Ω2)| ≤
t∫

0

|b(τ+t,Ω1(τ)Λ(τ+t))Ω1(τ)−

−b(τ + t,Ω1(τ)Λ(τ + t))Ω2(τ)|dτ+

+

t∫
0

|b(τ + t,Ω1(τ)Λ(τ + t))Ω2(τ)−

−b(τ + t,Ω2(τ)Λ(τ + t))Ω2(τ)|dτ

àáî

|Ψ(Ω1)−Ψ(Ω2)| ≤ b0

t∫
0

|Ω1(τ)− Ω2(τ)|dτ+

+b1

t∫
0

|Ω1(τ)− Ω2(τ)|Ω2(τ)dτ.

Âðàõîâóþ÷è îöiíêó (9) ìà¹ìî

∥Ψ(Ω1)−Ψ(Ω2)∥ ≤ b0T∥Ω1 − Ω2∥+

+b1Tb0Φe
b0τ∥Ω1 − Ω2∥ =

= (b0T + b1Tb0Φe
b0T )∥Ω1 − Ω2∥,

äå
∥Ω(t)∥ = sup

t∈[0,T ]
|Ω(t)|.

×èñëî T ìîæíà âèáðàòè òàê, ùîá

(b0 + b1b0Φe
b0T )T < 1.

Îòæå, âiäîáðàæåííÿ Ψ ¹ ñòèñêàþ÷èì.
Çâiäñè âèïëèâà¹, ùî ðiâíÿííÿ (7) ìà¹ îäèí i
òiëüêè îäèí íåâiä'¹ìíèé ðîçâ'ÿçîê, ÿêèé ìî-
æíà ïðîäîâæèòè äî áóäü-ÿêîãî T > 0. Òåî-
ðåìó äîâåäåíî.
4. Iñíóâàííÿ ñòàöiîíàðíèõ ðîçâ'ÿç-

êiâ ïîïóëÿöiéíî¨ çàäà÷i
Ïðè ìîäåëþâàííi äèíàìiêè ÷èñåëüíîñòi

áiîëîãi÷íèõ ïîïóëÿöié îñîáëèâó ðîëü âiäi-
ãðàþòü ñòàöiîíàðíi ðåæèìè, îñêiëüêè ñàìå
öi ðåæèìè íàé÷àñòiøå ðåàëiçóþòüñÿ â ïðè-
ðîäi. Òîìó ¨õ äîñëiäæåííÿ ìà¹ êîíêðåòíå
ïðàêòè÷íå çíà÷åííÿ ÿê iñòîòíèé êðîê íà
øëÿõó ðîçóìiííÿ ïðèðîäíèõ ïðîöåñiâ.

Ñòàöiîíàðíi ðîçâ'ÿçêè x(τ) çàäà÷i (2) âè-
çíà÷àþòüñÿ ç ðiâíÿíü

dx(τ)

dτ
= −d(τ)x,

x(0) =

∞∫
0

b(τ, x)x(τ)dτ. (10)

Ç ïåðøîãî ðiâíÿííÿ ñèñòåìè (10) ìà¹ìî

x(τ) = x(0)Λ(τ),
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òîäi äðóãå ðiâíÿííÿ ñèñòåìè (10) ìîæíà çà-
ïèñàòè ó âèãëÿäi

x(0)
(
1−

∞∫
0

b(τ, x(0)Λ(τ))Λ(τ)dτ
)
= 0.

Çâiäñè îäåðæó¹ìî, ùî x(0) = 0, àáî x(0) =
x0 çíàõîäèòüñÿ ç ðiâíÿííÿ Φ(u) = 1, äå

Φ(u) =

∞∫
0

b(τ, uΛ(τ))Λ(τ)dτ.

Ïîçíà÷èìî b(τ, 0)Λ(τ) = K(τ) i ðîçãëÿíåìî
ïîïóëÿöiþ, â ÿêî¨ ðåïðîäóêòèâíèé ïîòåíöi-

àë P =
∞∫
0

K(τ)dτ < 1, òîáòî ïðè ìàëèõ ùiëü-

íîñòÿõ ïîïóëÿöiÿ ñàìà íå ìîæå âiäòâîðèòè-
ñÿ.

Íåõàé Φ(u) � óíiìîäàëüíà ôóíêöiÿ, òîäi
ìîæëèâi âèïàäêè:

(A) max
u∈R+

Φ(u) > 1;

(B) max
u∈R+

Φ(u) < 1.

Âèïàäîê max
u∈R+

Φ(u) = 1 íà ïðàêòèöi ¹

ìàëîiìîâiðíèì. Òîäi ó âèïàäêó A çàäà÷à
(2), êðiì íóëüîâîãî ðîçâ'ÿçêó ìà¹ ùå äâà
íåíóëüîâèõ ñòàöiîíàðíèõ ñòàíè x1(0)Λ(τ) i
x2(0)Λ(τ), x1(0) < x2(0).
5. Ñòiéêiñòü ñòàöiîíàðíèõ âiêîâèõ

ðîçïîäiëiâ
Äîñëiäæåííÿ ñòiéêîñòi ñòàöiîíàðíèõ ñòà-

íiâ åêîñèñòåì ¹ îäíi¹þ ç îñíîâíèõ çàäà÷ ïî-
ïóëÿöiéíî¨ åêîëîãi¨, îñêiëüêè ñòiéêiñòü ñòà-
öiîíàðíèõ ñòàíiâ ïî âiäíîøåííþ äî ìàëèõ
çáóðåíü ìîæå ñëóæèòè îçíàêîþ ðåàëiçàöi¨
âiäïîâiäíîãî ðåæèìó â ðåàëüíèõ áiîëîãi÷íèõ
óãðóïóâàííÿõ.

Äëÿ äîñëiäæåííÿ ñòiéêîñòi ñòàöiîíàðíîãî
ðîçïîäiëó x(τ) ïîêëàäåìî x(τ, t) = x(τ) +
ξ(τ, t).

Ëiíåàðèçàöiÿ â îêîëi íóëüîâîãî ñòàöiî-
íàðíîãî ðîçâ'ÿçêó äà¹ ëiíiéíi ìîäåëi äèíà-
ìiêè âiêîâî¨ ñòðóêòóðè òèïó (1), äëÿ ÿêèõ
íóëüîâèé ðîçâ'ÿçîê ïðè óìîâi

P =

∞∫
0

K(τ)dτ < 1

¹ àñèìïòîòè÷íî ñòiéêèì çà ïåðøèì íàáëè-
æåííÿì.

Äëÿ íåíóëüîâîãî ñòàöiîíàðíîãî ñòàíó ñè-
ñòåìà ëiíiéíîãî íàáëèæåííÿ ìà¹ âèãëÿä

∂ξ

∂τ
+
∂ξ

∂t
= −d(τ)ξ,

ξ(0, t) =

∞∫
0

(b(τ, x(τ)) + b′x(τ, x)x)ξ(τ, t)dτ.

Óìîâà ñòiéêîñòi íóëüîâîãî ðîçâ'ÿçêó äëÿ öi¹¨
ñèñòåìè ìà¹ âèãëÿä

∞∫
0

(b(τ, x(τ)) + b′x(τ, x(τ))x(τ))Λ(τ)dτ < 1,

àáî
∞∫
0

b′x(τ, x(τ))x(τ))Λ(τ)dτ < 0.

Â ñèëó óíiìîäàëüíîñòi ôóíêöi¨ Φ(u) öÿ
óìîâà âèêîíó¹òüñÿ äëÿ x2(0) i íå âèêîíó¹-
òüñÿ äëÿ x1(0). Òîìó ñòàöiîíàðíèé ðîçâ'ÿçîê
x1(0)Λ(τ) íåñòiéêèé, à x2(0)Λ(τ) ñòiéêèé çà
ïåðøèì íàáëèæåííÿì.
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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÑÒÐÓÊÒÓÐÀ ÒÀ ÂËÀÑÒÈÂÎÑÒI ÔÓÍÄÀÌÅÍÒÀËÜÍÎÃÎ ÐÎÇÂ'ßÇÊÓ
ÇÀÄÀ×I ÊÎØI ÄËß ÏÀÐÀÁÎËI×ÍÎÃÎ ÐIÂÍßÍÍß Ç ÎÏÅÐÀÒÎÐÀÌÈ

ÁÅÑÑÅËß

Äëÿ îäíîãî êëàñó ïàðàáîëi÷íèõ ðiâíÿíü äðóãîãî ïîðÿäêó iç çðîñòàþ÷èìè çà çìiííîþ x ∈
Rk ïðè |x| → +∞ êîåôiöi¹íòàìè òà ç îïåðàòîðàìè Áåññåëÿ çà çìiííèìè y ∈ Rm

+ çíàéäåíi â
ÿâíîìó âèãëÿäi ôóíäàìåíòàëüíi ðîçâ'ÿçêè çàäà÷i Êîøi òà âèâ÷åíi äåÿêi ¨õ âëàñòèâîñòi.

Fundamental solution of the Cauchy problem is found in an explicit form and some their
properties are investigated for one class of parabolic second order equations with growing coe�ci-
ents on a variable x ∈ Rk as |x| → +∞ and with Bessel operators on a variable y ∈ Rm

+ .

Ó äàíèé ÷àñ äëÿ ðiâíîìiðíî ïàðàáîëi÷íèõ
ðiâíÿíü ç îáìåæåíèìè êîåôiöi¹íòàìè äîñòà-
òíüî ïîâíî äîñëiäæåíi âëàñòèâîñòi ôóíäà-
ìåíòàëüíîãî ðîçâ'ÿçêó i êîðåêòíà ðîçâ'ÿ-
çíiñòü çàäà÷i Êîøi (äèâ. [1�3]). Äëÿ ïàðàáî-
ëi÷íèõ ðiâíÿíü ç íåîáìåæåíèìè êîåôiöi¹í-
òàìè àíàëîãi÷íi ïèòàííÿ äîñëiäæåíi ùå íå-
äîñòàòíüî, õî÷ öÿ òåìàòèêà ¹ ïîïóëÿðíîþ
(äèâ., íàïðèêëàä, [2, 4�7]).

Ó ñòàòòi [6] ðîçãëÿäà¹òüñÿ ïàðàáîëi÷íå
ðiâíÿííÿ äðóãîãî ïîðÿäêó

∂tu(t, x, y) =
n∑

j,l=1

∂xj∂xl(ajl(t, x, y))+

+
n∑
j=1

∂xj(xju(t, x, y)) +Byu(t, x, y),

t > 0, x ∈ Rn, y > 0, (∗)

äå âñi ajl ñòàëi, à ìàòðèöÿ (ajl)
n
j,l=1 ñèìåòðè-

÷íà i äîäàòíî âèçíà÷åíà; By ≡ ∂2y +
2ν+1
y
dy

� îïåðàòîð Áåññåëÿ ïîðÿäêó ν ≥ 0. Ó öüîìó
ðiâíÿííi êîåôiöi¹íòè ïðè ïåðøèõ ïîõiäíèõ
ïî xj, j ∈ {1, . . . , n}, íåîáìåæåíî çðîñòàþòü
ïðè |x| → +∞, à êîåôiöi¹íò ïðè ïåðøié ïî-
õiäíié ïî y íåîáìåæåíèé â îêîëi òî÷êè y = 0.
Ó ïðàöÿõ [6, 7] äëÿ ðiâíÿííÿ (∗) çíàéäåíî
â ÿâíîìó âèãëÿäi ôóíäàìåíòàëüíèé ðîçâ'ÿ-
çîê, âèâ÷åíî éîãî âëàñòèâîñòi òà âñòàíîâëå-
íî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi â ñïå-
öiàëüíèõ âàãîâèõ Lp-ïðîñòîðàõ.

Ó äàíié ñòàòòi äåÿêi ðåçóëüòàòè ïîøèðþ-
þòüñÿ íà êëàñ ðiâíÿíü ç áàãàòüìà îïåðàòî-
ðàìè Áåññåëÿ.

Íåõàé {n, k,m} ⊂ N , k ≤ n; Rm
+ ≡

{y = (y1, . . . , yn) |y1 > 0, . . . , ym > 0}, yl ≡
yl1 · yl2 · . . . · ylm; x′ ≡ (x1, . . . , xk) ∈ Rk ,
x′′ ≡ (xk+1, . . . , xn) ∈ Rn−k, x ≡ (x′, x′′).

Ðîçãëÿíåìî çàäà÷ó Êîøi

∂tu(t, x, y) =
n∑
j=1

∂2xju(t, x, y)+

+
k∑
j=1

∂xj(xju(t, x, y)) +
m∑
j=1

Byju(t, x, y),

t > 0, x ∈ Rn, y ∈ Rm
+ , (1)

u(t, x, y)
∣∣∣
t=0

= φ(x, y), x ∈ Rn, y ∈ Rm
+ , (2)

∂yju(t, x, y)
∣∣∣
yj=0

= 0, t > 0,

x ∈ Rn, j ∈ {1, 2, . . . ,m}, (3)

äå Byj ≡ ∂2yj +
2ν+1
yj
∂yj � îïåðàòîðè Áåññåëÿ

çà çìiííèìè yj ïîðÿäêó ν ≥ 0.
Âèçíà÷èìî îáåðíåíå i ïðÿìå ïåðåòâîðåí-

íÿ Ôóð'¹-Áåññåëÿ ôóíêöi¨ w âiäïîâiäíî ðiâ-
íîñòÿìè

F−1
σ→xF

−1
B,η→y[w(σ, η)] ≡

≡ 2−2νm(Γ(ν + 1))−2m(2π)−n×

×
∫
Rn

∫
Rm
+

ei(x,σ)w(σ, η)
( m∏
l=1

jν(ηlyl)
)
×
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×η2ν+1dηdσ, x ∈ Rn, y ∈ Rm
+ ,

Fσ→xFB,y→η[w(x, y)] ≡
∫
Rn

∫
Rm
+

e−i(x,σ)×

×w(x, y)
( m∏
l=1

jν(ηlyl)
)
y2ν+1dydx,

σ ∈ Rn, η ∈ Rm
+ ,

äå (x, σ) ≡
n∑
j=1

xjσj; Γ(α) =
+∞∫
0

xα−1e−xdx,

α > 0; i � óÿâíà îäèíèöÿ; jν(z) ≡ 2νΓ(ν +
1)z−νJν(z) � íîðìîâàíà ôóíêöiÿ Áåññåëÿ; Jν
� ôóíêöiÿ Áåññåëÿ ïåðøîãî ðîäó ïîðÿäêó ν.

Ðîçâ'ÿçîê çàäà÷i Êîøi (1) � (3) øóêà¹ìî
ó âèãëÿäi

u(t, x, y) = F−1
σ→xF

−1
B,η→y[v(t, σ, η)],

t > 0, x ∈ Rn, η ∈ Rm
+ , (4)

äå v � íåâiäîìà ôóíêöiÿ.
Ïiäñòàâèâøè (4) â (1) i ââàæàþ÷è, ùî âñi

îïåðàöi¨ çàêîííi, îäåðæèìî

∂tv(t, σ, η) +
k∑
j=1

σj∂σjv(t, σ, η) =

= (−|σ|2 − |η|2)v(t, σ, η), (5)

t > 0, σ ∈ Rn, η ∈ Rm
+ .

Òóò âèêîðèñòàíà ðiâíiñòü ç [8]

Byj [jν(ηjyj)] = −η2j jν(ηjyj).

Äàëi ïiäñòàâèìî (4) â ïî÷àòêîâó óìîâó
(2):

u(t, x, y)|t=0 = F−1
σ→xF

−1
B,η→y[v(0, σ, η)] =

= φ(x, y), x ∈ Rn, y ∈ Rm
+ .

Ïðèïóñòèìî, ùî äëÿ φ iñíó¹ ïåðåòâîðåííÿ
Ôóð'¹-Áåññåëÿ, òîäi

v(t, σ, η)|t=0 = Fx→σFB,y→η[φ(x, y)] ≡

≡ Ψ(σ, η), σ ∈ Rn, η ∈ Rm
+ . (6)

Óìîâà (3) âèêîíó¹òüñÿ, îñêiëüêè çà âëà-
ñòèâîñòÿìè jν (äèâ. [8])

∂yjjν(ηjyj)
∣∣∣
yj=0

= 0.

Çàäà÷ó (5), (6) äëÿ ðiâíÿííÿ ç ÷àñòèííè-
ìè ïîõiäíèìè ïåðøîãî ïîðÿäêó ðîçâ'ÿæåìî
ìåòîäîì õàðàêòåðèñòèê. Âiäïîâiäíà ñèñòåìà
õàðàêòåðèñòè÷íèõ ðiâíÿíü òàêà:

dt

1
=
dσ1
σ1

= · · · = dσk
σk

=
dσk+1

0
= · · · =

=
dσn
0

=
dηj
0

=
dv

(−|σ|2 − |η|2)v
.

Ðîçâ'ÿçàâøè öþ ñèñòåìó, îäåðæèìî ïåð-
øi iíòåãðàëè

Cj = σje
−t, j ∈ {1, . . . , k},

Cj = σj, j ∈ {k + 1, . . . , n},
C ′
j = ηj, j ∈ {1, . . . ,m},

Cn+1 = v(t, σ, η)×
× exp

{
|σ′|2
2

+ |σ′′|2t+ |η|2t
}

,

(7)

äå σ′ ≡ (σ1, . . . , σk), σ′′ ≡ (σk+1, . . . , σn). Çà-
äîâîëüíèìî óìîâó (6). Ç îñòàííüî¨ ðiâíîñòi
ñèñòåìè (7) ìà¹ìî:

v|t=0 = Cn+1 exp
{
− |σ′|2

2

}
= Ψ(σ, η).

Îñêiëüêè σj|t=0 = Cj, j ∈ {1, . . . , n}, ηj|t=0 =
C ′
j, j ∈ {1, . . . ,m}, òî

Ψ(C1, . . . , Cn, C
′
1, . . . , C

′
m) =

= Cn+1 exp
{
− C2

1 + · · ·+ C2
k

2

}
.

Ïiäñòàâèìî çàìiñòü ñòàëèõ âèðàçè ç (7).
Òîäi

Cn+1 = Ψ(σ1e
−t, . . . , σke

−t, σk+1, . . . ,

σn, η1, . . . , ηm)×

× exp
{1
2
(σ2

1 + · · ·+ σ2
k)e

−2t
}
.

Ïiäñòàâèâøè öþ ñòàëó â îñòàííþ ðiâíiñòü ç
ñèñòåìè (7), îäåðæèìî ðîçâ'ÿçîê çàäà÷i (5),
(6)

v(t, σ, η) = Ψ(σ′e−t, σ′′, η)×

× exp
{
− |σ′|2

2
(1− e−2t)− |σ′′|2t− |η|2t

}
,

t > 0, σ ∈ Rn, η ∈ Rm
+ . (8)

Äàëi íà ïiäñòàâi (4) çíàéäåìî u

u(t, x, y) = F−1
σ→xF

−1
B,η→y

[
Ψ(σ′e−t, σ′′, η)×
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× exp
{
− |σ′|2

2
(1−e−2t)−|σ′′|2t−|η|2t

}]
. (9)

Âèêîðèñòà¹ìî âëàñòèâîñòi çãîðòêè

F−1
σ→xF

−1
B,η→y[f1(σ, η) · f2(σ, η)] =

= F−1
σ→xF

−1
B,η→y[f1(σ, η)]⊗

⊗F−1
σ→xF

−1
B,η→y[f2(σ, η)],

äå çãîðòêà ⊗ âèçíà÷à¹òüñÿ òàê:

(g1 ⊗ g2)(x, y) ≡
∫
Rn

∫
Rm
+

T ηy [g1(x− σ, y)]×

×g2(σ, η)η2ν+1dηdξ,

à îïåðàòîð óçàãàëüíåíîãî çñóâó

T ηy [f(y)] ≡ T η1y1 [T
η2
y2
[. . . [T ηmym [f(y)]] . . . ]],

T ηjyj [f(y)] ≡
Γ(ν + 1)√
πΓ(ν + 1

2
)
×

×
π∫

0

f(
√
y2j + η2j − 2yjηj cosφ)×

× sin2ν φdφ.

Çîêðåìà, ÿêùî f(y) =
m∏
j=1

fj(yj), òî

T ηy [f(y)] =
m∏
j=1

T ηjyj [fj(yj)].

Ç âðàõóâàííÿì öèõ âëàñòèâîñòåé ç (9) ìà-
¹ìî

u(t, x, y) = F−1
σ→xF

−1
B,η→y

[
exp

{
− |σ′|2

2
×

×(1− e−2t)− |σ′′|2t− |η|2t
}]

⊗

⊗F−1
σ→xF

−1
B,η→y[Ψ(σ′e−t, σ′′, η)] ≡

≡ W1(t, x, y)⊗W2(t, x, y). (10)

W1 îá÷èñëþ¹òüñÿ, âèêîðèñòîâóþ÷è âiäî-
ìèé iíòåãðàë Âåáåðà ç [8]

+∞∫
0

exp{−η2j t}Jν(ηjyj)ην+1
j dηj =

=
yνj

(2t)ν+1
exp

{
− y2

4t

}
.

Îäåðæó¹ìî

W1(t, x, y) = 2−n+
k
2
−m(2ν+1)π−n

2×

×Γ−m(ν + 1)(
√
1− e−2t)−k×

×t−
n−k
2

−m(ν+1)×

× exp
{
− |x′|2

2(1− e−2t)
− |x′′|2

4t
− |y|2

4t

}
. (11)

Ïðè îá÷èñëåííiW2 ïðîâîäÿòü çàìiíó β′ =
σ′e−t, β′′ = σ′′ i âèêîðèñòîâóþòü (6). Òîäi

W2(t, x, y) = ektφ(x′et, x′′, y). (12)

Ïiäñòàâëÿþ÷è (11) i (12) â (10), ç óðàõó-
âàííÿì îçíà÷åííÿ çãîðòêè ìà¹ìî

u(t, x, y) =

∫
Rn

∫
Rm
+

T ηy [W1(t, x− ξ, y)]×

×ektφ(ξ′et, ξ′′, η)η2ν+1dηdξ.

Çäiéñíèâøè â iíòåãðàëi ïî ξ çàìiíó β′ =
ξ′et, β′′ = ξ′′, îäåðæèìî ðîçâ'ÿçîê çàäà÷i (1)
� (3) ó âèãëÿäi iíòåãðàëà Ïóàññîíà

u(t, x, y) =

∫
Rn

∫
Rm
+

G(t, x, y; 0, β, η)×

×φ(β, η)η2ν+1dηdβ,

t > 0, x ∈ Rn, y ∈ Rm
+ , (13)

ç ÿäðîì

G(t, x, y; 0, β, η) = G1(t, x
′, β′)×

×G2(t, x
′′, β′′)G3(t, y, η), (14)

äå

G1(t, x
′, β′) = (2π)−

k
2 (
√
1− e−2t)−k×

× exp
{
− |x′ − β′e−t|2

2(1− e−2t)

}
, (15)

G2(t, x
′′, β′′) = (2

√
πt)k−n×

× exp
{
− |x′′ − β′′|2

4t

}
, (16)

G3(t, y, η) = 2−m(2ν+1)Γ−m(ν + 1)×
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×t−m(ν+1)T ηy

[
e−

|y|2
4t

]
=

= 2−m(2ν+1)Γ−m(ν + 1)t−m(ν+1)×

× exp
{
− |y|2 + |η|2

4t

} m∏
j=1

jν

(
− i

yjηj
2t

)
. (17)

ßêùî ïðèïóñêàòè, ùî φ � íåïåðåðâíà i
îáìåæåíà â Rn ×Rm

+ , òî ìîæíà ïåðåêîíàòè-
ñÿ, ùî (13) ñïðàâäi ¹ ðîçâ'ÿçêîì çàäà÷i (1) �
(3), òîáòî ùî G ¹ ôóíäàìåíòàëüíèì ðîçâ'ÿç-
êîì öi¹¨ çàäà÷i Êîøi. Öå òàêîæ âèïëèâà¹ ç
òîãî, ùî G1, G2, G3 ¹ ôóíäàìåíòàëüíèìè
ðîçâ'ÿçêàìè çàäà÷ Êîøi âiäïîâiäíî äëÿ ðiâ-
íÿíü (äèâ. [1, 4, 6])

∂tu(t, x
′) =

k∑
j=1

(∂2xju(t, x
′)+

+∂xj(xju(t, x
′))), t > 0, x′ ∈ Rk,

∂tu(t, x
′′) =

n∑
j=k+1

∂2xju(t, x
′′), t > 0,

x ∈ Rn−k,

∂tu(t, y) =
m∑
j=1

Byju(t, y), t > 0, y ∈ Rm
+ .

Iç çîáðàæåíü (14) � (17) âèïëèâàþòü òàêi
îöiíêè ïîõiäíèõ ôóíäàìåíòàëüíîãî ðîçâ'ÿç-
êó G:

|∂lx∂
p
βG(t, x, y; 0, β, η)| ≤

≤ Clp(1− e−2t)−
k+|l′|+|p′|

2 ×

×t−
n−k+|l′′|+|p′′|

2
−m(ν+1)×

× exp
{
− |p′|t− c1

|x′ − β′e−t|2

1− e−2t
−

−c2
|x′′ − β′′|2

t
− c3

|y − η|2

t

}
×

×T ηy
[
exp

{
−
(1
4
− c3

)y2
t

}]
,

äå l′ = (l1, . . . , lk), l′′ = (lk+1, . . . , ln), l =
(l′, l′′), |l′| = l1 + · · ·+ lk, |l′′| = lk+1 + · · ·+ ln,
lj ∈ N ∪ {0}, p = (p′, p′′); Ckp, c1, c2, c3 � äî-
äàòíi ñòàëi.

Áåçïîñåðåäíüî îá÷èñëþþ÷è iíòåãðàëè çà
äîïîìîãîþ (14) � (17), îäåðæó¹ìî âëàñòè-
âiñòü∫

Rn

∫
Rm
+

G(t, x, y; 0, β, η)η2ν+1dηdξ = ekt.
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1Íàöiîíàëüíèé òåõíi÷íèé óíiâåðñèòåò Óêðà¨íè "Êè¨âñüêèé ïîëiòåõíi÷íèé iíñòèòóò"
2Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Òàðàñà Øåâ÷åíêà

ÀÏÐÎÊÑÈÌÀÖIß ÇÀÄÀ×I ÎÏÒÈÌÀËÜÍÎÃÎ ÊÅÐÓÂÀÍÍß ÍÀ
ÂIÄÐIÇÊÓ ÑIÌ'�Þ ÎÏÒÈÌIÇÀÖIÉÍÈÕ ÇÀÄÀ× ÍÀ ×ÀÑÎÂÈÕ

ØÊÀËÀÕ

Â ðîáîòi äîâåäåíî, ùî ñiì'ÿ ôóíêöié Áåëìàíà Vλ(t0, x) çàäà÷i îïòèìàëüíîãî êåðóâàííÿ íà
[t0, t1]Tλ

ëîêàëüíî ðiâíîìiðíî çáiãà¹òüñÿ â Rd äî ôóíêöi¨ Áåëìàíà V (t0, x) çàäà÷i îïòèìàëüíîãî
êåðóâàííÿ íà [t0, t1], ïðè óìîâi, ùî supt∈[t0,t1]Tλ

µλ(t) → 0, ïðè λ → 0, äå µλ(t) � ôóíêöiÿ
çåðíèñòîñòi Tλ.

There is proved that the family value functions Vλ(t0, x) of the optimal control problem on
[t0, t1]Tλ

converges locally uniformly in Rd to the value function V (t0, x) of the optimal control
in the [t0, t1], provided that supt∈[t0,t1]Tλ

µλ(t) → 0, with λ → 0, where µλ(t) is the graininess
function of Tλ.

Âñòóï. Äàíà ðîáîòà ïðèñâÿ÷åíà âè-
â÷åííþ ãðàíè÷íî¨ ïîâåäiíêè ðîçâ'ÿçêó çàäà-
÷i îïòèìàëüíîãî êåðóâàííÿ äèíàìi÷íèõ ðiâ-
íÿíü, çàäàíèõ íà ñiì'¨ ÷àñîâèõ øêàë Tλ, ïðè
óìîâi, ùî ôóíêöiÿ çåðíèñòîñòi µλ ïðÿìó¹ äî
íóëÿ, ïðè λ→ 0. Ïðè öüîìó âiäðiçîê ÷àñîâî¨
øêàëè [t0, t1]Tλ

= [t0, t1]∩Tλ ïðÿìó¹ äî [t0, t1]
(íàïðèêëàä, â ìåòðèöi Õàóñäîðôà) i âèíèêà¹
ïðèðîäíå ïèòàííÿ ïðî çâ'ÿçîê çàäà÷ êåðóâà-
ííÿ íà ÷àñîâèõ øêàëàõ i íà [t0, t1].

Çàäà÷i äîñëiäæåííÿ ÿêiñíî¨ ïîâåäiíêè
ðîçâ'ÿçêiâ äîáðå âèâ÷åíi ó âèïàäêó åéëåðî-
âèõ ÷àñîâèõ øêàë (çà êëàñèôiêàöi¹þ [6]),
òîáòî ó âèïàäêó Tλ = λZ+, λ > 0, ïðè öüî-
ìó ðiâíÿííÿ íà ÷àñîâié øêàëi ïåðåõîäèòü ó
ðiçíèöåâå ðiâíÿííÿ. Òàê, â ðîáîòi [9], äîñëi-
äæåíî çâ'ÿçîê ìiæ iñíóâàííÿì îáìåæåíèõ
íà îñi ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ òà âiäïî-
âiäíèõ ¨ì ðiçíèöåâèõ ðiâíÿíü. Â ðîáîòi [10]
âèâ÷åíî âëàñòèâiñòü çáåðåæåííÿ êîëèâàííÿ
ðîçâ'ÿçêiâ ïðè ïåðåõîäi âiä äèôåðåíöiàëü-
íèõ ðiâíÿíü äî ðiçíèöåâèõ i íàâïàêè.

Êëþ÷îâó ðîëü â ïåðåðàõîâàíèõ âèùå ðî-
áîòàõ âiäiãðà¹ ìåòîä ëàìàíèõ Åéëåðà, ÿêèé
ãàðàíòó¹ áëèçüêiñòü âiäïîâiäíèõ ðîçâ'ÿçêiâ
äèôåðåíöiàëüíèõ i ðiçíèöåâèõ ðiâíÿíü íà
ñêií÷åíèõ ÷àñîâèõ iíòåðâàëàõ ïðè ìàëèõ ði-
çíèöåâèõ êðîêàõ. Îäíàê, öåé ìåòîä äîáðå
ïðàöþ¹ äëÿ íåïåðåðâíèõ ïðàâèõ ÷àñòèí äè-
ôåðåíöiàëüíèõ ðiâíÿíü. Â öüîìó âèïàäêó ¨õ

ðîçâ'ÿçêè ¹ ãëàäêèìè ôóíêöiÿìè, ùî äîçâî-
ëÿ¹ äîñèòü ëåãêî îòðèìàòè îöiíêè áëèçüêî-
ñòi ìiæ ðîçâ'ÿçêàìè äèôåðåíöiàëüíîãî ðiâ-
íÿííÿ i éîãî ðiçíèöåâîþ àïðîêñèìàöi¹þ. Àëå
â çàäà÷àõ îïòèìàëüíîãî êåðóâàííÿ, ïðî ÿêi
éäå ìîâà â äàíié ðîáîòi, ïðàâi ÷àñòèíè ñè-
ñòåì çàëåæàòü âiä ïàðàìåòðà êåðóâàííÿ �
ôóíêöi¨ u(t), ÿêà, âçàãàëi êàæó÷è, ¹ òiëüêè
âèìiðíîþ. Òîìó ðîçâ'ÿçîê äèôåðåíöiàëüíî-
ãî ðiâíÿííÿ ¹ ëèøå àáñîëþòíî íåïåðåðâíîþ
ôóíêöi¹þ, ùî çíà÷íî óñêëàäíþ¹ ïðîöåäóðó
îòðèìàííÿ âiäïîâiäíèõ îöiíîê áëèçüêîñòi.

Ç öüîãî ïðèâîäó âiäçíà÷èìî ðîáîòè [12]�
[14], äå îòðèìàíi îöiíêè áëèçüêîñòi ìiæ
ðîçâ'ÿçêàìè äèôåðåíöiàëüíèõ ðiâíÿíü i ¨õ
ðiçíèöåâèìè àïðîêñèìàöiÿìè ç âèêîðèñòàí-
íÿì òåõíiêè îïóêëîãî àíàëiçó. Ìàþ÷è òà-
êi îöiíêè àâòîðè äîâåëè çáiæíiñòü ôóíêöié
Áåëìàíà çàäà÷ îïòèìàëüíîãî êåðóâàííÿ äëÿ
ðiçíèöåâèõ ñõåì äî ôóíêöié Áåëìàíà çàäà÷
îïòèìàëüíîãî êåðóâàííÿ âiäïîâiäíèõ äèôå-
ðåíöiàëüíèõ ðiâíÿíü, êîëè êðîê àïðîêñèìà-
öi¨ ïðÿìó¹ äî íóëÿ.

Íàøà ðîáîòà óçàãàëüíþ¹ ðåçóëüòàòè [12]�
[14] ïðî ãðàíè÷íó ïîâåäiíêó ôóíêöi¨ Áåë-
ìàíà íà âèïàäîê çàãàëüíèõ ÷àñîâèõ øêàë.
Îäíàê, ó çâ'ÿçêó çi ñêëàäíiñòþ òîïîëîãi-
÷íî¨ ñòðóêòóðè ÷àñîâî¨ øêàëè, ìåòîäè äî-
ñëiäæåííÿ òóò iíøi. Îñíîâíó òðóäíiñòü òóò
ñòàíîâèòü äîâåäåííÿ ðiâíîìiðíî¨ çáiæíîñòi
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ðîçâ'ÿçêó çàäà÷i Êîøi íà [t0, t1]Tλ
äî ðîçâ'ÿç-

êó âiäïîâiäíî¨ çàäà÷i Êîøi íà [t0, t1]. Öÿ
ñêëàäíiñòü âèêëèêàíà äâîìà ïðè÷èíàìè: ïî-
ïåðøå, ïðàâi ÷àñòèíè íàøèõ ðiâíÿíü íå ¹ êó-
ñêîâî íåïåðåðâíèìè, à, ïî-äðóãå, íà âiäìiíó
âiä [12]�[14], ìè ìà¹ìî ñïðàâó ç áiëüø ñêëà-
äíîþ ÷àñîâîþ øêàëîþ íiæ åéëåðîâà.

Ñàìà ðîáîòà ñêëàäà¹òüñÿ çi âñòóïó i
òðüîõ ðîçäiëiâ. Â ïåðøîìó ðîçäiëi ïðèâåäå-
íi îñíîâíi ïîíÿòòÿ, ïîâ'ÿçàíi ç òåîði¹þ ÷à-
ñîâèõ øêàë (ïiäðîçäië 1.1) i ðîçãëÿäà¹òüñÿ
ïîñòàíîâêà çàäà÷i (ïiäðîçäië 1.2). Äðóãèé
ðîçäië ïðèñâÿ÷åíèé âèâ÷åííþ âëàñòèâîñòåé
ôóíêöi¨ Áåëìàíà, çà äîïîìîãîþ ÿêèõ â òðå-
ìüîìó ðîçäiëi âñòàíîâëåíî îñíîâíèé ðåçóëü-
òàò ðîáîòè ïðî çáiæíiñòü ôóíêöi¨ Áåëìàíà.
1.1 Îñíîâíi ïîíÿòòÿ, ïîâ'ÿçàíi ç òå-

îði¹þ ÷àñîâèõ øêàë.
Íåõàé T � ÷àñîâà øêàëà, òîáòî äîâiëüíà,

íåïîðîæíÿ, çàìêíåíà ïiäìíîæèíà R1 [15].
Äëÿ êîæíî¨ ïiäìíîæèíè A ç R ïîçíà÷èìî
AT = A ∩ T. Ââàæà¹ìî, ùî supT = +∞.

Âèçíà÷èìî ïðÿìèé i îáåðíåíèé îïåðàòî-
ðè ñòðèáêà σ, ρ : T → T ÿê σ(t) = inf{s ∈
T | s > t} i ρ(t) = sup{s ∈ T | s < t}.
Ôóíêöiÿ çåðíèñòîñòi µ : T → [0,∞) âèçíà-
÷à¹òüñÿ íàñòóïíèì ÷èíîì µ(t) = σ(t) − t.
Òî÷êà t ∈ T íàçèâà¹òüñÿ ëiâî-ãðàíè÷íîþ
(ëiâî-ðîçñiÿíîþ, ïðàâî-ãðàíè÷íîþ àáî ïðàâî-
ðîçñiÿíîþ), ÿêùî ρ(t) = t (ρ(t) < t, σ(t) =
t àáî σ(t) > t). Âèçíà÷èìî ïîíÿòòÿ ∆�
ïîõiäíî¨.

Îçíà÷åííÿ 1. Ôóíêöiÿ f : [a, b]T → R1

ìà¹ ∆�ïîõiäíó â t ∈ T, ÿêùî iñíó¹ α ∈ R1,
ùî äëÿ ε > 0 iñíó¹ îêië B òî÷êè t òàêèé,
ùî

|f(σ(t))− f(s)− α(σ(t)− s)| ≤ ε|σ(t)− s|,

äëÿ âñiõ s ∈ B ∩ T. Ïðè öüîìó f∆(t) = α.

Ïîçíà÷èìî ÷åðåç RS (SS, LS, LD) âiäïî-
âiäíî ìíîæèíó âñiõ ïðàâî-ðîçñiÿíèõ (ïðàâî-
ãðàíè÷íèõ, ëiâî-ðîçñiÿíèõ, ëiâî-ãðàíè÷íèõ
òî÷îê) ç ÷àñîâî¨ øêàëè T.
1.2 Ïîñòàíîâêà çàäà÷i.
Îïèøåìî êîðîòêî ïîñòàíîâêó çàäà÷i. Íå-

õàé Tλ � ñiì'ÿ ÷àñîâèõ øêàë òàêèõ, ùî
supTλ = ∞, λ ∈ Λ ⊂ R1 i 0 � ãðàíè-
÷íà òî÷êà Λ. Íåõàé äëÿ äîâiëüíîãî λ ∈ Λ,

t0, t1 ∈ Tλ. Ïîçíà÷èìî µλ = supt∈[t0,t1]Tλ
µ(t).

Áóäåìî ââàæàòè, ùî µλ → 0, ïðè λ→ 0.
Íà êîæíié ç ÷àñîâèõ øêàë Tλ ðîçãëÿíåìî

íàñòóïíó çàäà÷ó îïòèìàëüíîãî êåðóâàííÿ

x∆ = f(t, x(t), u(t)),

x(t0) = x, (1)

Jλ(u) =

∫
[t0,t1)Tλ

L(t, x(t), u(t))∆t → inf .

Òóò x ∈ Rd � ôàçîâèé âåêòîð, u = u(t)
� âåêòîð êåðóâàííÿ, òîáòî ∆-âèìiðíà ôóí-
êöiÿ, ùî ïðèéìà¹ çíà÷åííÿ â äåÿêîìó êîì-
ïàêòi U ⊂ Rm.

Íåõàé Vλ(t, x) � ñiì'ÿ ôóíêöié Áåëìà-
íà çàäà÷i 1. Îñíîâíèé ðåçóëüòàò ðîáîòè �
äîâåäåííÿ ëîêàëüíî¨ ðiâíîìiðíî¨ çáiæíîñòi
Vλ(t0, x) äî V (t0, x) ïðè µλ → 0, êîëè λ→ 0,
äå V (t0, x) � ôóíêöiÿ Áåëìàíà íåïåðåðâíî¨
çàäà÷i

dx

dt
= f(t, x(t), u(t)),

x(t0) = x,

J(u) =

∫ t1

t0

L(t, x(t), u(t))dt → inf .

2. Âëàñòèâîñòi ôóíêöi¨ Áåëìàíà.
Íåõàé T � ÷àñîâà øêàëà, supT = +∞ i

t0, t1 ∈ T. Íåõàé Q = [t0, t1)T × Rd, Q =
[t0, t1]T×Rd � çàìèêàííÿ ìíîæèíè Q, à ∂Q =
{t1} × Rd � ¨¨ ãðàíèöÿ.

Ðîçãëÿíåìî íàñòóïíó çàäà÷ó îïòèìàëü-
íîãî êåðóâàííÿ

x∆ = f(t, x, u),

x(t0) = x0, (2)

J(u) =

∫
[t0,t1)T

L(s, x(s), u(s))∆s+Ψ(x(t1)) → inf .

Íåõàé U ⊂ Rm � êîìïàêò â Rm.
Äëÿ êîæíîãî t ∈ [t0, t1)T íåõàé U(t) =
L∞ ([t, t1]T, U) � ìíîæèíà îáìåæåíèõ, ∆-
âèìiðíèõ [5] ôóíêöié, ÿêi âèçíà÷åíi íà [t, t1]T
i ïðèéìàþòü çíà÷åííÿ â U . Â çàäà÷i (2) äîïó-
ñòèìèìè áóäåìî ââàæàòè êåðóâàííÿ u(·) ∈
U(t0). Ïîìiñòèìî çàäà÷ó (2) â ñiì'þ çàäà÷

x∆ = f(t, x, u), (3)

x(t) = x, (4)

J(t, x, u) =

∫
[t0,t1)T

L(s, x(s), u(s))∆s+Ψ(x(t1)) → inf,

(5)
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äå t ∈ [t0, t1)T, x ∈ Rd.
Ñòàíäàðòíèì ÷èíîì ââåäåìî ôóíêöiþ

Áåëìàíà:

V (t, x) = inf
u(·)∈U(t)

J(t, x, u). (6)

Âiäíîñíî ôóíêöié f : [t0, t1]T×Rd×U → Rd,
L : [t0, t1]T × Rd × U → R1 i Ψ : Rd → R1

ââàæà¹ìî âèêîíàíèìè íàñòóïíi óìîâè:

1) f � íåïåðåðâíà çà ñóêóïíiñòþ çìiííèõ,
çàäîâîëüíÿ¹ ãëîáàëüíó óìîâó Ëiïøèöÿ
ïî x çi ñòàëîþ K;

2) L i Ψ � íåïåðåðâíi çà ñâî¨ìè àðãóìåíòà-
ìè ôóíêöi¨, ùî çàäîâîëüíÿþòü ïî çìií-
íié x ãëîáàëüíó óìîâó Ëiïøèöÿ çi ñòà-
ëîþ K.

Âiäçíà÷èìî, ùî ïðè âèêîíàííi óìîâè 1)
äëÿ êåðóâàííÿ ç U(t) ðîçâ'ÿçîê çàäà÷i Êî-
øi (3)�(5) iñíó¹ íà âñüîìó iíòåðâàëi [t, t1]T i
¹äèíèé [3].

Âiäíîñíî âëàñòèâîñòåé ôóíêöi¨ Áåëìàíà
ñïðàâåäëèâà òåîðåìà.

Òåîðåìà 1. Íåõàé ôóíêöi¨ f, L i Ψ çàäî-
âîëüíÿþòü óìîâè 1) i 2). Òîäi ôóíöiÿ Áåë-
ìàíà ¹ ëîêàëüíî îáìåæåíîþ i ëîêàëüíî ëi-
ïøèöåâîþ â Q.

Äîâåäåííÿ. Çàôiêñó¹ìî r > 0 i ðîçãëÿ-
íåìî Br = {x ∈ Rd : |x| ≤ r} � êóëþ ðàäi-
óñà r. Çàôiêñó¹ìî (t, x), (t, y) ∈ Q, òàê, ùîá
x, y ∈ Br i u(·) ∈ U(t). Íåõàé x(·) i y(·) �
ðîçâ'ÿçêè (3) òàêi, ùî x(t) = x, y(t) = y âiä-
ïîâiäíî. Òîäi äëÿ s ∈ [t, t1]T ìà¹ìî

|x(s)| ≤ |x|+
∫
[t,s)T

|f(s, x(s), u(s))|∆s ≤

≤ |x|+
∫
[t,s)T

K |x(s)|∆s+

∫
[t,s)T

|f(s, 0, u(s))|∆s ≤

≤ |x|+A+

∫
[t,s)T

K |x(s)|∆s, (7)

äëÿ äåÿêî¨ ñòàëî¨ A > 0, îñêiëüêè f � íåïå-
ðåðâíà, à U � êîìïàêò.

Ç íåðiâíîñòi Ãðîíóîëà [4, p.257] äëÿ s ∈
[t, t1]T, ìà¹ìî

|x(t)| ≤ (r +A)eK(s, t), (8)

òóò eK(s, t) � åêñïîíåíöiàëüíà ôóíêöiÿ [4].
Äëÿ ïîäàëüøîãî äîâåäåííÿ íàì ïîòðiáíà

íàñòóïíà ëåìà.

Ëåìà 1. Åêñïîíåíöiàëüíà ôóíêöiÿ eK(t, t0)
� îáìåæåíà íà [t0, t1]T ç îöiíêîþ, ùî íå çà-
ëåæèòü âiä ÷àñîâî¨ øêàëè [4].

Äîâåäåííÿ. Äîáðå âiäîìî, ùî eK(t, t0)
� ðîçâ'ÿçîê çàäà÷i Êîøi

x∆ = Kx, x(t0) = 1.

Òîäi
x(t) = 1 +K

∫
[t0,t)T

x(τ)∆τ. (9)

Ðîçâ'ÿçóþ÷è (9) ìåòîäîì ïîñëiäîâíèõ íà-
áëèæåíü, ìà¹ìî:

|x1(t)| ≤ 1 +K

∫
[t0,t)T

∆s ≤ 1 +K(t− t0).

Òîäi ç [3, Ëåìà 3], ìà¹ìî

|x2(t)| ≤ 1 +K

∫
[t0,t)T

|x1(s)|∆s ≤

≤ 1 +K(t− t0) +
K2(t− t0)

2

2
.

Òîäi äëÿ âñiõ n ∈ IN, îòðèìà¹ìî

|xn(t)| ≤ eK(t−t0),

ùî i äîâîäèòü ëåìó 1.
Ç (8) i ëåìè 1 ìè ìà¹ìî íàñòóïíó îöiíêó

|x(t)| ≤ (r +A)eK(t1−t0) = A1, (10)

äëÿ t ∈ [t0, t1]T i x ∈ Br. Òîäi ëîêàëüíà îáìå-
æåíiñòü ôóíêöi¨ Áåëìàíà ëåãêî âèïëèâà¹ ç
îáìåæåíîñòi L i Ψ äëÿ t ∈ [t0, t1]T, |x| ≤ A1 i
u ∈ U . Äëÿ s ∈ [t, t1]T ìà¹ìî íàñòóïíó îöií-
êó

|x(s)− y(s)| ≤ |x− y|eK(s, t). (11)

Òîäi ç (11) i ëåìè 1 ìè îòðèìà¹ìî îöiíêó

|x(s)− y(s)| ≤ C1|x− y|, (12)

äëÿ äîâiëüíèõ s ∈ [t, t1]T i x ∈ Rd, i äåÿêî¨
ñòàëî¨ C1 > 0, ùî íå çàëåæèòü âiä t, x, u.
Îòæå,

|J(t, x, u)− J(t, y, u)| ≤

≤
∫
[t,t1)T

|L(s, x(s), u(s))− L(s, y(s), u(s))|∆s+

+|Ψ(x(t1))−Ψ(y(t1))| ≤ KC1(t1 − t)|x− y|+

+KC1|x− y| ≤ C2|x− y|. (13)

Òàêèì ÷èíîì, ç (13) âèïëèâà¹, ùî

|V (t, x)−V (t, y)| = | sup
u(·)∈U(t)

J(t, x, u)− sup
u(·)∈U(t)

J(t, y, u)| ≤
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≤ sup
u(·)∈U(t)

|J(t, x, u)− J(t, y, u)| ≤ C3|x− y|, (14)

Çàôiêñó¹ìî (t, x) ∈ Q, |x| ≤ r, τ ∈ [t, t1]T
i u(·) ∈ U(t). Çâóæåííÿ u(·) íà [τ, t1] ¹ åëå-
ìåíòîì U(τ), ÿêå ìè çíîâó ïîçíà÷èìî ÷åðåç
u(·). Òîäi ç óðàõóâàííÿì (13) ìà¹ìî

|J(t, x, u)− J(τ, x, u)| ≤ |J(t, x, u)− J(τ, x(τ), u)|+

+|J(τ, x(τ), u)−J(τ, x, u)| ≤ C(r)|τ−t|+C2|x(τ)−x|.
(15)

Ñòàëà C(r) â ñèëó ëîêàëüíî¨ îáìåæåíîñòi
L, çâiñíî, çàëåæèòü âiä r. Àëå

x(τ) = x+

∫
[t,τ)T

f(s, x(s), u(s))∆s,

òîäi ç îáìåæåíîñòi f íà t ∈ [t0, t1]T, |x| ≤ r,
u ∈ U ìà¹ìî

|x(τ)− x| ≤ C(r)|τ − t|.

Òàêèì ÷èíîì, ç (15) ìà¹ìî

|V (t, x)− V (τ, x)| ≤ sup
u(·)∈U(t)

|J(t, x, u)− J(τ, x, u)| ≤

≤ C(r)|τ − t|+ C2C|τ − t| = C4(r)|τ − t|. (16)

Òîäi ç (14) i (16) äëÿ (t, x) i (s, y) ∈ Q îòðè-
ìà¹ìî

|V (t, x)− V (s, y)| ≤ |V (t, x)− V (s, x)|+

+|V (s, x)− V (s, y)| ≤ C4(r)|t− s|+ C3|x− y|,

ùî i äîâîäèòü òåîðåìó.

Çàóâàæåííÿ 1. ßêùî ôóíêöi¨ f, L, Ψ �
îáìåæåíi, òî ç äîâåäåííÿ òåîðåìè â öüîìó
âèïàäêó ìîæíà ëåãêî îòðèìàòè, ùî ôóí-
êöiÿ Áåëìàíà ¹ ãëîáàëüíî ëiïøèöåâîþ ïî x
i t, i ãëîáàëüíî îáìåæåíîþ.

3. Îñíîâíèé ðåçóëüòàò. Çáiæíiñòü
ôóíêöi¨ Áåëìàíà.

Íà êîæíié ç ÷àñîâèõ øêàë Tλ ðîçãëÿíåìî
çàäà÷ó îïòèìàëüíîãî êåðóâàííÿ

x∆ = f(t, x, u), (17)

x(t0) = x0, (18)

Jλ(u) =

∫
[t0,t1)Tλ

L(t, x(t), u(t))∆t → inf . (19)

Àíàëîãi÷íî ïîïåðåäíüîìó ïóíêòó ââåäåìî
ñiì'þ ôóíêöié Áåëìàíà Vλ(t, x) ÿê

Vλ(t, x) = inf
u(·)∈U(t)

Jλ(t, x, u).

Â öüîìó ïóíêòi ìè ç'ÿñó¹ìî óìîâè çái-
æíîñòi ôóíêöi¨ Áåëìàíà Vλ(t0, x) äî V (t0, x)
ôóíêöi¨ Áåëìàíà íåïåðåðâíî¨ çàäà÷i íà âiä-
ðiçêó [t0, t1].

dx(t)

dt
= f(t, x(t), u(t)),

x(t0) = x, (20)

J(u) =

∫ t1

t0

L(t, x(t), u(t))dt → inf .

Êëàñ äîïóñòèìèõ êåðóâàíü âèçíà÷à¹òüñÿ
àíàëîãi÷íî ïóíêòó 2. Îñíîâíèì ðåçóëüòàòîì
äàíîãî ðîçäiëó ¹ òåîðåìà.

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ íàñòóïíi
óìîâè:

1) ôóíêöi¨ f, fx i L âèçíà÷åíi i íåïåðåðâíi
çà ñóêóïíiñòþ çìiííèõ íà [t0, t1]×Rd×
U ;

2) f i L â îáëàñòi âèçíà÷åííÿ çàäîâîëüíÿ-
þòü ïî çìiííié x ãëîáàëüíó óìîâó Ëi-
ïøèöÿ çi ñòàëîþ K > 0.

Òîäi Vλ(t0, x) → V (t0, x) ëîêàëüíî ðiâíîìið-
íî â Rd ïðè µλ → 0, êîëè λ → 0, äå V (t0, x)
� ôóíêöiÿ Áåëìàíà íåïåðåðâíî¨ çàäà÷i (20)
íà T0.

Äîâåäåííÿ. Íå âòðà÷àÿ çàãàëüíîñòi
ââàæà¹ìî, ùî t0 = 0, t1 = 1. Äîâåäåííÿ òåî-
ðåìè ðîçiá'¹ìî íà êiëüêà åòàïiâ.
Êðîê 1. Âiçüìåìî äîâiëüíó ÷àñîâó øêà-

ëó Tλ i äîâiëüíå äîïóñòèìå êåðóâàííÿ uλ(t)
íà íié. Íåõàé xλ(t) � âiäïîâiäíà äîïóñòèìà
òðà¹êòîðiÿ. Ïîçíà÷èìî ÷åðåç ũλ(t) ðîçøèðå-
ííÿ uλ(t) íà âåñü âiäðiçîê [0, 1], ïîáóäîâàíå
íàñòóïíèì ÷èíîì:

ũλ(t) =

{
uλ(t), t ∈ [0, 1]Tλ

uλ(r), t ∈ [r, σ(r)),
(21)

äå r ∈ RS. Ïîáóäîâàíå òàêèì ÷èíîì êåðóâà-
ííÿ ¹ äîïóñòèì äëÿ çàäà÷i (20). Çà äîïóñòè-
ìèì êåðóâàííÿì ũλ(t) ïîáóäó¹ìî äîïóñòèìó
òðà¹êòîðiþ x(t) ÿê ðîçâ'ÿçîê çàäà÷i Êîøi

dx
dt = f(t, x, ũλ(t))
x(0) = x0.
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Ïîêàæåìî, ùî∣∣∣∣∣
∫
[0,1)Tλ

L(t, xλ(t), uλ(t))∆t−
∫ 1

0

L(t, x(t), ũλ(t))dt

∣∣∣∣∣ → 0,

(22)

ïðè λ→ 0.
Âèêîðèñòîâóþ÷è àíàëîã íåðiâíîñòi Ãðî-

íóîëà íà ÷àñîâèõ øêàëàõ [4], à òàêîæ ëåìó
1, ìîæíà âñòàíîâèòè, ùî äëÿ êîæíîãî r > 0
iñíó¹ ñòàëà C(r) > 0, ùî

|xλ(t)| ≤ C(r), t ∈ [0, 1]Tλ
, |x(t)| ≤ C(r), |x0| ≤ r,

(23)
äå t ∈ [0, 1]. Âiäçíà÷èìî, ùî îöiíêè (23),
â ñèëó êîìïàêòíîñòi U ¹ ðiâíîìiðíèìè çà
âñiìà äîïóñòèìèìè êåðóâàííÿìè. Òîìó iñíó¹
C1(r) > 0, ùî

|L(t, xλ(t), uλ(t))| ≤ C1(r), |f(t, xλ(t), uλ(t))| ≤ C1(r),

|fx(t, xλ(t), uλ(t))| ≤ C1(r), ∀t ∈ [0, 1]Tλ
(24)

Òîäi ∫
[0,1)Tλ

L(t, xλ(t), uλ(t))∆t =

=

∫
[0,1)T\RS

L(t, xλ(t), uλ(t))∆t+
∑
r∈RS

L(r, xλ(r), uλ(r))µ(r).

(25)

Â ñèëó (24), ñóìà (cêií÷åííà àáî íå-
ñêií÷åííà) â (25) ìàæîðó¹òüñÿ ñóìîþ
C1

∑
r∈RS µλ(r). Òîäi∑

r∈RS

L(r, xλ(r), uλ(r))µ(r) =

=

N∑
k=1

L(rk, xλ(rk), uλ(rk))µ(rk)+∑
k=N+1

L(rk, xλ(rk), uλ(rk))µ(rk). (26)

Äëÿ êîæíîãî λ âèáåðåìî N(λ) òàê, ùîá∑
k=N+1

µ(rk) ≤
µλ

2
. (27)

Âèêèíåìî òåïåð ç ÷àñîâî¨ øêàëè òi ïðàâî-
ðîçñiÿíi òî÷êè, ùî ôiãóðóþòü â ñóìi (27). �õ
çàãàëüíà ∆-ìiðà íå áiëüøà íiæ µλ

2
. Ïîçíà÷è-

ìî ÷åðåç A = ∪r[rk, σ(rk)), äå îá'¹äíàííÿ áå-
ðåòüñÿ ïî âñiì âèêèíóòèì r. Î÷åâèäíî, ÷òî
ìiðà Ëåáåãà λ(A) ≤ µλ

2
. Íåõàé B = [0, 1]\A.

Äîïîâíèìî ôóíêöiþ xλ(t) äî ôóíêöi¨
x̃λ(t), ÿêà âèçíà÷åíà íà âñüîìó iíòåðâàëi
[0, 1] çà ïðàâèëîì (21). Àíàëîãi÷íî äîïîâ-
íèìî ôóíêöiþ L(t, x, u) ÿê ôóíêöiþ ïî t,
âèçíà÷åíó íà Tλ äî ôóíêöi¨ L̃(t, x, u), ÿêà

âèçíà÷åíà íà âñüîìó [0, 1]. Î÷åâèäíî, ùî
|L̃(t, x, u)| ≤ C. Òîäi çãiäíî ç [7]∫

[0,1]Tλ

L(t, xλ(t), uλ(t))∆t =

∫ 1

0

L̃(t, x̃λ(t), ũλ(t))dt.

Òîìó ëiâà ÷àñòèíà â (22) íå ïåðåâóùó¹∣∣∣∣∫
A

(L̃(t, x̃λ(t), ũλ(t))− L(t, x(t), ũλ(t)))

∣∣∣∣ dt+
+

∣∣∣∣∫
B

(L̃(t, x̃λ(t), ũλ(t))− L(t, x(t), ũλ(t)))

∣∣∣∣ dt ≤
≤ Cµλ +

∫
B

∣∣∣(L̃(t, x̃λ(t), ũλ(t))− L(t, x(t), ũλ(t)))
∣∣∣ dt.
(28)

Îöiíèìî äðóãèé äîäàíîê â (28). Ìíîæèíà
B ñêëàäà¹òüñÿ çi ñêií÷åííî¨ êiëüêîñòi ïðàâî-
ðîçñiÿíèõ òî÷îê (r1, . . . , rN) i iíòåðâàëiâ ìiæ
íèìè (ÿêùî âîíè ¹), ÿêi ñêëàäàþòüñÿ ç ãðà-
íè÷íèõ òî÷îê.

Â ñèëó îöiíîê (23), êîìïàêòíîñòi ìíîæè-
íè U , òåïåð ôóíêöi¨ f(t, x, u) i L(t, x, u) ìî-
æíà ðîçãëÿäàòè ëèøå íà äåÿêîìó êîìïàêòi,
äå âîíè ðiâíîìiðíî íåïðåðâíi. Òîìó ìîæíà
âèáðàòè ε1 = ε1(ε) > 0 òàê, ùîá âèêîíóâà-
ëèñü íåðiâíîñòi

|L(t, x, u)− L(s, x, u)| < ε, |f(t, x, u)− f(s, x, u)| < ε,
(29)

ÿêùî |t − s| < ε1. Áóäåìî ââàæàòè òàêîæ,
ùî

µλ < ε1. (30)

Ïîçíà÷èìî B1 = B \ ∪Ni=1[ri, σ(ri)). Òîäi∫
B

L̃(t, x̃λ(t), ũλ(t))dt =

=

∫
B1

L(t, xλ(t), uλ(t))dt+

N∑
i=1

∫ σ(ri)

ri

L(ri, x̃λ(t), ũλ(t))dt.

Çâiäñè∫
B

|L̃(t, x̃λ(t), ũλ(t))− L(t, x(t), ũλ(t))|dt ≤

≤ K

∫
B

|xλ(t)− x(t)|dt+ ε. (31)

Îöiíèìî òåïåð ðiçíèöþ |x̃λ(t) − x(t)|. Íå
âòðà÷àþ÷è çàãàëüíîñòi ìîæíà ââàæàòè, ùî
÷àñîâà øêàëà Tλ ìà¹ íàñòóïíó ñòðóêòóðó
(ðèñ.1).
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Ðèñ. 1
Íåïåðåðâíîþ ëiíi¹þ ïîçíà÷åíi âiäðiçêè,

ùî ñêëàäàþòüñÿ ç ãðàíè÷íèõ òî÷îê; ïóí-
êòèðîì ïîçíà÷åíi âiäðiçêè [ri, σ(ri)), äå ri �
ïðàâî-ðîçñiÿíi òî÷êi, ùî çàëèøèëèñü; æèð-
íîþ ëiíi¹þ ïîçíà÷åíi ìíîæèíè, ùî ñêëàäà-
þòüñÿ ç âèêèíóòèõ òî÷îê (ìíîæèíà A).

Äëÿ iíøèõ ñòðóêòóð ÷àñîâî¨ øêàëè äîâå-
äåííÿ àíàëîãi÷íå.

1) Íà [0, r1] ìà¹ìî, ùî uλ(t) = ũλ(t), òîìó
x̃λ(t) = xλ(t).

2) Íà iíòåðâàëi [r1, σ(r1)) ìà¹ìî, ùî
x̃λ(t) = xλ(r1) = x(r1), ũλ(t) = uλ(r1).
Àëå

x(t) = x(r1) +

∫ t

r1

f(s, x(s), uλ(r1))ds, (32)

à òîìó ïðè t ∈ [r1, σ(r1)) x(t) � äâi÷i
ãëàäêà ôóíêöiÿ. Òîìó, âèêîðèñòîâóþ÷è
ôîðìóëó Òåéëîðà iç çàëèøêîâèì ÷ëå-
íîì ó ôîðìi Ëàãðàíæà, îòðèìà¹ìî

x(t) = x(r1) + f(r1, x(r1), uλ(r1))(t− r1)+

+f ′
x(s1, x(s1), uλ(r1)) · f(s1, x(s1), uλ(r1))

(t− r1)
2

2
,

(33)

òóò s1 � äåÿêà òî÷êà íà [r1, σ(r1)], à f ′
x

� ìàòðèöÿ ßêîái. Ç (24) âèïëèâà¹, ùî

max
t∈[t0,t1]

|f ′
x(t, x(t), uλ(t))f(t, x(t), uλ(t))| ≤ C2

1 .

(34)
Òàêèì ÷èíîì, ïðè t ∈ [r1, σ(r1)), îòðè-
ìà¹ìî

|x(t)− x̃λ(t)| ≤
∫ σ(r1)

r1

|f(t, x(t), uλ(r1))| dt ≤ C1µ(r1).

(35)

Àëå â òî÷öi σ(r1) îòðèìà¹ìî

x̃λ(σ(r1)) = xλ(r1)+f(r1, xλ(r1), uλ(r1))µ(r1) =

= x(r1) + f(r1, x(r1), uλ(r1))µ(r1).

Çâiäñè, ç óðàõóâàííÿì (33) i (34), îòðè-
ìà¹ìî

|x(σ(r1))− x̃λ(σ(r1))| ≤ C2
1

µ2
λ(r1)

2
:= δ1. (36)

3) Ïðè t ∈ [σ(r1), r2], àíàëîãi÷íî iíòåðâàëó
[0, r1], ìà¹ìî

|x̃λ(t)− x(t)| ≤ δ1e
K(r2−σ(r1)) := δ2. (37)

4) Íà [r2, σ(r2)), àíàëîãi÷íî iíòåðâàëó
[r1, σ(r1)), îòðèìà¹ìî

|x(t)− x̃λ(t)| ≤ δ2 + µλ(r2)C1, (38)

|x(σ(r2))− x̃λ(σ(r2))| ≤ (1 +Kµλ(r2))∗

∗δ2 +
µ2
λ(r2)

2
C2

1 := δ3.

5) Íà [σ(r2), rh1 ] ìà¹ìî

|x̃(rh1
)− x̃(σ(r2))| ≤ C1(rh1

− r2) = C1µ1,

|x(rh1)− x(σ(r2))| ≤ C1µ1.

Òàêèì ÷èíîì,

|x̃λ(rh1)− x(rh1)| ≤ 2C1µ1 + δ3 := δ4. (39)

6) Íà iíòåðâàëi [rh1 , r3], ìà¹ìî

|x̃λ(t)− x(t)| ≤ δ4e
K(r3−rh1

) := δ5. (40)

7) Íà [r3, σ(r3)), îòðèìà¹ìî îöiíêè

|x̃λ(t)− x(t)| ≤ δ5 + µλ(r3)C1, (41)

|x̃λ(σ(r3))− x(σ(r3))| ≤ δ5(1 +Kµλ(r3))+

+
µ2
λ(r3)

2
C2

1 := δ6. (42)

8) Àíàëîãi÷íî íà [σ(r3), r4] ìà¹ìî

|x̃λ(t)− x(t)| ≤ δ6e
K(r4−σ(r3)) := δ7. (43)

9) Íà (r4, rh2) ìà¹ìî

|x̃λ(rh2)− x(rh2)| ≤ δ7 + 2C1µ2 := δ8.

10) Íà iíòåðâàëi [rh2 , σ(rh2)), ìà¹ìî

|x̃λ(t)− x(t)| ≤ δ8 + 2C1µ2 + µλ(rh2)C1, (44)

|x̃λ(σ(rh2))− x(σ(rh2))| ≤ δ8(1 +Kµλ(rh2))+

+
µ2
λ(rh2)

2
C2

1 := δ9 (45)

11) Íà [σ(rh2), r5], îòðèìà¹ìî

|x̃λ(t)− x(t)| ≤ δ9 · eK(r5−σ(rh2
)). (46)

Ðîçïèñóþ÷è îñòàííþ íåðiâíiñòü ç óðàõó-
âàííÿì ââåäåíèõ ïîçíà÷åíü, îòðèìà¹ìî äëÿ
t /∈ [rk, σ(rk)) íàñòóïíó îöiíêó

|x̃λ(t)−x(t)| ≤ ΠeK2C1

∑
i

µi+
1

2
ΠC2

1e
K
∑
i

µ2(ri) ≤
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≤ µλ(Πe
KC1 +

1

4
ΠC2

1e
K) → 0, λ → 0, (47)

äå ÷åðåç Π ìè ïîçíà÷èëè íàñòóïíèé âèðàç

Π = (1 +Kµλ(r1))(1 +Kµλ(r2))(1 +Kµλ(r3))∗

∗(1 +Kµλ(rh2)) . . . (1 +Kµλ(rN )).

Ïðè t ∈ [rk, σ(rk)), îòðèìà¹ìî îöiíêó

|x̃λ(t)− x(t)| ≤ µλΠe
K(C1 +

C2
1

4
) + 2C1µi+

+µλ(rk)C1 ≤ µλ(ΠeK(C1 +
C2

1

4
) + 3C1). (48)

Òîìó
|x̃λ(t)− x(t)| → 0, λ → 0,

ðiâíîìiðíî ïî âñiì t ∈ [0, 1].
Òàêèì ÷èíîì ìè ïîêàçàëè, ùî äëÿ äî-

âiëüíî¨ ÷àñîâî¨ øêàëè Tλ i äîâiëüíîãî äîïó-
ñòèìîãî êåðóâàííÿ çàäà÷i (19) uλ(t) íà íié
iñíó¹ äîïóñòèìå êåðóâàííÿ ũλ(t) çàäà÷i (20),
ùî

|Jλ(uλ)− J(ũλ)| → 0, λ → 0, (49)

ùî i äîâîäèòü (22).
Êðîê 2. Âiçüìåìî äîâiëüíå äîïóñòèìå êå-

ðóâàííÿ u(·) çàäà÷i (20). Ïîêàæåìî, ùî çà
íèì ìîæíà äëÿ êîæíî¨ ÷àñîâî¨ øêàëè Tλ ïî-
áóäóâàòè äîïóñòèìå êåðóâàííÿ uλts(·) çàäà÷i
(19), ùî

|J(u)− Jλ(u
λ
ts)| → 0, λ → 0. (50)

Íåõàé uλts(·) � äîâiëüíå äîïóñòèìå êåðó-
âàííÿ çàäà÷i (19), à xλts(·) � âiäïîâiäíà äîïó-
ñòèìà òðà¹êòîðiÿ. Àíàëîãè÷íî, íåõàé x(·)�
äîïóñòèìà òðà¹êòîðiÿ çàäà÷i (20), ùî âiäïî-
âiäà¹ äîïóñòèìîìó êåðóâàííþ u(·). Òîäi∫

[0,1)Tλ

L(t, xλ
ts(t), u

λ
ts(t))∆t =

=

∫
[0,1)T\RS

L(t, xλ
ts(t), u

λ
ts(t))∆t+

∑
r∈RS

L(r, xλ
ts(r), u

λ
ts(r))µ(r).

(51)

Äëÿ ôiêñîâàíîãî R > 0, ïðè |x0| ≤ R i
t ∈ [0, 1]Tλ

âèêîíàíi îöiíêè (24). Îòæå, ñóìà
â (51) àáñîëþòíî çáiãà¹òüñÿ i ìàæîðó¹òüñÿ
ñóìîþ (ñêií÷åííîþ àáî íåñêií÷åííîþ)

C1

∑
r∈RS

µλ(r), (52)

íåçàëåæíî âiä uλts(·). Àíàëîãi÷íî (26), îòðè-
ìà¹ìî ∑

r∈RS

L(r, xλ
ts(r), u

λ
ts(r))µ(r) =

=

N∑
k=1

L(rk, x
λ
ts(rk), u

λ
ts(rk))µ(rk)+

+
∑

k=N+1

L(rk, x
λ
ts(rk), u

λ
ts(rk))µ(rk).

Äëÿ êîæíîãî λ çíîâó âèáåðåìî N(λ) òàê,
ùîá ∑

k=N+1

µ(rk) ≤
µλ

2
.

Òîäi ÿê i ðàíiøå A = ∪r=N+1[rk, σ(rk)),
¨¨ ìiðà Ëåáåãà λ(A) ≤ µλ

2
. Íåõàé B =

[0, 1]Tλ
\A. Òîäi äëÿ u(·) i uλts(·)∣∣∣∣∣

∫ 1

0

L(t, x(t), u(t))dt−
∫
[0,1)Tλ

L(t, xλ
ts(t), u

λ
ts(t))∆t

∣∣∣∣∣ ≤
≤ µλ+

∣∣∣∣∣
∫
[0,1]\A

L(t, x(t), u(t))dt−
∫
B

L(t, xλ
ts(t), u

λ
ts(t))dt

∣∣∣∣∣ .
(53)

Íåõàé r1, . . . , rN � ïðàâî-ðîçñiÿíi òî÷êè ç
B. Âiçüìåìî äîâiëüíå ε > 0 i çàôiêñó¹ìî éî-
ãî. Çà òåîðåìîþ Ëóçiíà iñíó¹ íåïåðåðâíà íà
[0, 1] ôóíêöiÿ uε(t), ùî ìiðà Ëåáåãà ìíîæè-
íè

Aε = {t ∈ [0, 1] : u(t) ̸= uε(t)} , λ(Aε) < ε.

Íåõàé Bε = [0, 1] \Aε. Â ñèëó ðiâíîìiðíî¨
íåïåðåðâíîñòi f i L çà ñâî¨ìè çìiííèìè íà
êîìïàêòi [0, 1] × {|x| ≤ C1} × U äëÿ äîâiëü-
íîãî ε > ε1 > 0 iñíó¹ òàêå 0 < ε2 = ε2(ε1),
ùî ÿêùî |u− u1| < ε2, òî

|f(t, x, u)− f(t, x, u1)|+ |L(t, x, u)− L(t, x, u1)| < ε1.
(54)

äëÿ äîâiëüíèõ t ∈ [0, 1] i |x| ≤ C1. Áóäåìî
ââàæàòè, ùî ε2 < ε1. Âiäìiòèìî, ùî uε(t)
� ðiâíîìiðíî íåïåðåðâíà íà [0, 1] ôóíêöiÿ.
Òîìó äëÿ âêàçàíîãî ε2 iñíó¹ 0 < ε3 < ε2, ùî
ÿêùî |t−s| < ε3, òî |uε(t)−uε(s)| < ε2. Íåõàé
òåïåð µλ < ε3.

Ïîáóäó¹ìî òåïåð íà [0, 1] çà êåðóâàííÿì
u(t) i ôóíêöi¹þ uε(t) íîâå äîïóñòèìå êåðóâà-
ííÿ uλc , ùî âðàõîâó¹ ñòðóêòóðó ÷àñîâî¨ øêà-
ëè Tλ. Íà âèêèíóòèõ iíòåðâàëàõ, òîáòî â òî-
÷êàõ ìíîæèíè A, ïîêëàäåìî:

uλ
c (t) = u(r), t ∈ [r, σ(r)).

Íåõàé r1, . . . , rN � çàëèøåíi ïðàâî-ðîçñiÿíi
òî÷êè. Íà iíòåðâàëàõ [σ(ri), ri+1) ïîêëàäåìî

uλ
c (t) = u(t), i = 1, N − 1.
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Íà [ri, σ(ri)), i = 1, N ïîñòóïà¹ìî íàñòó-
ïíèì ÷èíîì:

1) ÿêùî íà [ri, σ(ri)) íåìà¹ òî÷îê ç ìíîæè-
íè Bε, òîäi uλc (t) = u(ri).

2) ÿêùî íà [ri, σ(ri)) ¹ òî÷êè ç ìíîæèíè
Bε, òî ïîêëàäåìî uλc (t) = uε(t

i
ε), òóò t

i
ε �

äîâiëüíà òî÷êà ìíîæèíè Bε ∩ [ri, σ(ri)).
Îñêiëüêè tiε ∈ Bε, òî uε(t

i
ε) = u(tiε) ∈

U , òàêèì ÷èíîì íà [ri, σ(ri)) êåðóâàííÿ
uλc (t) � äîïóñòèìå.

Íåõàé xλc (t) � äîïóñòèìà òðà¹êòîðiÿ çàäà-
÷i (20). Ç ïîáóäîâè uλc (t) âèïëèâà¹, ùî âî-
íî ¹ ðîçøèðåííÿì äåÿêîãî äîïóñòèìîãî êå-
ðóâàííÿ uλts(t), ÿêå ïîáóäîâàíå çà ôîðìóëîþ
(21) íà ÷àñîâié øêàëi Tλ. Òîäi, ÿê âèïëèâà¹
ç (49)

|Jλ(uλ
ts)− J(uλ

c )| → 0, λ → 0. (55)

Ïîêàæåìî, ùî

|J(u)− J(uλ
c )| → 0, λ → 0. (56)

Ìà¹ìî∣∣∣∣∫ 1

0

(L(t, x(t), u(t))− L(t, xλ
c (t), u

λ
c (t)))dt

∣∣∣∣ ≤
≤
∣∣∣∣∫

Aε

(L(t, x(t), u(t))− L(t, xλ
c (t), u

λ
c (t)))dt

∣∣∣∣+
+

∣∣∣∣∫
Bε

(L(t, x(t), u(t))− L(t, xλ
c (t), u

λ
c (t)))dt

∣∣∣∣ . (57)

Ïåðøèé äîäàíîê â (57) íå ïåðåâèùó¹
C1(R)λ(Aε) ≤ C1(R)ε. Îöiíèìî äðóãèé äîäàíîê
â (57)∣∣∣∣∫

Bε

(L(t, x(t), u(t))− L(t, xλ
c (t), u

λ
c (t)))dt

∣∣∣∣ ≤
≤ K

∫
Bε

|x(t)− xλ
c (t)|dt+

+

∫
Bε

∣∣L(t, xλ
c (t), u(t))− L(t, xλ

c (t), u
λ
c (t))dt

∣∣ . (58)

Àëå∫
Bε

∣∣L(t, xλ
c (t), u(t))− L(t, xλ

c (t), u
λ
c (t))

∣∣ dt ≤
≤ C1(R)µλ+

∫
Bε∩Ā

∣∣∣L(t, xλ
c (t), u(t))− L(t, xλ

c (t), u
λ
c (t))

∣∣∣ dt.
(59)

Äàëi∫
Bε∩Ā

|L(t, xλ
c (t), u(t))− L(t, xλ

c (t), u
λ
c (t))|dt =

=

N−1∑
i=1

∫
[σ(ri),ri+1)∩Bε

|L(t, xλ
c (t), u(t))−L(t, xλ

c (t), u
λ
c (t))|dt+

+

N∑
i=1

∫
[ri,σ(ri))∩Bε

|L(t, xλ
c (t), u(t))− L(t, xλ

c (t), u
λ
c (t))|dt.

(60)

Çà ïîáóäîâîþ uλc ïåðøèé äîäàíîê â (60)
äîðiâíþ¹ íóëþ, â ñóìi äåÿêi äîäàíêè òàêîæ
ìîæóòü äîðiâíþâàòè íóëþ, ÿêùî íà iíòåð-
âàëi [ri, σ(ri)) íåìà¹ òî÷îê ç ìíîæèíè Bε.
Îñêiëüêè µλ < ε3, òî â ñèëó ðiâíîìiðíî¨ íå-
ïåðåðâíîñòi uε(t) i (54) ñóìà â (60) îöiíþ¹-
òüñÿ âèðàçîì

ε1

N∑
i=1

µ(ri) ≤ ε1. (61)

Òîäi ç (58), (59) i (61) ìà¹ìî∫
Bε

|L(t, x(t), u(t))− L(t, xλ
c (t), u

λ
c (t))|dt ≤

≤ K

∫
Bε

|x(t)− xλ
c (t)|dt+ C1(R)µλ + ε1. (62)

Îöiíèìî â (62) ðiçíèöþ |x(t)− xλc (t)|. Íå-
õàé ñòðóêòóðà ÷àñîâî¨ øêàëè òàêà ÿê íà
ðèñ.1. Äëÿ iíøèõ âèïàäêiâ âèêëàäêè àíàëî-
ãi÷íi.

1) Íà âiäðiçêó [0, r1], u(t) = uλc (t) i x(t) =
xλc (t).

2) Íà (r1, σ(r1)], ìà¹ìî

|x(t)− xλ
c (t)| ≤

∫ t

r1

K|x(s)− xλ
c (s)|ds+

+

∫
[r1,σ(r1))∩Aε

∣∣∣f(t, xλ
c (t), u(t))− f(t, xλ

c (t), u(r1))
∣∣∣ dt+

+

∫
[r1,σ(r1))∩Bε

∣∣∣f(t, xλ
c , uε(t))− f(t, xλ

c (t), uε(t
1
ε))

∣∣∣ dt ≤
≤

∫ t

r1

K|x(s)− xλ
c (s)|ds+ ε1µ(r1)+

+2C1(R)λ([r1, σ(r1)) ∩Aε),

â ñèëó ðiâíîìiðíî¨ íåïåðåðâíîñòi f íà
[0, 1]×{|x| ≤ C1}×U . Òîäi ç íåðiâíîñòi Ãðî-
íóîëà îòðèìà¹ìî

|x(t)− xλ
c (t)| ≤ (εµ(r1) + 2C1(R)∗

∗λ([r1, σ(r1)) ∩Aε))e
Kµ(r1) = δ1e

Kµ(r1), (63)
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3) Íà [σ(r1), r2], ìà¹ìî

|x(t)− xλ
c (t)| ≤ δ1e

Kµ(r1)eK(r2−σ(r1)) := δ2.
(64)

4) Íà [r2, σ(r2)) ¹ òî÷êè ç ìíîæèíèBε, òîäi
ìà¹ìî

|x(t)− xλ
c (t)| ≤ δ2 +

∫ t

r2

K|x(s)− xλ
c (s)|ds+

+

∫
[r2,σ(r2))∩Aε

∣∣∣f(t, xλ
c , u(t))− f(t, xλ

c , u
λ
c (t))

∣∣∣ dt+
+

∫
[r2,σ(r2))∩Bε

∣∣∣f(t, xλ
c (t), uε(t))− f(t, xλ

c (t), u
λ
c (t

2
ε))

∣∣∣ dt ≤
≤ δ2 + 2C1(R)λ([r2, σ(r2)) ∩Aε)+

+ε1µ(r2) +

∫ t

r2

K|x(s)− xλ
c (s)|ds.

Òîäi

|x(t)− xλ
c (t)| ≤ δ2 + 2C1(R)λ([r2, σ(r2)) ∩Aε)+

+ε1µ(r2))e
Kµ(r2) := δ3. (65)

5) Íà [σ(r2), rh1 ], îòðèìà¹ìî

|x(t)− xλ
c (t)| ≤ δ3 + 2C1(R)µ1.

6) Äàëi íà [rh1 , r3], ìàòèìåìî

|x(t)−xλ
c (t)| ≤ (δ3+2C1(R)µ1)e

K(r3−rh1
) := δ4.

7) Íà [r3, σ(r3)) ¹ òî÷êè ç ìíîæèíèBε, òîäi
ìà¹ìî

|x(t)− xλ
c (t)| ≤ (δ4 + 2C1(R)∗

∗λ([r3, σ(r3)) ∩Aε) + ε1µ(r3))e
Kµ(r3) := δ5.

8) Ðîçãëÿíåìî iíòåðâàë [σ(r3), rh2). Â ñèëó
íåðiâíîñòi Ãðîíóîëà ìà¹ìî

|x(t)− xλ
c (t)| ≤ δ5e

K(r4−σ(r3)).

9) Íà âèêèíóòîìó iíòåðâàëi [rh2 , r5), ìà¹-
ìî

|x(t)− xλ
c (t)| ≤ δ5e

K(r4−σ(r3)) + 2C1(R)µ2.

10) Íà [r5, σ(r5)) ¹ òî÷êè ç ìíîæèíèBε, òîäi
ìà¹ìî

|x(t)− xλ
c (t)| ≤ (δ5e

K(rh2
−σ(r3)) + 2C1(R)∗

∗λ([r5, σ(r5))∩Aε)+2C1(R)µ2+ε1µ(r5))e
Kµ(r5).

Ðîçïèñóþ÷è îñòàííþ íåðiâíiñòü, ç óðàõó-
âàííÿì ââåäåíèõ ïîçíà÷åíü, äëÿ äîâiëüíîãî
t ∈ [0, 1] ìè îòðèìà¹ìî

|x(t)−xλ
c (t)| ≤ (ε1

N(λ)∑
i=1

µ(ri)+2C1(R)

N(λ)∑
i=1

λ([ri, σ(ri))∩Aε)+

+C1(R)
∑
i

µi)e
K ≤ (ε1 + 2C1(R)ε+ C1(R)µλ)e

K . (66)

Òîäi ç (57)�(62) îòðèìà¹ìî îöiíêó∣∣∣∣∫ 1

0

(L(t, x(t), u(t))− L(t, xλ
c (t), u

λ
c (t)))

∣∣∣∣ dt ≤
≤ K(ε1 + 2C1(R)ε+ C1(R)µλ)e

K+

+C1(R)µλ + ε1 + C1(R)ε.

Òàêèì ÷èíîì, â ñèëó äîâiëüíîñòi ε i ε1

|J(u)− J(uλ
c )| → 0, λ → 0. (67)

Òîäi ç (55) i (67) ìè ìà¹ìî (50), ùî i ïîòði-
áíî áóëî ïîêàçàòè.

Â êðîöi 1 ìè ïîêàçàëè, ùî äëÿ äîâiëüíî¨
÷àñîâî¨ øêàëè Tλ i äîâiëüíîãî äîïóñòèìîãî
êåðóâàííÿ çàäà÷i (19) uλ(t) íà íié iñíó¹ äîïó-
ñòèìå êåðóâàííÿ ũλ çàäà÷i (20), ùî

|Jλ(uλ)− J(ũλ)| = φ(λ) → 0, λ → 0.

Îòæå,
J(ũλ) ≤ Jλ(uλ) + φ(λ).

Çâiäñè i ç îçíà÷åííÿ ôóíêöi¨ Áåëìàíà, ìà¹-
ìî

V (0, x) ≤ Jλ(uλ) + φ(λ). (68)

Íåðiâíiñòü (68) âèêîíó¹òüñÿ äëÿ äîâiëü-
íîãî äîïóñòèìîãî êåðóâàííÿ uλ, à îòæå i äëÿ
iíôiíóìà ïî âñiì äîïóñòèìèì êåðóâàííÿì,
òîáòî

V (0, x) ≤ Vλ(0, x) + φ(λ). (69)

Â óìîâàõ òåîðåìè 2 ñïðàâåäëèâà òåîðå-
ìà 1. Òàêèì ÷èíîì, ñiì'ÿ ôóíêöié Áåëìàíà
Vλ(0, x) êîìïàêòíà â äîâiëüíié êóëi |x| ≤ R,
R > 0. Òîìó iñíó¹ ðiâíîìiðíî íà |x| ≤ R
çáiæíà ïiäïîñëiäîâíiñòü Vλ(0, x), ùî

Vλn(0, x) ⇒ V0(0, x), (70)

ïðè n→ ∞ (λn → 0).
Ïåðåõîäÿ÷è â (69) äî ãðàíèöi ïðè λn → 0,

ìà¹ìî
V (0, x) ≤ V0(0, x). (71)
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Ïîêàæåìî, ùî íåðiâíiñòü V (0, x) <
V0(0, x) íåìîæëèâà.

Äiéñíî, íåõàé

V (0, x) < V0(0, x). (72)

Òîäi iñíó¹ δ > 0 i λn0 , ùî ïðè λn ≤ λn0

Vλn(0, x) > V (0, x) + δ. (73)

Äëÿ äàíîãî δ > 0, î÷åâèäíî, iñíó¹ äîïóñòè-
ìå êåðóâàííÿ u(t) ñèñòåìè (20), ùî

J(u) +
δ

2
< Vλn(0, x). (74)

Îäíàê òîäi äëÿ äàíîãî êåðóâàííÿ u(t) ñè-
ñòåìè (20) iñíó¹ äîïóñòèìå êåðóâàííÿ uλnts ç
âèêîíàííÿì (50). Òîäi ïðè äîñòàòíüî ìàëèõ
λn ìà¹ìî

Jλn(u
λn
ts ) < Vλn(0, x),

ùî íåìîæëèâî.
Îòæå, V (0, x) = V0(0, x). Òàêèì ÷èíîì,

äîâiëüíà çáiæíà ïîñëiäîâíiñòü Vλn(0, x) ìà¹
ãðàíèöþ � V (0, x). Òîìó â ñèëó êîìïàêòíîñòi
ñiì'¨ Vλ(0, x) i âñÿ ïîñëiäîâíiñòü Vλ(0, x) →
V0(0, x) ïðè µλ → 0, êîëè λ → 0, ùî i äîâî-
äèòü òåîðåìó 2.

Çàóâàæåííÿ 2. Ðåçóëüòàò òåîðåìè 2
ñïðàâåäëèâèé i äëÿ ôóíêöiîíàëiâ áiëüø çà-
ãàëüíîãî âèãëÿäó

Jλ(u) =

∫
[t0,t1)T

L(t, x(t), u(t))∆t+Ψ(x(t1))

i âiäïîâiäíî

J(u) =

∫ t1

t0

L(t, x(t), u(t))dt+Ψ(x(t1)),

ÿêùî Ψ(x) çàäîâîëüíÿ¹ äëÿ x ∈ Rd ãëîáàëü-
íó óìîâó Ëiïøèöÿ.
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INVARIANT METHODS FOR STUDYING STABILITY OF
UNPERTURBED MOTION IN TERNARY DIFFERENTIAL SYSTEMS

WITH POLYNOMIAL NONLINEARITIES

The centro-a�ne invariant conditions for Lyapunov stability of unperturbed motion in ternary
di�erential systems with polynomial nonlinearities were determined and the centro-a�ne invari-
ant conditions when a ternary di�erential system of the Lyapunov-Darboux form with quadratic
nonlinearities have a holomorphic integral were obtained. On the base of the integral the stability
of unperturbed period motion was studied.

1. Centro-a�ne invariant polynomials
in ternary di�erential systems

Let us consider the ternary di�erenti-
al system with polynomial nonlinearities of
perturbed motion (see, for example, [1] or [2])

dxj

dt
= ajαx

α +
l∑

i=1

ajα1···αmi
xα1 · · · xαmi

(j, α, α1, α2, . . . , αmi
= 1, 3; l <∞),

(1)

where ajα1α2...αmi
is a symmetric tensor in lower

indices in which the total convolution is done
and Γ = {m1,m2, ...,ml} (mi ≥ 2) is a �nite
set of distinct natural numbers.

We will examine the centro-a�ne group
GL(3,R) for system (1) given by transformati-
ons q:

x̄j = qjαx
α (∆ = det(qjα) ̸= 0) (j, α = 1, 3). (2)

Coe�cients and variables in (1) and (2)
takes values from the �eld of real numbers R.

Observe that the transformation (2)
preserves the form of the system (1)

dx̄j

dt
= ājαx̄

α +
l∑

i=1

ājα1···αmi
x̄α1 · · · x̄αmi

(j, α, α1, α2, . . . , αmi
= 1, 3; l <∞),

(3)

where the coordinates of the vector x̄ =
(x̄1, x̄2 ,̄ x3) are determined by relations (2) and
the coe�cients from the right-hand sides of (3)
are some linear functions in the coe�cients of

system (1) and rational in the parameters qjα
of the transformation (2).

The phase variable vector x = (x1, x2, x3)
of system (1), which change by formulas
(2), in the theory of invariants [3] is called
contravariant. The vector u = (u1, u2, u3),
which change by formulas ur = pjruj (r, j =
1, 3), where prjq

j
s = δrs is the Kroniker

symbol, is called covariant. Any vector y =
(y1, y2, y3), which change by formulas (2) is
called cogradient of the vector x.

We will denote the set of coe�cients of
system (1) by a and of the system (3) by ā.
De�nition 1. We say (see [3]) that a

polynomial κ(x, u, a) of the coe�cients of
system (1) and of the coordinates of vectors x
and u is called mixt comitant of the system
(1) with respect to the group GL(3,R), if the
following holds

κ(x̄, ū, ā) = ∆−gκ(x, u, a)

for all q from GL(3,R), for every coordinates
of vectors x and u, as well, any coe�cients of
system (1).

Here g is an integer number called the wei-
ght of comitant.

If the mixt comitant κ does not depend
on coordinates of vector u, then following [4],
we call it comitant. If κ does not depend on
coordinates of vector x it will be called, as in
[3], contravariant. If κ does not depend of x
and u, then we call it invariant of the system
(1) with respect to the group GL(3,R).
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It was shown in [5] that the expressions

κ1 = xαuα, κ2 = aαβx
βuα,

κ3 = aαγa
β
αx

γuβ, θ1 = aαα, θ2 = aαβa
β
α,

θ3 = aαγa
β
αa

γ
β, δ4 = aαγa

β
pa

γ
quαuβurε

pqr

(4)

in the coordinates of the vectors x, u and of
the tensor ajα, compose a functional base of the
mixt comitants of the linear part of di�erential
system (1), where εpqr is the unit trivector with
coordinates ε123 = −ε132 = ε312 = −ε321 =
ε231 = −ε213 = 1 and εpqr = 0 (p, q, r = 1, 3)
for all other cases.

An important role in studying ternary
systems with polynomial nonlinearities (1) has
the comitant

σ1 = aαµa
β
δ a

γ
αx

δxµxνεβγν (5)

(ε123 = −ε132 = ε312 = −ε321 = ε231 = −ε213 =
1 and εβγν = 0 (β, γ, ν = 1, 3)) from [4], which
is a particular integral of the system

dxj

dt
= ajαx

α (j, α = 1, 3) (6)

of the �rst approximation ([1], [2]) for (1).
In [6] it was proved the following assertion.
Lemma 1. The following equivalences hold :

σ1(x) ≡ 0 ⇐⇒ δ4(u) ≡ 0 (7)

and conversely

σ1(x) ̸≡ 0 ⇐⇒ δ4(u) ̸≡ 0, (8)

where δ4 is from (4) and σ1 is from (5).

2. Centro-a�ne invariant conditions
for stability of unperturbed motion

As it follows from [2], the zero values of the
variables xj(t) (j = 1, 3) correspond to the to
unperturbed motion of perturbed system (1).
As consequence, we have the following de�ni-
tion of stability by Lyapunov [2]:

If for any small positive value ε, however
small, one can �nd a positive number δ such
that at t = t0, for all perturbation xj(t0) sati-
sfying

n∑
j=1

(xj(t0))
2 ≤ δ (9)

the inequality
n∑
j=1

(xj(t))2 < ε

is valid, then the unperturbed motion xj =
0 (j = 1, 3) is called stable, otherwise it is
called unstable.

Geometrically this de�nition has the
following interpretation:

If the motion is stable, then for sphere ε one
can �nd another sphere δ such that starting at
any point M0 inside or on the surface of the
sphere δ, the image pointM will always remain
inside the sphere ε, never reaching its external
surface.

If the perturbed motion is unstable, then
irrespective of how close to the reference ori-
gin the point M0 may be, in time, at least one
trajectory of the representative point M will
cross the sphere ε from inside to outside.

If the unperturbed motion is stable and the
value δ can be found however small such that
for any perturbed motions satisfying (9) the
condition

lim
t→∞

∑n
j=1(x

j(t))2 = 0

is valid, then the unperturbed motion is called
asymptotically stable.
Lemma 2. The characteristic equation of

system (1) and (6) is

ϱ3 + L1,3ϱ
2 + L2,3ϱ+ L3,3 = 0, (10)

where
L1,3 = −θ1, L2,3 = (θ21 − θ2)/2,

L3,3 = −(θ31 − 3θ1θ2 + 2θ3)/6,
(11)

and θi (i = 1, 3) are from (4).
According to Lyapunov theorems on stabi-

lity of unperturbed motion by sign of the ei-
genvalues of the di�erential system in the �-
rst approximation and Hurwitz theorem to the
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root analysis of the characteristic equation (see
[2]), there were proved the following theorems:

Theorem 1. If the centro-a�ne invari-
ants of (1) satisfy the following conditions

L1,3 > 0, L2,3 > 0, L3,3 > 0,
L1,3L2,3 − L3,3 > 0,

then the unperturbed motion x1 = x2 = x3 = 0
of the system is asymptotically stable, where
Li,3 (i = 1, 3) are the coe�cients of the
characteristic equation (10) of system (1).
Theorem 2. If at least one of the centro-

a�ne invariant expression (11) of system (1)
is negative, then the unperturbed motion x1 =
x2 = x3 = 0 of this system is unstable.

3. Lyapunov form of the ternary di-
�erential system

Let be given the system

dxj

dt
= αjαx

α + ajαβx
αxβ ≡ P j(x), (12)

(j = 1, 3), which can be obtained from (1) for
Γ = {1, 2}.
Lemma 3 [5]. Suppose in (5) that σ1 ≡ 0.

Then by a centro-a�ne transformation

x̄1 = x2, x̄2 = x1 +
a32
a31
x2, x̄3 = x3,

when a31 ̸= 0, we obtain that the quadratic
part of system (12) preserves the form, and the
coe�cients from the linear part of this system
satisfy one of the following conditions:

a12 = a13 = a21 = a23 = a31 = a32 = 0,

a33 = a22;
(13)

a12 = a13 = a21 = a23 = a31 = a32 = 0,

a33 = a11;
(14)

a12 = a13 = a21 = a23 = a31 = a32 = 0,

a22 = a11;
(15)

a12 = a13 = a21 = a31 = a32 = 0,

a23 ̸= 0, a33 = a11;
(16)

a12 = a13 = a21 = a31 = a32 = 0,

a22 = a11, a
2
3 ̸= 0;

(17)

a12 = a21 = a23 = a31 = a32 = 0,

a13 ̸= 0, a33 = a22;
(18)

a12 = a21 = a31 = a32 = 0,

a13 ̸= 0, a22 = a11;
(19)

a21 = a23 = a31 = a32 = 0,

a12 ̸= 0, a33 = a22;
(20)

a21 = a31 = a32 = 0, a12 ̸= 0,

a23 =
a13(a

2
2 − a11)

a12
, a33 = a11;

(21)

a31 = a32 = 0, a13 =
a23(a

1
1 − a33)

a21
,

a21 ̸= 0, a12 =
(a11 − a33)(a

2
2 − a33)

a21
;

(22)

a21 = a31 = 0, a32 ̸= 0, a13 =
a12(a

3
3 − a11)

a32
,

a23 =
(a11 − a22)(a

1
1 − a33)

a32
.

(23)

Lemma 4. Suppose that for the linear part
of system (12) σ1 ≡ 0, where σ1 is from (5).
Then the characteristic equation (10) of this
system has real eigenvalues.

Proof. The roots of the characteristic
equation (10) of system (12), under conditions
(13)-(23) are given in Table 1:

Table 1.

System (12) Eigenvalues
under conditions of (10)

(13) ϱ1 = a11, ϱ2,3 = a22

(14) ϱ1,2 = a11, ϱ3 = a22

(15) ϱ1,2 = a11, ϱ3 = a33

(16) ϱ1,2 = a11, ϱ3 = a22

(17) ϱ1,2 = a11, ϱ3 = a33

(18) ϱ1 = a11, ϱ2,3 = a22

(19) ϱ1,2 = a11, ϱ3 = a33

(20) ϱ1 = a11, ϱ2,3 = a22

(21) ϱ1,2 = a11, ϱ3 = a22

(22) ϱ1,2 = a33,
ϱ3 = a11 + a22 − a33

(23) ϱ1,2 = a11,
ϱ3 = −a11 + a22 + a33
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From Table 1, it follows that all eigenvalues
ϱi (i = 1, 3) are real. Lemma 4 is proved.

Lemma 5. Suppose that in (5) σ1 ̸≡ 0.
Then system (12), by means of a centro-a�ne
transformation, can be brought to the form

ẋ1 = x2 + a1αβx
αxβ,

ẋ2 = x3 + a2αβx
αxβ,

ẋ3 = −L3,3x
1 − L2,3x

2−
−L1,3x

1 + a3αβx
αxβ,

(24)

where Li,3 (i = 1, 3) are from (11).

Proof. Consider the substitution

x1 = κ1, x2 = κ2, x3 = κ3, (25)

with κi (i = 1, 3) given in (4).
From (25) we have

Det(κ1,κ2,κ3) ≡ δ4 =

=

∣∣∣∣∣∣
u1 u2 u3

aα1
1 uα1 aα1

2 uα1 aα1
3 uα1

aα1a
β
αuβ aα2a

β
αuβ aα3a

β
αuβ

∣∣∣∣∣∣ ,
where δ4 is from (4) and

x1=[(aα1
2 a

α
3a

β
αuα1uβ−aα1

3 a
α
2a

β
αuα1uβ)x̄

1+

+(aα2a
β
αuβu3 − aα3a

β
αuβu2)x̄

2+

+(aα1
3 uα1u2 − aα1

2 uα1u3)x̄
3]/δ4,

x2=[(aα1
3 a

α
1a

β
αuα1uβ−aα1

1 a
α
3a

β
αuα1uβ)x̄

1+

+(aα3a
β
αuβu1 − aα1a

β
αuβu3)x̄

2+

+(aα1
1 uα1u3 − aα1

3 uα1u1)x̄
3]/δ4,

x3=[(aα1
1 a

α
2a

β
αuα1uβ−aα1

2 a
α
1a

β
αuα1uβ)x̄

1+

+(aα1a
β
αuβu2 − aα2a

β
αuβu1)x̄

2+

+(aα1
2 uα1u1 − aα1

1 uα1u2)x̄
3]/δ4.

(26)

Substituting (25) and (26) in (12) and taki-
ng into account Lemma 1 (δ4 ̸≡ 0 ⇔ σ1 ̸≡ 0),
we obtain the system (24). The initial notati-
on of variables and coe�cients in the quadratic
parts of (24) are preserved. Lemma 5 is proved.
Lemma 6. The characteristic equation (10)

of system (24) with σ1 ̸≡ 0 has purely imagi-
nary eigenvalues if and only if the system has

the form

ẋ1 = x2 + a1αβx
αxβ,

ẋ2 = x3 + a2αβx
αxβ,

ẋ3 = −L1,3L2,3x
1 − L2,3x

2−
−L1,3x

3 + a3αβx
αxβ (L2,3 > 0),

(27)

where Li,3 (i = 1, 3) are of the form (11).
Proof. By Lemma 3, it is necessary to

examine only the case when σ1 ̸≡ 0.
Assume the characteristic equation (10) has

purely imaginary eigenvalues ϱ1 = αi, ϱ2 =
−αi (α ̸= 0 is real), then the third root, evi-
dently is real ϱ3 = β. By means of the V iète
theorem for eigenvalues of (10), we can write

ϱ1 + ϱ2 + ϱ3 = −L1,3,
ϱ1ϱ2 + ϱ1ϱ3 + ϱ2ϱ3 = L2,3,
ϱ1ϱ2ϱ3 = −L3,3.

Taking into account the last equalities, we get
β = −L1,3, α2 = L2,3, L3,3 = L1,3L2,3.
Since α is real and nonzero α ̸= 0, we have

L2,3 > 0. Substituting the last conditions in
(24), we obtain (27).

The su�ciency of these conditions is con�-
rmed as follows. Assume system (24) is of the
form (27), then the characteristic equation (10)
can be written as

(ϱ2 + L2,3)(ϱ+ L1,3) = 0.
Because L2,3 > 0, the equation has two purely
imaginary eigenvalues and one real eigenvalue.
Lemma 6 is proved.
Lemma 7. By a centro-a�ne transformati-

on the system (27) with σ1 ̸≡ 0 can be brought
to the Lyapunov form [1, §33]

ẋ1 = −λx2 + a1αβx
αxβ,

ẋ2 = λx1 + a2αβx
αxβ,

ẋ3 = x2 − L1,3x
3 + a3αβx

αxβ,
(28)

where L1,3 is from (11), and
λ2 = L2,3 (L2,3 > 0).

Proof. We will examine the linear part of
the ternary di�erential system (28) in the
Lyapunov form. According to [1, §33], the li-
near part of this system must have the form

Ẋ1 = −λX2 + ...,

Ẋ2 = λX1 + ...,

Ẋ3 = aX1 + bX2 + cX3 + ...,

(29)
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where by dots we mean the quadratic part
of the system. The coe�cients λ, a, b, c are
expressions in Li,3 (i = 1, 3) and the new vari-
ables X1, X2, X3 have the form

X1 = α1x
1 + α2x

2 + α3x
3,

X2 = β1x
1 + β2x

2 + β3x
3,

X3 = γ1x
1 + γ2x

2 + γ3x
3,

(30)

where

∆ =

∣∣∣∣∣∣
α1 α2 α3

β1 β2 β3
γ1 γ2 γ3

∣∣∣∣∣∣ ̸= 0. (31)

In these conditions, we observe that substi-
tution (30) form a centro-a�ne transformati-
on. Substituting (30) and (31) in the Lyapunov
form (29) and comparing with the system (27),
we obtain a system of nine algebraic equation
in 12 unknowns.

Solving this system, we have

X1 = −L2
1,3λx

1 + λx3,
X2 = L1,3L2,3x

1 + (L2
1,3 + L2,3)x

2 + L1,3x
3,

X3 = 2L2,3x
1 + L1,3x

2 + x3,

where λ2 = L2,3, and

∆ = −2L2,3λ(L
2
1,3 + L2,3) ̸= 0 (L2,3 > 0).

This transformation brings the system (27) to
a system with the linear part in the Lyapunov
form

Ẋ1 = −λX2 + ...,

Ẋ2 = λX1 + ...,

Ẋ3 = X2 − L1,3X
3 + ...,

for which, preserving in the quadratic part the
initial notations of variables and coe�cients,
we obtain (28). Lemma 7 is proved

4. Invariant conditions for stability of
unperturbed periodic motions

We will use the followingGL(3,R)-invariant
polynomials for system (12) from [5�6]:

η = aαβγx
βxγxδyµεαδµ, P1 = aααβx

β,

P2 = aαβa
β
αγx

γ, P3 = aαγa
β
αa

γ
βδx

δ,
(32)

where η is a comitant of two cogradient vectors
x = (x1, x2, x3) and y = (y1, y2, y3) which are
linear independent.

It is easy to verify
Lemma 8 [6]. Suppose that in system (12)

η ≡ 0. Then the quadratic parts of this system
have a common linear factor.

The di�erential systems (12), with property
stated in Lema 8, will be called the di�erential
systems of the Darboux form [6]. If the linear
part of system (12) has the Lyapunov form and
the quadratic one - the Darboux form, then
such systems will be called Lyapunov-Darboux
di�erential systems.

In [6] it was proved the following assertion
Theorem 3. Let η ≡ 0. Then system (12)

has a GL(3,R)-invariant integrating factor
µ−1 = σ1φ with σ1 from (5), where

φ = −2L3,3 + 3L2,3P1 + 4L1,3P2 + 4P3 (33)

are GL(3,R)-invariant particular integrals of
this system with Li,3 (i = 1, 3) from (11) and
Pi (i = 1, 3) from (32).
Lemma 9. By a centro-a�ne transformati-

on, the system (12) can be brought to the
Lyapunov-Darboux form

dx1

dt
= −λx2 + 2x1(gx1+

+hx2 + kx3) ≡ P 1,

dx2

dt
= λx1 + 2x2(gx1+

+hx2 + kx3) ≡ P 2,

dx3

dt
= x2 − L1,3x

3 + 2x3(gx1+

+hx2 + kx3) ≡ P 3,

(34)

if and only if the following centro-a�ne invari-
ant conditions hold

σ1 ̸≡ 0, η ≡ 0, L1,3L2,3 = L3,3

(λ2 = L2,3, L2,3 > 0, L1,3 > 0),
(35)

where σ1 is from (5), Li,3 (i = 1, 3) is from
(11) and η is from (32).

The proof of Lemma 9 follows directly from
Lemmas 6�8 and [1].

We determinate the Lie algebra of the
operators admissible by system (34) [5]. We
assume that the coordinate of the operator

X = ξi
∂

∂xi
(i = 1, 3),
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have the form

ξi = Aiβx
β + Aiβγx

βxγ (β, γ = 1, 3),

and satisfy the determinant equations

(ξ1)x1P
1 + (ξ1)x2P

2 + (ξ1)x3P
3 =

= ξ1P 1
x1 + ξ2P 1

x2 + ξ3P 1
x3 ,

(ξ2)x1P
1 + (ξ2)x2P

2 + (ξ2)x3P
3 =

= ξ1P 2
x1 + ξ2P 2

x2 + ξ3P 2
x3 ,

(ξ3)x1P
1 + (ξ3)x2P

2 + (ξ3)x3P
3 =

= ξ1P 3
x1 + ξ2P 3

x2 + ξ3P 3
x3 .

Then solving this system for (34), we obtain
the following operators

X1 = {λL1,3x
1 − λ2x2+

+2[(−k − hL1,3 + gλ)(x1)2+

+(gL1,3 + hλ)x1x2]} ∂

∂x1
+

+{λ2x1 + λL1,3x
2 + 2(−k − hL1,3+

+gλ)x1x2 + 2(gL1,3 + hλ)(x2)2} ∂

∂x2
+

+{λx2 + 2(−k − hL1,3 + gλ)x1x3+

+2(gL1,3 + hλ)x2x3} ∂

∂x3
,

X2 = [λ2x1 + λL1,3x
2+

+2(−gL1,3 − hλ)(x1)2+

+2(gλ− k − hL1,3)x
1x2]

∂

∂x1
+

+[λL1,3x
1+λ2x2−2(gL1,3+hλ)x

1x2+

+2(gλ− k − hL1,3)(x
2)2]

∂

∂x2
+

+[−λx1 + 2(−gL1,3 − hλ)x1x3−

−2(k + hL1,3 − gλ)x2x3]
∂

∂x3
,

X3 = {−λL1,3 + 2[(k + hL1,3)x
1−

−gL1,3x
2 + kλx3]}(x1 ∂

∂x1
+

+x2
∂

∂x2
+ x3

∂

∂x3
).

(36)

By means of the commutators [Xi, Xj] =
XiXj−XjXi we can verify that these operators
form a Lie three-dimensional commutative
algebra.

According to [7] and using the operators
Xα = ξiα

∂
∂xi

(α = 1, 2; i = 1, 3) (ignoring a
constant factor) we obtain the Lie integrating
factor of the form

µ−1 =

∣∣∣∣∣∣
ξ11 ξ21 ξ31
ξ12 ξ22 ξ32
P 1 P 2 P 3

∣∣∣∣∣∣
or

µ−1 = [λL1,3 − 2((k + hL1,3)x
1−

−gL1,3x
2 + kλx3)]σ1.

(37)

Using this expression and the Theorem on
integrating factor, we have

Theorem 4. One of the �rst integrals of
system (34) has the form

F1 ≡
f1
f 2
2

= C1, (38)

where

f1 = (x1)2 + (x2)2,

f2 = −λL1,3 + 2(k + hL1,3)x
1−

−2gL1,3x
2 + 2λkx3.

(39)

Corollary 1. For system (34) we have

φ = 12λf2, (40)

where φ is of the form (33).

Corollary 2. The �rst integral (38) with
f2 ̸≡ 0 (φ ̸≡ 0) can be written as a holomorphic
integral of the form

F̃1 = (x1)2 + (x2)2 + F (x1, x2, x3), (41)

where F (x1, x2, x3) contains terms of degree at
least two in variables x1, x2, x3.

By Lemma 9, Theorem 4, Corollaries 1
and 2, there were established the centro-
a�ne invariant conditions for the existence
of a holomorphic integral (41) for di�erenti-
al system (12). Taking into account this, the
Lyapunov Theorem on stability of unperturbed
motion [1, §40, p. 160] and the holomorphic
integral (41) we obtain the following main
result.
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Theorem 5. Suppose for system (12) the
centro-a�ne invariant conditions (35) hold,
the comitant φ from (33) is a non-constant
function and is not identically zero, and condi-
tion L1,3 > 0 from (11) is satis�ed. Then
the system has a periodic solution contai-
ning an arbitrary constant and varying the
constant one can obtain a continuous sequences
of periodic motions which describe the studi-
ed unperturbed motion. This motion is stable
and any other unperturbed motion will tend
asymptotically to one of the periodic motions.

Assume that L1,3 = 0, then the di�erential
system (34) admits the following operators

X1 = [2hx1x2 + 2(k − gλ)x1x3−

−λx2] ∂
∂x1

+

+[2h(x2)2 + λx1+

+2(k − gλ)x2x3]
∂

∂x2
+ [2hx2x3+

+2(k − gλ)(x3)2 + x2]
∂

∂x3
,

X2 = [2(k − gλ)x1x2 − 2hλ2x1x3−

−λ2x1] ∂
∂x1

+

+[2(k − gλ)(x2)2 − λ2x2−

−2hλ2x2x3]
∂

∂x2
+ [2(k − gλ)x2x3−

−2hλ2(x3)2 + λx1]
∂

∂x3
,

X3 = (x1 + λx3)(x1
∂

∂x1
+

+x2
∂

∂x2
+ x3

∂

∂x3
),

(42)

which form a Lie commutative algebra.
Using the �rst two operators and ignoring a

constant factor, similarly to the previous case,
we obtain the Lie integrating factor

µ−1 = ((x1)2 + (x2)2)(x1 + λx3)2. (43)

By means of this expression and the Lie
Theorem on integrating factor [7], we have the
following assertion.

Theorem 6. The di�erential system (34)
with L1,3 = 0 has a general integral composed
of the following two �rst integrals

F1 ≡
(x1)2 + (x2)2

(x1 + λx3)2
= C1,

F2 ≡
λ2 + 2(λg − k)x2 + 2λ2hx3

x1 + λx3
+

+2k arctg
x2

x1
= C2.

(44)

Remark 1. The Lie algebra (42), the Lie
integrating factor (43), the �rst integral (44) of
the system (34), ignoring constant factor, can
be obtained from the Lie algebra (36), the �-
rst integrating factor (37) and the �rst integral
(38), respectively, by substituting L1,3 = 0.
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ÊÐÈÒÅÐIÉ IÑÍÓÂÀÍÍß ÍÅÒÐÈÂIÀËÜÍÈÕ ÊÂÀÇIÏÎËIÍÎÌÍÈÕ
ÐÎÇÂ'ßÇÊIÂ ÎÄÍÎÐIÄÍÎ� ÄÂÎÒÎ×ÊÎÂÎ� ÇÀÄÀ×I ÄËß ÐIÂÍßÍÍß IÇ

×ÀÑÒÈÍÍÈÌÈ ÏÎÕIÄÍÈÌÈ

Çíàéäåíî íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàííÿ íåòðèâiàëüíèõ êâàçiïîëiíîìíèõ ðîçâ'ÿçêiâ
îäíîðiäíîãî ðiâíÿííÿ iç ÷àñòèííèìè ïîõiäíèìè äðóãîãî ïîðÿäêó çà ÷àñîì òà çàãàëîì íåñêií-
÷åííîãî ïîðÿäêó çà s ∈ N\{1} ïðîñòîðîâèìè çìiííèìè çi ñòàëèìè êîìïëåêñíèìè êîåôiöi¹í-
òàìè, ùî çàäîâîëüíÿþòü îäíîðiäíi ëîêàëüíi äâîòî÷êîâi óìîâè. Iñíóâàííÿ òàêèõ ðîçâ'ÿçêiâ
çàáåçïå÷ó¹òüñÿ óìîâîþ � ìíîæèíà íóëiâ õàðàêòåðèñòè÷íîãî âèçíà÷íèêà çàäà÷i íå ¹ ïîðîæ-
íüîþ.

The necessary and su�cient conditions of existence of the nontrivial quasipolynomial solutions
of homogeneous partial di�erential equation of second order in time variable and generally in�nite
order in s ∈ N\{1} spatial variables with constant complex coe�cients that satisfy homogeneous
local two-point conditions is established. The existence of these solutions is provided by the condi-
tion that the set of zeroes of characteristic determinant of problem is not empty.

Âñòóï. Ðîçâ'ÿçíiñòü çàäà÷ ç áàãàòîòî÷êî-
âèìè óìîâàìè çà ÷àñîâîþ çìiííîþ äëÿ ëi-
íiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèí-
íèìè ïîõiäíèìè íà îñíîâi ìåòðè÷íîãî ïiä-
õîäó âïåðøå áóëî çàïðîïîíîâàíî ó ïðàöi
[1]. Ó öié ñòàòòi áóëî âêàçàíî íà ïðîáëåìó
ìàëèõ çíàìåííèêiâ, äîâåäåíî íåêîðåêòíiñòü
öèõ çàäà÷, òàêîæ áóëî ïîêàçàíî, ùî íà âiä-
ìiíó âiä çàäà÷i Êîøi âiäïîâiäíà îäíîðiäíà
áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à ìîæå ìàòè
íåòðèâiàëüíi ðîçâ'ÿçêè. Äîñëiäæåííÿ çàäà÷
ç áàãàòîòî÷êîâèìè óìîâàìè äëÿ ðiâíÿíü òà
ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèí-
íèìè ïîõiäíèìè â îáìåæåíèõ îáëàñòÿõ ç âè-
êîðèñòàííÿì ìåòðè÷íîãî ïiäõîäó çà îñòàííi
ðîêè iñòîòíî ðîçâèíóòî (äèâ. ïðàöi [2, 3, 4]
òà áiáëiîãðàôiþ â íèõ).

Â íåîáìåæåíèõ îáëàñòÿõ (ñìóãà, øàð)
îäíîçíà÷íó ðîçâ'ÿçíiñòü çàäà÷ iç ëîêàëüíè-
ìè áàãàòîòî÷êîâèìè çà ÷àñîì óìîâàìè äëÿ
ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè äîñëiäæó-
âàëè ó [5, 6, 7]. Ó öèõ ïðàöÿõ çíàéäåíî ïðîñ-
òîðè ôóíêöié, ó ÿêèõ äëÿ n-òî÷êîâî¨ çàäà÷i
¹ âiäñóòíüîþ ïðîáëåìà ìàëèõ çíàìåííèêiâ.

Çàçíà÷èìî, ùî áàãàòîòî÷êîâà çàäà÷à
äëÿ çâè÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ
çóñòði÷à¹òüñÿ â ëiòåðàòóði ç íàçâîþ çàäà÷à

Âàëëå-Ïóññåíà. Òàêîãî ðîäó çàäà÷i âïåðøå
âèâ÷àëèñÿ ó ïðàöÿõ [8, 9, 10].

Ó öié ïðàöi âñòàíîâëåíî óìîâè iñíóâàí-
íÿ íåòðèâiàëüíèõ (êâàçiïîëiíîìíîãî âèãëÿ-
äó) ðîçâ'ÿçêiâ îäíîðiäíîãî äèôåðåíöiàëüíî-
ãî ðiâíÿííÿ äðóãîãî ïîðÿäêó çà ÷àñîì òà
çàãàëîì äîâiëüíîãî ïîðÿäêó çà ïðîñòîðîâè-
ìè çìiííèìè, ùî çàäîâîëüíÿþòü ëîêàëüíi
äâîòî÷êîâi çà ÷àñîì óìîâè. Ïðàöÿ ïðîäîâ-
æó¹ äîñëiäæåííÿ [11], äå âèâ÷àëàñÿ äâîòî÷-
êîâà çàäà÷à äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ
ç îäíi¹þ ïðîñòîðîâîþ çìiííîþ.

1. Ôîðìóëþâàííÿ çàäà÷i. Â îáëàñòi
çìiííèõ t ∈ R, x ∈ Rs (s ∈ N\ {1}) äîñëiä-
æó¹òüñÿ ìíîæèíà ðîçâ'ÿçêiâ îäíîðiäíî¨ äâî-
òî÷êîâî¨ çàäà÷i:

L
( ∂
∂t
,
∂

∂x

)
U(t, x) ≡

≡ ∂2U

∂t2
+ 2a

( ∂
∂x

)∂U
∂t

+ b
( ∂
∂x

)
U = 0, (1)

A1

( ∂
∂x

)
U(0, x) + A2

( ∂
∂x

)∂U
∂t

(0, x) = 0,

B1

( ∂
∂x

)
U(h, x) + B2

( ∂
∂x

)∂U
∂t

(h, x) = 0.

(2)
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Ó ðiâíÿííi (1) ââàæà¹ìî, ùî îïåðàòîðíi
êîåôiöi¹íòè a

(
∂
∂x

)
, b
(
∂
∂x

)
¹ äîâiëüíèìè äèôå-

ðåíöiàëüíèìè âèðàçàìè ç êîìïëåêñíèìè êî-
åôiöi¹íòàìè ñêií÷åííîãî àáî íåñêií÷åííîãî
ïîðÿäêó, à ñèìâîëè a(ν), b(ν) öèõ êîåôiöi¹í-
òiâ ¹ öiëèìè ôóíêöiÿìè êîìïëåêñíî¨ âåêòîð-
çìiííî¨ ν ∈ Cs. Ùîäî äèôåðåíöiàëüíèõ
ïîëiíîìiâ A1

(
∂
∂x

)
, A2

(
∂
∂x

)
, B1

(
∂
∂x

)
, B2

(
∂
∂x

)
ç

êîìïëåêñíèìè êîåôiöi¹íòàìè ó äâîòî÷êî-
âèõ óìîâàõ (2) íàêëàäà¹ìî ïðèïóùåííÿ, ùî
|A1(ν)|2+|A2(ν)|2 ̸= 0 òà |B1(ν)|2+|B2(ν)|2 ̸=
0 äëÿ äîâiëüíîãî ν ∈ Cs. Êðiì òîãî, h > 0.

Îäíîðiäíà çàäà÷à (1), (2), î÷åâèäíî, ìà¹
òðèâiàëüíèé ðîçâ'ÿçîê. Ó ñòàòòi âñòàíîâèìî
íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàííÿ íå-
òðèâiàëüíèõ êâàçiïîëiíîìíèõ ðîçâ'ÿçêiâ çà-
äà÷i (1), (2) i âêàæåìî ìåòîä ¨õ ïîáóäîâè.

2. Äîïîìiæíi ðåçóëüòàòè. Çà ðiâíÿí-
íÿì (1) òà óìîâàìè (2) ñêëàäåìî õàðàêòå-
ðèñòè÷íèé âèçíà÷íèê çàäà÷i

∆(ν) =

∣∣∣∣∣ ∆11(ν) ∆12(ν)

∆21(ν) ∆22(ν)

∣∣∣∣∣ , (3)

äå

∆11(ν) = A1(ν), ∆12(ν) = A2(ν),

∆21(ν) = B1(ν)T0(h, ν) +B2(ν)
dT0
dt

(h, ν),

∆22(ν) = B1(ν)T1(h, ν) + B2(ν)
dT1
dt

(h, ν),

ôóíêöi¨ T0(t, ν), T1(t, ν) ¹ åëåìåíòàìè íîð-
ìàëüíî¨ â òî÷öi t = 0 ôóíäàìåíòàëüíî¨ ñè-
ñòåìè ðîçâ'ÿçêiâ çâè÷àéíîãî äèôåðåíöiàëü-
íîãî ðiâíÿííÿ

L
( d
dt
, ν
)
T (t, ν) = 0, ν ∈ Cs.

Ðîçãëÿíåìî ìíîæèíó

M =
{
ν ∈ Cs : ∆(ν) = 0

}
, (4)

ïðè÷îìó ïðèïóñêà¹ìî, ùî M ̸= ∅ i M ̸= Cs.
Íåõàé α ∈ M . Ðîçãëÿíåìî äëÿ êîìïëåêñ-

íîãî âåêòîðà α òàêó ìíîæèíó ìóëüòèiíäå-
êñiâ:

Ω(α) =
{
r = (r1, . . . , rs) ∈ Zs+ :

( ∂
∂ν

)r
∆(ν)

∣∣∣
ν=α

≡ ∆(r)(α) ̸= 0
}
,

äå
(
∂
∂ν

)r
∆(ν) = ∂|r|∆(ν)

∂ν
r1
1 ...∂νrss

, |r| = r1 + . . .+ rs.
Ââàæà¹ìî, ùî r ≥ q äëÿ äâîõ âåêòîðiâ

r = (r1, . . . , rs) òà q = (q1, . . . , qs) ç Zs+, ÿêùî
r1 ≥ q1, . . . , rs ≥ qs. Êðiì òîãî, ïîçíà÷èìî

Cq
r =

r !
q !(r−q)! , äå r ! =

s∏
k=1

rk!, rk! = 1 ·2 · . . . ·rk,

0! = 1, O � âåêòîð ç íóëüîâèìè êîîðäèíà-
òàìè, xr = xr11 . . . x

rs
s , x = (x1, . . . , xs) ∈ Rs,

ν · x = ν1x1 + . . .+ νsxs, ν = (ν1, . . . , νs) ∈ Cs.

Ëåìà 1. Íåõàé çàäàíî àíàëiòè÷íó ôóí-
êöiþ µ(ν), ïðè÷îìó µ(α) ̸= 0 äëÿ äåÿêîãî
α ∈ Cs, öiëó ôóíêöiþ γ(ν), à òàêîæ ïî-
ëiíîì φ(x) =

∑
0≤|r|≤n

φrx
r, φr ∈ C, ñòåïiíü

ÿêîãî äîðiâíþ¹ n ∈ Z+, òîáòî
∑
|r|=n

|φr| > 0.

Òîäi iñíó¹ ïîëiíîì φµ(x) ñòåïåíÿ n, äëÿ ÿêî-
ãî âèêîíó¹òüñÿ òàêà ðiâíiñòü

φ
( ∂
∂ν

){
µ(ν)γ(ν)eν·x

}∣∣∣∣
ν=α

=

= φµ
( ∂
∂ν

){
γ(ν)eν·x

}∣∣∣∣
ν=α

. (5)

Äîâåäåííÿ. Ëiâó ÷àñòèíó ðiâíîñòi (5) ïî-
äàìî ó âèãëÿäi

∑
0≤|r|≤n

φr

( ∂
∂ν

)r{
µ(ν)γ(ν)eν·x

}∣∣∣∣∣∣
ν=α

=

=
∑

0≤|r|≤n

φr×

×
∑
O≤q≤r

Cq
rµ

(r−q)(α)
( ∂
∂ν

)q{
γ(ν)eν·x

}∣∣∣
ν=α

.

Çìiíèâøè ïîðÿäîê ñóìóâàííÿ, îäåðæèìî

φ
( ∂
∂ν

){
µ(ν)γ(ν)eν·x

}∣∣∣∣
ν=α

=

=
∑

0≤|r|≤n

( ∂
∂ν

)r{
γ(ν)eν·x

}∣∣∣∣∣∣
ν=α

×

×
∑

q≥r, |q|≤n

Cr
qµ

(q−r)(α)φq.
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Îòæå, øóêàíèé ïîëiíîì φµ(x) ìà¹ òàêèé
âèãëÿä:

φµ(x) = µ(α)
∑
|r|=n

φrx
r+

+
∑

0≤|r|≤n−1

xr
∑

q≥r, |q|≤n

Cr
qµ

(q−r)(α)φq.

Îñêiëüêè µ(α) ̸= 0 i
∑
|r|=n

|φr| > 0, òî ïî-

áóäîâàíèé ïîëiíîì φµ(x) ìà¹ ñòåïiíü n i äëÿ
íüîãî âèêîíó¹òüñÿ ðiâíiñòü (5). �

Ëåìà 2. Íåõàé A = A
(
∂
∂x

)
� äèôåðåí-

öiàëüíèé ïîëiíîì ç êîìïëåêñíèìè êîåôiöi-
¹íòàìè, α ∈ Cs i φα(x) = φ(x)eα·x � êâà-
çiïîëiíîì, ùî íàëåæèòü äî ÿäðà îïåðàòîðà
A, òîáòî φα ∈ kerA, àáî A

(
∂
∂x

)
φα(x) ≡ 0.

Òîäi A(α) = 0 i äëÿ äîâiëüíî¨ àíàëiòè÷íî¨ â
îêîëi ν = O ôóíêöi¨ γ(ν) âèêîíó¹òüñÿ òî-
òîæíiñòü íà Rs

φα

( ∂
∂ν

){
A(ν)γ(ν)eν·x

}∣∣∣
ν=O

=

= φ
( ∂
∂ν

){
A(ν)γ(ν)eν·x

}∣∣∣
ν=α

≡ 0. (6)

Äîâåäåííÿ. Çîáðàçèìî êâàçiïîëiíîìíèé
åëåìåíò ÿäðà îïåðàòîðà A ó âèãëÿäi

φα(x) = φ
( ∂
∂ν

){
eν·x
}∣∣∣∣
ν=α

.

Ïîäi¹ìî íà îñòàííþ ðiâíiñòü äèôåðåíöi-
àëüíèì âèðàçîì A

(
∂
∂x

)
:

A
( ∂
∂x

)
φα(x) = A

( ∂
∂x

)
φ
( ∂
∂ν

){
eν·x
}∣∣∣∣
ν=α

=

= φ
( ∂
∂ν

){
A(ν)eν·x

}∣∣∣∣
ν=α

.

Îñêiëüêè φα ∈ kerA, òî âèêîíó¹òüñÿ òî-
òîæíiñòü íà Rs:

φ
( ∂
∂ν

){
A(ν)eν·x

}∣∣∣∣
ν=α

≡ 0. (7)

Òîäi äëÿ äîâiëüíîãî x ∈ Rs ìà¹ìî

φ
( ∂
∂ν

){
A(ν)γ(ν)eν·x

}∣∣∣∣
ν=α

=

= γ
( ∂
∂x

)
φ
( ∂
∂ν

){
A(ν)eν·x

}∣∣∣∣
ν=α

=

= γ
( ∂
∂x

)
· 0 = 0.

Îòæå, òîòîæíiñòü (6) âñòàíîâëåíî.
Äîâåäåìî, ùî A(α) = 0. Íåõàé φ(x) =∑

0≤|r|≤n
φrx

r, φr ∈ C, ïðè÷îìó
∑
|r|=n

|φr| > 0,

òîáòî degφ(x) = n, n ∈ Z+. Òîäi ç òîòîæ-
íîñòi (7) îòðèìó¹ìî

0 ≡
∑

0≤|r|≤n

φr

( ∂
∂ν

)r {
A(ν)eν·x

}∣∣∣
ν=α

=

=
∑
|r|=n

φr

( ∂
∂ν

)r {
A(ν)eν·x

}∣∣∣
ν=α

+

+
∑

0≤|r|<n

φr

( ∂
∂ν

)r {
A(ν)eν·x

}∣∣∣
ν=α

=

=
∑
|r|=n

φr
∑
O≤q≤r

Cq
rx

qeα·xA(r−q)(α)+

+
∑

0≤|r|<n

φr

( ∂
∂ν

)r {
A(ν)eν·x

}∣∣∣
ν=α

=

= eα·xA(α)
∑
|r|=n

φrx
r+

+ eα·x
∑
|r|=n

φr
∑

O≤q≤r, q ̸=r

Cq
rA

(r−q)(α)xq+

+
∑

0≤|r|<n

φr

( ∂
∂ν

)r {
A(ν)eν·x

}∣∣∣
ν=α

.

Ç óìîâè
∑
|r|=n

|φr| > 0 ìà¹ìî A(α) = 0. �

3. Îñíîâíèé ðåçóëüòàò. Äëÿ ïiäìíî-
æèíè D ïðîñòîðó Cs ðîçãëÿíåìî òàêi êëàñè
êâàçiïîëiíîìiâ:

� KD � öå êëàñ êâàçiïîëiíîìiâ âèãëÿäó

g(x) =
m∑
j=1

Qj(x)e
αj ·x, x ∈ Rs, m ∈ N,

äå α1, . . . , αm � ïîïàðíî ðiçíi êîìïëåêñíi âåê-
òîðè ç D i Q1(x), . . . , Qm(x) � íåíóëüîâi ïî-
ëiíîìè ç êîìïëåêñíèìè êîåôiöi¹íòàìè;

� KC,D � öå êëàñ êâàçiïîëiíîìiâ âèãëÿäó

f(t, x) =
m∑
j=1

N∑
l=1

Plj(t, x)e
βlt+αj ·x, m,N ∈ N,
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äå P11(t, x), . . . , PNm(t, x) � íåíóëüîâi ïîëiíî-
ìè çìiííèõ t, x1, . . . , xs ç êîìïëåêñíèìè êîå-
ôiöi¹íòàìè, β1, . . . , βN � ïîïàðíî ðiçíi êîì-
ïëåêñíi ÷èñëà, à ïîïàðíî ðiçíi êîìïëåêñíi
âåêòîðè α1, . . . , αm íàëåæàòü äî D.

Òåîðåìà 1. Íåõàé M � ìíîæèíà (4) i g(x)
� íåòðèâiàëüíèé îäíî÷ëåííèé êâàçiïîëiíîì
ç êëàñó KM âèãëÿäó

g(x) = Q(x)eα·x, (8)

â ÿêîìó Q(x) =
∑

0≤|r|≤n
Drx

r � ïîëiíîì n-ãî

ñòåïåíÿ (
∑
|r|=n

|Dr| > 0, n ∈ Z+), êîåôiöi¹í-

òè Dr ÿêîãî çàäîâîëüíÿþòü îäíîðiäíó ñè-
ñòåìó àëãåáðè÷íèõ ðiâíÿíü:∑

r≥q, 0≤|r|≤n,
r−q∈Ω(α)

DrC
q
r∆

(r−q)(α) = 0,

q ∈ Zs+, |q| ≤ n− 1. (9)

Òîäi êâàçiïîëiíîì

U(t, x) = g
( ∂
∂ν

){
Φ(t, x, ν)

}∣∣∣∣
ν=O

=

= Q
( ∂
∂ν

){
Φ(t, x, ν)

}∣∣∣∣
ν=α

, (10)

â ÿêîìó

Φ(t, x, ν) =
[
A2(ν)T0(t, ν)−A1(ν)T1(t, ν)

]
eν·x,
(11)

¹ íåòðèâiàëüíèì ðîçâ'ÿçêîì çàäà÷i (1), (2).
Íàâïàêè, ÿêùî íåíóëüîâèé êâàçiïîëiíîì,
îäíî÷ëåííèé çà çìiííîþ x, òîáòî U(t, x) =
F (t, x)eα·x, ¹ ðîçâ'ÿçêîì çàäà÷i (1), (2), òî
éîãî ìîæíà çîáðàçèòè ó âèãëÿäi (10), äå
g(x) íàëåæèòü äî KM , ìà¹ âèãëÿä (8) i êîå-
ôiöi¹íòè Dr ïîëiíîìà Q(x) çàäîâîëüíÿþòü
ñèñòåìó (9).

Äîâåäåííÿ. Äîñòàòíiñòü.Ïîêàæåìî ñïî-
÷àòêó, ùî ôóíêöiÿ (10) çàäîâîëüíÿ¹ ðiâíÿí-
íÿ (1). Âðàõîâóþ÷è êîìóòàòèâíiñòü îïåðà-
öié ∂

∂t
, ∂
∂x

òà ∂
∂ν

ìà¹ìî

L
( ∂
∂t
,
∂

∂x

){
g
( ∂
∂ν

){
Φ(t, x, ν)

}∣∣∣∣
ν=O

}
=

= g
( ∂
∂ν

){
L
( ∂
∂t
,
∂

∂x

){
Φ(t, x, ν)

}∣∣∣∣
ν=O

}
=

= g
( ∂
∂ν

){
eν·x
[
A2(ν)L

( d
dt
, ν
)
T0(t, ν)−

− A1(ν)L
( d
dt
, ν
)
T1(t, ν)

]}∣∣∣
ν=O

= 0.

Ïîêàæåìî äëÿ (10) âèêîíàííÿ ïåðøî¨
óìîâè (2):

A1

( ∂
∂x

)
U(0, x) + A2

( ∂
∂x

)∂U
∂t

(0, x) =

= A1

( ∂
∂x

)
Q
( ∂
∂ν

){
Φ(0, x, ν)

}∣∣∣∣
ν=α

+

+ A2

( ∂
∂x

)
Q
( ∂
∂ν

){∂Φ
∂t

(0, x, ν)

}∣∣∣∣
ν=α

=

= Q
( ∂
∂ν

) {
A1

( ∂
∂x

)
[A2(ν)e

ν·x]

}∣∣∣∣
ν=α

−

−Q
( ∂
∂ν

) {
A2

( ∂
∂x

)
[A1(ν)e

ν·x]

}∣∣∣∣
ν=α

=

= Q
( ∂
∂ν

){
eν·x
[
A1(ν)A2(ν)−

− A1(ν)A2(ν)
]}∣∣∣

ν=α
= 0.

Ôóíêöiÿ (10) çàäîâîëüíÿ¹ äðóãó óìîâó
(2). Ñïðàâäi,

B1

( ∂
∂x

)
U(h, x) +B2

( ∂
∂x

)∂U
∂t

(h, x) =

= B1

( ∂
∂x

)
Q
( ∂
∂ν

){
Φ(h, x, ν)

}∣∣∣∣
ν=α

+

+B2

( ∂
∂x

)
Q
( ∂
∂ν

) {∂Φ
∂t

(h, x, ν)

}∣∣∣∣
ν=α

=

= Q
( ∂
∂ν

){
B1(ν)Φ(h, x, ν)

}∣∣∣∣
ν=α

+

+Q
( ∂
∂ν

) {
B2(ν)

∂Φ

∂t
(h, x, ν)

}∣∣∣∣
ν=α

=

= Q
( ∂
∂ν

){
eν·x∆(ν)

}∣∣∣∣
ν=α

=

=
∑

0≤|r|≤n

Dr

( ∂
∂ν

)r{
eν·x∆(ν)

}∣∣∣∣
ν=α

=

=
∑

0≤|r|≤n

Dr

∑
O≤q≤r

Cq
rx

qeα·x∆(r−q)(α) =

= eα·x
∑

0≤|r|≤n

∑
O≤q≤r

DrC
q
rx

q∆(r−q)(α) =

ISSN 2309-4001.Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2016. � Ò. 4, � 3�4. 143



= eα·x
∑

0≤|q|≤n

xq
∑

r≥q, |r|≤n

DrC
q
r∆

(r−q)(α).

Îñòàííié âèðàç äîðiâíþâàòèìå íóëþ òîäi
òà ëèøå òîäi, êîëè

∀q ∈ Zs+ |q| ≤ n :
∑

r≥q, |r|≤n

DrC
q
r∆

(r−q)(α) = 0.

Çàóâàæèìî, ÿêùî |q| = n, òî r = q, à óñi
ðiâíîñòi Dq∆(α) = 0 â îñòàííié ñèñòåìi áó-
äóòü òîòîæíîñòÿìè 0 ≡ 0 äëÿ âñiõ Dq. Êðiì
òîãî, çàëèøà¹ìî ëèøå òi äîäàíêè, äëÿ ÿêèõ
∆(r−q)(α) ̸= 0, òîáòî äëÿ r− q ∈ Ω(α). Îòæå,
îñòàííþ ñèñòåìó ìîæíà çàïèñàòè ó âèãëÿäi
(9).

Ïîêàæåìî, ùî ôóíêöiÿ (10) ¹ íåíóëüî-
âîþ. Äëÿ öüîãî îá÷èñëèìî çíà÷åííÿ öi¹¨
ôóíêöi¨ òà ¨¨ ïîõiäíî¨ â òî÷öi t = 0:

U(0, x) =

=
∑

0≤|r|≤n

Dr

( ∂
∂ν

)r {
A2(ν)e

ν·x
}∣∣∣

ν=α
=

=
∑
|r|=n

Dr

( ∂
∂ν

)r {
A2(ν)e

ν·x
}∣∣∣

ν=α
+

+
∑

0≤|r|<n

Dr

( ∂
∂ν

)r {
A2(ν)e

ν·x
}∣∣∣

ν=α
=

=
∑
|r|=n

Dr

∑
O≤q≤r

Cq
rx

qeα·xA
(r−q)
2 (α)+

+
∑

0≤|r|<n

Dr

( ∂
∂ν

)r {
A2(ν)e

ν·x
}∣∣∣

ν=α
=

= eα·xA2(α)
∑
|r|=n

Drx
r+

+ eα·x
∑
|r|=n

Dr

∑
O≤q≤r, q ̸=r

Cq
rA

(r−q)
2 (α)xq+

+
∑

0≤|r|<n

Dr

( ∂
∂ν

)r {
A2(ν)e

ν·x
}∣∣∣

ν=α
.

Àíàëîãi÷íî

∂U

∂t
(0, x) =

= −
∑

0≤|r|≤n

Dr

( ∂
∂ν

)r {
A1(ν)e

ν·x
}∣∣∣

ν=α
=

= −eα·xA1(α)
∑
|r|=n

Drx
r−

− eα·x
∑
|r|=n

Dr

∑
O≤q≤r, q ̸=r

Cq
rA

(r−q)
1 (α)xq−

−
∑

0≤|r|<n

Dr

( ∂
∂ν

)r {
A1(ν)e

ν·x
}∣∣∣

ν=α
.

Ç óìîâè
∑
|r|=n

|Dr| > 0 îäåðæó¹ìî, ùî∑
|r|=n

Drx
r � íåòðèâiàëüíèé ïîëiíîì ñòåïåíÿ

n ∈ Z+. Îñêiëüêè |A1(α)|2 + |A2(ν)|2 > 0, òî
íåòðèâiàëüíèìè îäíî÷ëåííèìè çà çìiííîþ x
êâàçiïîëiíîìàìè ¹ U(0, x) àáî ∂U

∂t
(0, x). Îò-

æå, ôóíêöiÿ âèãëÿäó (10), ÿê ðîçâ'ÿçîê çàäà-
÷i Êîøi ç íåíóëüîâèìè ïî÷àòêîâèìè äàíèìè
¹ íåòðèâiàëüíîþ.

Äîâåäåìî íåîáõiäíiñòü. Íåõàé U(t, x) �
íåòðèâiàëüíèé ðîçâ'ÿçîê çàäà÷i (1), (2), ùî
íàëåæèòü äî KC,Cs i ìà¹ çà çìiííîþ x îäíî-
÷ëåííèé âèãëÿä, òîáòî

U(t, x) = F (t, x)eα·x, α ∈ Cs, (12)

äå F (t, x) =
N∑
l=1

Pl(t, x)e
βlt, P1(t, x), . . . ,

PN(t, x) � ïîëiíîìè çìiííèõ t, x1, . . . , xs ç
êîìïëåêñíèìè êîåôiöi¹íòàìè, β1, . . . , βN �
ïîïàðíî ðiçíi êîìïëåêñíi ÷èñëà, N ∈ N.

Ïîçíà÷èìî U(0, x) = g1(x) = φ1(x)e
α·x,

∂U
∂t
(0, x) = g2(x) = φ2(x)e

α·x, äå φ1(x) =

F (0, x), φ2(x) =
∂F
∂t
(0, x). Òîäi õî÷à á îäèí ç

ïîëiíîìiâ φ1(x) àáî φ2(x) ¹ íåòðèâiàëüíèì.
Êâàçiïîëiíîì U(t, x) ÿê ¹äèíèé ðîçâ'ÿçîê çà-
äà÷i Êîøi

L
( ∂
∂t
,
∂

∂x

)
U(t, x) = 0,

U(0, x) = g1(x),
∂U

∂t
(0, x) = g2(x),

ìîæíà çãiäíî ç äèôåðåíöiàëüíî-ñèìâîëüíèì
ìåòîäîì [12] çàïèñàòè ó âèãëÿäi

U(t, x) = g1

( ∂
∂ν

){
T0(t, ν)e

ν·x
}∣∣∣∣

ν=O

+

+ g2

( ∂
∂ν

){
T1(t, ν)e

ν·x
}∣∣∣∣

ν=O

àáî
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U(t, x) = φ1

( ∂
∂ν

){
T0(t, ν)e

ν·x
}∣∣∣∣

ν=α

+

+ φ2

( ∂
∂ν

){
T1(t, ν)e

ν·x
}∣∣∣∣

ν=α

. (13)

Ïîêàæåìî, ùî ôóíêöiþ (13) ìîæíà ïî-
äàòè ó âèãëÿäi (10) ç äåÿêèì íåòðèâiàëüíèì
ïîëiíîìîì Q(x). Íåõàé ñïî÷àòêó îáèäâà ïî-
ëiíîìè φ1(x) òà φ2(x) ¹ íåòðèâiàëüíèìè. Ç
óìîâè |A1(α)|2+ |A2(α)|2 ̸= 0 îäåðæó¹ìî, ùî
A1(α) ̸= 0 àáî A2(α) ̸= 0. Ïðèïóñòèìî, ùî
A1(α) ̸= 0. Âiäïîâiäíî äî ëåìè 1 äëÿ ïîëiíî-
ìà φ1(x) iñíó¹ ïîëiíîì φ

A1
1 (x) òîãî æ ñòåïåíÿ

òàêèé, ùî

U(t, x) = φA1
1

( ∂
∂ν

){T0(t, ν)
A1(ν)

eν·x
}∣∣∣∣

ν=α

+

+ φ2

( ∂
∂ν

){
T1(t, ν)e

ν·x
}∣∣∣∣

ν=α

.

Ç âèêîíàííÿ äëÿ ôóíêöi¨ U(t, x) ïåðøî¨
äâîòî÷êîâî¨ óìîâè (2) îäåðæèìî òîòîæíiñòü

φA1
1 (x) + φ2

( ∂
∂ν

){
A2(ν)e

ν·x
}∣∣∣∣

ν=α

≡ 0,

ç óðàõóâàííÿì ÿêî¨ ìà¹ìî

U(t, x) = −φ2

( ∂
∂ν

){[A2(ν)T0(t, ν)

A1(ν)
−

− T1(t, ν)
]
eν·x
}∣∣∣

ν=α
=

= − φ
A−1

1
2

( ∂
∂ν

){
Φ(t, x, ν)

}∣∣∣∣
ν=α

.

Îòæå, ðîçâ'ÿçîê (12) çàäà÷i (1), (2) ìè ïî-

äàëè ó âèãëÿäi (10), äå Q(x) = −φA
−1
1

2 (x).
Öiëêîì àíàëîãi÷íî äîâîäèòüñÿ, ùî çà

óìîâè A2(α) ̸= 0 ðîçâ'ÿçîê (12) çàäà÷i (1),
(2) ìîæíà ïîäàòè ó âèãëÿäi (10), äå Q(x) =

φ
A−1

2
1 (x).
Ðîçãëÿíåìî òåïåð âèïàäîê, êîëè φ1(x) ≡

0, à, îòæå, φ2(x) ̸≡ 0. Òîäi ðîçâ'ÿçîê çàäà÷i
(1), (2) ìîæíà ïîäàòè ó âèãëÿäi

U(t, x) = φ2

( ∂
∂ν

){
T1(t, ν)e

ν·x
}∣∣∣∣

ν=α

. (14)

Ç âèêîíàííÿ ïåðøî¨ äâîòî÷êîâî¨ óìîâè
îäåðæó¹ìî, ùî φ2(x)e

α·x ∈ kerA2

(
∂
∂x

)
. Çâiä-

ñè çãiäíî ç ëåìîþ 2 ìà¹ìî, ùî A2(α) = 0, à

òîìó A1(α) ̸= 0. Òîäi ôóíêöiþ (14) ìîæíà
ïîäàòè ó âèãëÿäi

U(t, x) = − φ
A−1

1
2

( ∂
∂ν

){
Φ(t, x, ν)

}∣∣∣∣
ν=α

,

îñêiëüêè çà ëåìîþ 2 ìà¹ìî

φ
A−1

1
2

( ∂
∂ν

){
[A2(ν)T0(t, ν)] e

ν·x
}∣∣∣∣

ν=α

=

= φ2

( ∂
∂ν

){A2(ν)T0(t, ν)

A1(ν)
eν·x
}∣∣∣∣

ν=α

≡ 0.

Àíàëîãi÷íèì ¹ äîâåäåííÿ i ó âèïàäêó, êî-
ëè φ2(x) ≡ 0.

Îòæå, äîâåäåíî, ùî ðîçâ'ÿçîê (12) çàäà-
÷i (1), (2) ìîæíà ïîäàòè ó âèãëÿäi (10), äå
Q(x) =

∑
0≤|r|≤n

Drx
r � íåòðèâiàëüíèé ïîëiíîì

ñòåïåíÿ n ∈ Z+, òîáòî
∑
|r|=n

|Dr| > 0.

Ç âèêîíàííÿ äðóãî¨ óìîâè (2) äëÿ ôóíêöi¨
(12) îäåðæèìî òîòîæíiñòü

Q
( ∂
∂ν

){
∆(ν)eν·x

}∣∣∣∣
ν=α

≡ 0,

ç ÿêî¨ îäåðæó¹ìî∑
|r|=n

Drx
r∆(α) + . . . ≡ 0,

äå . . . îçíà÷à¹ ïîëiíîì âåêòîð-çìiííî¨ x, ñòå-
ïåíÿ íèæ÷îãî çà n. Çâiäñè âèïëèâà¹, ùî
Dr∆(α) ≡ 0 äëÿ âñiõ |r| = n, òîáòî ∆(α) = 0
i α ∈M . Öå îçíà÷à¹, ùî êâàçiïîëiíîì g(x) =
Q(x)eα·x íàëåæèòü äîKM . Êîåôiöi¹íòè ïîëi-
íîìà Q(x) çàäîâîëüíÿþòü ïðè öüîìó ñèñòå-
ìó (9) (äèâ. äîâåäåííÿ äîñòàòíîñòi â òåîðåìi
1). �

Çàóâàæåííÿ 1. ßêùî äî ìíîæèíè
Ω(α) íå íàëåæàòü ìóëüòèiíäåêñè r ∈ Zs+,
äëÿ ÿêèõ |r| < k, k ∈ N, òî â ñèñòåìi ëi-
íiéíèõ àëãåáðè÷íèõ ðiâíÿíü (9) äëÿ êîåôi-
öi¹íòiâ Dr, |r| < k, ïîëiíîìà Q(x) îäåð-
æó¹ìî òîòîæíîñòi 0 ≡ 0. Òîìó óñi çãà-
äàíi êîåôiöi¹íòè ¹ äîâiëüíèìè. Äëÿ ïîáó-
äîâè íåòðèâiàëüíîãî ðîçâ'ÿçêó çàäà÷i (1),
(2) çà ôîðìóëîþ (9) ìîæíà âçÿòè äîâiëü-
íèé íåíóëüîâèé êâàçiïîëiíîì (8), ó ÿêîãî
degQ(x) ≤ k − 1.
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Çàóâàæåííÿ 2. ßêùî M = Cs, òîá-
òî ∆(ν) ≡ 0, òî ðiâíÿííÿ â ñèñòåìi (9)
äëÿ êîåôiöi¹íòiâ ïîëiíîìà Q(x) áóäóòü òî-
òîæíîñòÿìè 0 ≡ 0, òîìó ôîðìóëà (10)
âèçíà÷à¹ íåòðèâiàëüíi ðîçâ'ÿçêè çàäà÷i (1),
(2) äëÿ äîâiëüíîãî íåòðèâiàëüíîãî êâàçiïî-
ëiíîìà (8).

4. Ïðèêëàä. Çíàéòè â îáëàñòi (t, x) ∈ R3

ðîçâ'ÿçêè U = U(t, x) äâîòî÷êîâî¨ çàäà÷i

∂2U

∂t2
+ 2

∂U

∂t
+
(
1− ∂4

∂x21∂x
2
2

)
U = 0, (15)

(
1 +

∂2

∂x21

)
U(0, x) +

∂U

∂t
(0, x) = 0,(

1 +
∂2

∂x22

)
U(1, x) +

∂U

∂t
(1, x) = 0.

(16)

∇Ìà¹ìî a(ν) = 1, b(ν) = 1−ν21ν22 , D(ν) =
ν21ν

2
2 , A1(ν) = 1 + ν21 , A2(ν) = B2(ν) = 1,

B1(ν) = 1 + ν22 , s = 2, h = 1, ν = (ν1, ν2),
x = (x1, x2), ∆(ν) = e−1

(
ν21 − ν22

)
cosh[ν1ν2],

M =
{
(ν1, ν2) ∈ C2 : ∆(ν) = 0

}
.

Ôóíêöiÿ (11) äëÿ çàäà÷i (15), (16) ìà¹ âè-
ãëÿä

Φ(t, x, ν) =

=

{
cosh[ν1ν2t]− ν21

sinh[ν1ν2t]

ν1ν2

}
eν1x1+ν2x2−t.

Ðîçãëÿíåìî ïiäìíîæèíè âåêòîðiâ, ç ÿêèõ
ñêëàäà¹òüñÿ ìíîæèíà M :

1) ν = α±(µ) ≡ (±µ, µ), äå µ ∈ C, ïðè÷î-
ìó µ ̸= 0 i µ ̸= µ∗, à µ∗ � êîðiíü ðiâíÿííÿ
cosh[µ2] = 0;

2) ν = β(µ) ≡
(
µ2∗
µ
, µ
)
, äå µ ∈ C, ïðè÷îìó

µ ̸= 0 i µ ̸= µ∗;
3) ν = O ≡ (0, 0);
4) ν = γ± ≡

(
± µ∗, µ∗

)
.

Âèêîðèñòîâóþ÷è òåîðåìó 1 ïîáóäó¹ìî íå-
òðèâiàëüíi ðîçâ'ÿçêè çàäà÷i (15), (16), ùî
âiäïîâiäàþòü ν = α±(µ) ç ïåðøî¨ ïiäìíîæè-
íè.

Îá÷èñëþ¹ìî

∂∆

∂ν1

(
α±(µ)

)
= ±2e−1µ cosh[µ2] ̸= 0,

∂∆

∂ν2

(
α±(µ)

)
= −2e−1µ cosh[µ2] ̸= 0,

òîìó (1, 0), (0, 1) ∈ Ω(α±(µ)).
Óçÿâøè êâàçiïîëiíîì âèãëÿäó

g(x1, x2) =
(
D00 +D10x1 +D01x2

)
e±µx1+µx2 ,

D00, D10, D01 ∈ C, (17)

äëÿ êîåôiöi¹íòiâ D00, D10, D01 çàïèñó¹ìî
ñèñòåìó àëãåáðè÷íèõ ðiâíÿíü (9), ÿêà ¹
îäíèì ðiâíÿííÿì âèãëÿäó

D00∆
(
α±(µ)

)
+D10

∂∆

∂ν1

(
α±(µ)

)
+

+D01
∂∆

∂ν2

(
α±(µ)

)
= 0. (18)

Ç ðiâíÿííÿ (18) îäåðæó¹ìî, ùî D00, D10 �
äîâiëüíi ñòàëi, à D01 = ±D10. Çà ôîðìóëîþ
(10)

U(t, x) =

=

[
D00 +D10

( ∂

∂ν1
± ∂

∂ν2

)]
Φ(t, x, ν)

∣∣∣∣
ν=α±(µ)

,

(D00, D10) ̸= O,

çíàõîäèìî íåòðèâiàëüíi ðîçâ'ÿçêè çàäà÷i
(15), (16).

Çîêðåìà, ðîçâ'ÿçêàìè çàäà÷i (15), (16) ¹:

U0±(t, x, µ) = Φ(t, x, ν)
∣∣∣
ν=α±(µ)

=

= e−(1+µ2)t±µx1+µx2 ,

U1±(t, x, µ) =
( ∂Φ
∂ν1

± ∂Φ

∂ν2

)∣∣∣∣
ν=α±(µ)

=

= e−(1+µ2)t±µx1+µx2 {−2µt± µx1 + µx2} .

Çàóâàæèìî, ùî ðîçâ'ÿçêè U1±(t, x, µ)
ìîæíà çíàéòè øëÿõîì äèôåðåíöiþâàííÿ
ðîçâ'ÿçêiâ U0±(t, x, µ) çà ïàðàìåòðîì µ, à ñà-
ìå

U1±(t, x, µ) =
∂

∂µ
U0±(t, x, µ).

Àíàëîãi÷íî, iíøi ðîçâ'ÿçêè çàäà÷i (15),
(16), ùî âiäïîâiäàþòü ν = α±(µ), ìîæíà
îòðèìóâàòè çà ôîðìóëîþ

Uk±(t, x, µ) =

=
∂k

∂µk
e−(1+µ2)t±µx1+µx2 , k ∈ N\{1}.
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Çíàéäåìî òåïåð ðîçâ'ÿçêè çàäà÷i (15),
(16), ùî âiäïîâiäàþòü ν = β(µ) ç äðóãî¨ ïiä-
ìíîæèíè M . Îá÷èñëþ¹ìî

∂∆

∂ν1

(
β(µ)

)
= e−1

(µ4
∗
µ2

− µ2
)
µ sinh[µ2

∗] ̸= 0,

∂∆

∂ν2

(
β(µ)

)
= e−1

(µ4
∗
µ2

− µ2
)µ2

∗
µ

sinh[µ2
∗] ̸= 0.

Ìà¹ìî (1, 0), (0, 1) ∈ Ω(β(µ)). Ðîçãëÿíåìî
êâàçiïîëiíîì âèãëÿäó

g(x1, x2) =
(
D00 +D10x1 +D01x2

)
e

µ2∗
µ
x1+µx2 ,

D00, D10, D01 ∈ C,

äëÿ êîåôiöi¹íòiâ ÿêîãî îäåðæó¹ìî ñèñòåìó
ðiâíÿíü (îäíå ðiâíÿííÿ):

D10
∂∆

∂ν1

(
β(µ)

)
+D01

∂∆

∂ν2

(
β(µ)

)
= 0. (19)

Ç ðiâíÿííÿ (19) îäåðæó¹ìî, ùî D00, D01 �
äîâiëüíi ñòàëi, à D10 = −µ2∗

µ2
D10. Çãiäíî ç òåî-

ðåìîþ 1 íåòðèâiàëüíi ðîçâ'ÿçêè çàäà÷i (15),
(16) çíàõîäèìî çà ôîðìóëîþ

U(t, x) =
[
D00+

+D01

(
− µ2

∗
µ2

∂

∂ν1
+

∂

∂ν2

)]
Φ(t, x, ν)

∣∣∣
ν=β(µ)

,

(D00, D01) ̸= O.

Çîêðåìà, íåòðèâiàëüíèìè ðîçâ'ÿçêàìè çà-
äà÷i (15), (16) ¹ òàêi ôóíêöi¨:

U0(t, x, µ) = Φ(t, x, ν)
∣∣∣
ν=β(µ)

=

=

{
cosh[µ2

∗t]−
µ2
∗
µ2

sinh[µ2
∗t]

}
e

µ2∗
µ
x1+µx2−t,

U1(t, x, µ) =

=
(
− µ2

∗
µ2

∂

∂ν1
+

∂

∂ν2

)
Φ(t, x, ν)

∣∣∣∣
ν=β(µ)

=

=
{(

− µ2
∗
µ2
x1 + x2

)
cosh[µ2

∗t]−
(2µ2

∗
µ3

−

− µ4
∗
µ2

(
− µ2

∗
µ2
x1 + x2

))
sinh[µ2

∗t]
}
e

µ2∗
µ
x1+µx2−t.

Çíîâó ëåãêî ïåðåâiðèòè, ùî

U1(t, x, µ) =
∂

∂µ
U0(t, x, µ).

Çàóâàæèìî, ùî iíøi ðîçâ'ÿçêè çàäà÷i
(15), (16), ùî âiäïîâiäàþòü ν = β(µ), ìîæíà
øóêàòè çà ôîðìóëîþ

Uk(t, x, µ) =
∂k

∂µk

{(
cosh[µ2

∗t]−

− µ2
∗
µ2

sinh[µ2
∗t]
)
e

µ2∗
µ
x1+µx2−t

}
, k ∈ N\{1}.

Ðîçãëÿíåìî ïîáóäîâó íåòðèâiàëüíèõ
ðîçâ'ÿçêiâ çàäà÷i (15), (16) çà âåêòîðîì
ν = O ç òðåòüî¨ ïiäìíîæèíè, ïðè÷îìó
ïîáóäîâó âèêîíà¹ìî çà äîïîìîãîþ ïîëiíîìà
òðåòüîãî ñòåïåíÿ

g(x1, x2) =
∑

|k+j|≤3

Dkjx
k
1x

j
2.

Îñêiëüêè óñi ïîõiäíi äî òðåòüîãî ïîðÿä-
êó âêëþ÷íî âiä ∆(ν) ïðè ν = O äîðiâ-
íþþòü íóëåâi (çà âèêëþ÷åííÿì ∂2∆

∂ν21
(O) =

2e−1, ∂2∆
∂ν22

(O) = −2e−1), òî äëÿ ñòàëèõ êîåôi-
öi¹íòiâ D00, . . . , D03 îòðèìó¹ìî òàêó ñèñòåìó
àëãåáðè÷íèõ ðiâíÿíü:

D20C
(0,0)
(2,0)

∂2∆

∂ν21
(O) +D02C

(0,0)
(0,2)

∂2∆

∂ν22
(O) = 0,

D30C
(1,0)
(3,0)

∂2∆

∂ν21
(O) +D12C

(1,0)
(1,2)

∂2∆

∂ν22
(O) = 0,

D21C
(0,1)
(2,1)

∂2∆

∂ν21
(O) +D03C

(0,1)
(0,3)

∂2∆

∂ν22
(O) = 0,

çâiäêè îäåðæó¹ìî D20 = D02, D12 = 3D30,
D21 = 3D03, à

(
D00, D01, D11, D02, D30, D03

)
̸=

O. Çà òåîðåìîþ 1 çíàõîäèìî òàêi íåíóëüîâi
ðîçâ'ÿçêè çàäà÷i (15), (16):

U00(t, x) = Φ(t, x, O) = e−t,

U10(t, x) =
∂Φ

∂ν1

∣∣∣∣
ν=O

= x1e
−t,

U01(t, x) =
∂Φ

∂ν2

∣∣∣∣
ν=O

= x2e
−t,

U11(t, x) =
∂2Φ

∂ν1∂ν2

∣∣∣∣
ν=O

= x1x2e
−t,
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U20(t, x) =
( ∂2
∂ν21

+
∂2

∂ν22

)
Φ(t, x, ν)

∣∣∣∣
ν=O

=

=
(
− 2t+ x21 + x22

)
e−t,

U30(t, x) =
( ∂3
∂ν31

+ 3
∂3

∂ν1∂ν22

)
Φ(t, x, ν)

∣∣∣∣
ν=O

=

=
(
− 6tx1 + x31 + 3x1x

2
2

)
e−t,

U03(t, x) =
(
3

∂3

∂ν21∂ν2
+

∂3

∂ν32

)
Φ(t, x, ν)

∣∣∣∣
ν=O

=

=
(
− 6tx2 + x32 + 3x21x2

)
e−t.

Çàóâàæèìî, ùî U00(t, x) = U0±(t, x, O),
îäíàê, ðåøòà çíàéäåíèõ ðîçâ'ÿçêiâ U10(t, x),
U01(t, x), U11(t, x), U20(t, x), U30(t, x), U03(t, x)
íå ìîæíà îòðèìàòè ç U0±(t, x, µ) øëÿõîì äè-
ôåðåíöiþâàííÿ çà µ ó òî÷öi µ = 0.

Ðîçãëÿíåìî íàðåøòi ÷åòâåðòèé âèïàäîê,
êîëè γ± = (±µ∗, µ∗). Îá÷èñëþ¹ìî

∆(γ±) =
∂∆

∂ν1
(γ±) =

∂∆

∂ν2
(γ±) = 0,

∂2∆

∂ν21
(γ±) = 4e−1µ2

∗ sinh[µ
2
∗] ̸= 0,

∂2∆

∂ν1∂ν2
(γ±) = ∓e−1µ2

∗ sinh[µ
2
∗] ̸= 0;

∂2∆

∂ν22
(γ±) = −4e−1µ2

∗ sinh[µ
2
∗] ̸= 0.

Ìà¹ìî (2, 0), (1, 1), (0, 2) ∈ Ω(γ±). Ïîáóäó-
¹ìî íåòðèâiàëüíi ðîçâ'ÿçêè çàäà÷i (15), (16)
çà äîïîìîãîþ êâàçiïîëiíîìà âèãëÿäó

g(x1, x2) =
(
D00 +D10x1 +D01x2 +D20x

2
1+

+D11x1x2 +D02x
2
2

)
e±µ∗x1+µ∗x2 .

Äëÿ ñòàëèõ D00, . . . , D02 çàïèøåìî ñèñòå-
ìó àëãåáðè÷íèõ ðiâíÿíü (9), ÿêà áóäå îäíèì
ðiâíÿííÿì (äèâ. çàóâàæåííÿ 1):

D20
∂2∆

∂ν21

(
γ±(µ)

)
+D11

∂2∆

∂ν1∂ν2

(
γ±(µ)

)
+

+D02
∂2∆

∂ν22

(
γ±(µ)

)
= 0

àáî
4D20 ∓D11 − 4D02 = 0,

çâiäêè îäåðæó¹ìî, ùî D00, D10, D01,
D20, D02 � äîâiëüíi ñòàëi, ïðè÷î-
ìó

(
D00, D10, D01, D20, D02

)
̸= O, à

D11 = ±4
(
D20 − D02

)
. Âiäïîâiäíî äî òå-

îðåìè 1 çíàõîäèìî íåòðèâiàëüíi ðîçâ'ÿçêè
çàäà÷i (15), (16):

U00±(t, x) = Φ(t, x, γ±) =

=
{
cosh[µ2

∗t]− sinh[µ2
∗t]
}
e±µ∗x1+µ∗x2−t =

= e−(1+µ2∗)t±µ∗x1+µ∗x2 .

ßê áà÷èìî U00±(t, x) = U0±(t, x, µ∗). Êðiì
òîãî, îá÷èñëþ¹ìî

U10±(t, x) =
∂Φ

∂ν1

∣∣∣∣
ν=γ±

=
{(
x1 ∓ µ∗t

)
e−µ

2
∗t∓

∓ 1

µ∗
sinh[µ2

∗t]
}
e±µ∗x1+µ∗x2−t,

U01±(t, x) =
∂Φ

∂ν2

∣∣∣∣
ν=γ±

=
{(
x2 − µ∗t

)
e−µ

2
∗t+

+
1

µ∗
sinh[µ2

∗t]
}
e±µ∗x1+µ∗x2−t.

Çàóâàæèìî çíîâó, ùî ôóíêöi¨ U10±(t, x),
U01±(t, x) íå ìîæíà îòðèìàòè ç U0±(t, x, µ)
òà U0(t, x, µ) øëÿõîì äèôåðåíöiþâàííÿ çà µ
ó òî÷öi µ = µ∗. Êðiì òîãî, çà òåîðåìîþ 1
çíàõîäèìî iíøi íåòðèâiàëüíi ðîçâ'ÿçêè çàäà-
÷i (15), (16) çà ôîðìóëîþ

U(t, x) =
[
D20

∂2

∂ν21
± 4
(
D20 −D02

) ∂2

∂ν1∂ν2
+

+D02
∂2

∂ν22

]
Φ(t, x, ν)

∣∣∣
ν=γ±

.

Î÷åâèäíî, ùî îêðåìèìè ðîçâ'ÿçêàìè çà-
äà÷i (15), (16) ¹

U20±(t, x) =

=
( ∂2
∂ν21

± 4
∂2

∂ν1∂ν2

)
Φ(t, x, ν)

∣∣∣∣
ν=γ±

,

U02±(t, x) =

=
(
∓ 4

∂2

∂ν1∂ν2
+

∂2

∂ν22

)
Φ(t, x, ν)

∣∣∣∣
ν=γ±

.

Çîêðåìà,
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U20±(t, x) =
{(

− t+ x1(x1 ∓ µ∗t)±

±4(x1∓µ∗t)x2+5µ∗t(µ∗t−
1

µ∗
∓x1)

)
cosh[µ2

∗t]±

±
(
5(x1∓µ∗t)µ∗t+(µ∗t−

1

µ∗
∓x1)(x1±4x2)+

+
x1
µ∗

± 4(t+
1

µ∗
)
)
sinh[µ2

∗t]
}
e±µ∗x1+µ∗x2−t.

Çàóâàæèìî çíîâó, ùî ðîçâ'ÿçêè U20±(t, x)
òà U02±(t, x) íå ìîæíà îòðèìàòè ç ðîçâ'ÿçêó
U0±(t, x, µ) çà äîïîìîãîþ äèôåðåíöiþâàííÿ
çà µ ó òî÷öi µ = µ∗. △

5. Âèñíîâêè. Ó ñòàòòi ñôîðìóëüîâàíî òà
äîâåäåíî òåîðåìó, ùî äà¹ íåîáõiäíi òà äîñ-
òàòíi óìîâè iñíóâàííÿ íåòðèâiàëüíèõ êâàçi-
ïîëiíîìíèõ ðîçâ'ÿçêiâ îäíîðiäíîãî ðiâíÿí-
íÿ iç ÷àñòèííèìè ïîõiäíèìè äðóãîãî ïîðÿä-
êó çà ÷àñîì òà çàãàëîì íåñêií÷åííîãî ïî-
ðÿäêó çà ïðîñòîðîâèìè çìiííèìè çi ñòàëè-
ìè êîìïëåêñíèìè êîåôiöi¹íòàìè, ùî çàäî-
âîëüíÿþòü îäíîðiäíi ëîêàëüíi äâîòî÷êîâi çà
÷àñîì óìîâè. Äîâåëåíî, ùî òàêi ðîçâ'ÿçêè
çàäà÷i iñíóþòü, ÿêùî ìíîæèíà íóëiâ õàðàê-
òåðèñòè÷íîãî âèçíà÷íèêà çàäà÷i íå ¹ ïîðîæ-
íüîþ. Çàïðîïîíîâàíî ôîðìóëè äëÿ ïîáóäî-
âè íåòðèâiàëüíèõ ðîçâ'ÿçêiâ çàäà÷i, ÿêi çàñ-
òîñîâàíî äî êîíêðåòíîãî ïðèêëàäó.
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ÐÎÇÂ'ßÇÍIÑÒÜ ÏÎ×ÀÒÊÎÂÈÕ ÇÀÄÀ× ÄËß ÍÅßÂÍÎÃÎ
ÏIÂËIÍIÉÍÎÃÎ ÄÈÔÅÐÅÍÖIÀËÜÍÎ-ÎÏÅÐÀÒÎÐÍÎÃÎ ÐIÂÍßÍÍß

ÄÐÓÃÎÃÎ ÏÎÐßÄÊÓ

Âñòàíîâëåíî òåîðåìè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó äåÿêèõ ïî÷àòêîâèõ çàäà÷ äëÿ íåÿâ-
íîãî ïiâëiíiéíîãî àáñðàêòíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó. Ðåçóëüòàòè çà-
ñòîñîâóþòüñÿ äî ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè íå òèïó Êîâàëåâñüêî¨

Existence and uniqueness theorem for some initial problems for second order implicit semilinear
di�erential-operator equation are obtained. Rezults are applied to partial di�erential equations,
which are not equations of Kovalevskaya type.

1. Âñòóï Äåÿêi çàäà÷i ôiçèêè òà òåõíiêè
ïðèâîäÿòü äî âèâ÷åííÿ ðiâíÿííÿ îñöèëÿòî-
ðó ü + 2γu̇ + ω2

0u = 0 [8, 10]. ßêùî êîëè-
âàííÿ âèìóøåíi, òî â ïðàâié ÷àñòèíi öüîãî
ðiâíÿííÿ ç'ÿâëÿ¹òüñÿ äåÿêà íåëiíiéíà ôóí-
êöiÿ, ùî çàëåæèòü âiä u. Êîëèâàííÿ çâóêî-
âèõ õâèëü â ðåëàêñóþ÷îìó ñåðåäîâèùi îïè-
ñó¹òüñÿ ðiâíÿííÿì òèïó Ñîáîë¹âà [1, 13], ùî
íå ðîçâ'ÿçíå âiäíîñíî ñòàðøî¨ ïîõiäíî¨ çà
÷àñîì � ïîõiäíî¨ äðóãîãî ïîðÿäêó. ßê çà-
çíà÷åíî â [13], âèíèêàþòü òðóäíîùi ïðè äî-
ñëiäæåííi êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷ äëÿ
öüîãî ðiâíÿííÿ. Â àáñòðàêòíié ôîðìi ïîäi-
áíi ðiâíÿííÿ îïèñóþòüñÿ çà äîïîìîãè íåÿâ-
íîãî äèôåðåíöiàëüíî-îïåðàòîðíîãî ðiâíÿí-
íÿ äðóãîãî ïîðÿäêó.

Ó äàíié ðîáîòi äîñëiäæó¹òüñÿ ïî÷àòêîâà
çàäà÷à

d2Au(t)

dt2
+B

du(t)

dt
+

+Cu(t) = f(t, u(t)), ì.ñ. t ∈ [0, T ]. (1)

u(0) = u0, (Au)′(0) = y1, (2)

Òóò A,B,C � çàìêíåíi ëiíiéíi îïåðàòîðè,
ùî äiþòü iç äiéñíîãî áàíàõîâà ïðîñòîðó X
ó äiéñíèé áàíàõiâ ïðîñòið Y ç îáëàñòÿìè âè-
çíà÷åííÿ D(A), D(B), D(C) âiäïîâiäíî, D =
D(A) ∩D(B) ̸= {0}, f(t, x) : [0, T ]×X → Y .
ßêùî X = Y,A = E, E�òîòîæíié îïåðàòîð,
òî ðiâíÿííÿ (1) íàçèâàþòü ÿâíèì , à â ïðî-
òèëåæíîìó âèïàäêó öå ðiâíÿííÿ íàçèâàþòü
íåÿâíèì. ßêùî KerA ̸= {0}, òî íåÿâíå ðiâ-
íÿííÿ (1) íàçèâà¹òüñÿ âèðîäæåíèì.

Áóäåìî âèêîðèñòîâóâàòè íàñòóïíi ïî-
çíà÷åííÿ: L(Y,X)�ïðîñòið îáìåæåíèõ ëi-
íiéíèõ îïåðàòîðiâ, ùî äiþòü ç Y â
X, L(Y ) = L(Y, Y ), L1(0, T ;X)�ïðîñòið
X-çíà÷íèõ iíòåãðîâàíèõ íà [0, T ] ôóí-
êöié, Wm

1 (0, T ;X)�ïðîñòið Ñîáîë¹âà ôóí-
êöié ç L1(0, T ;X), ó ÿêèõ óçàãàëüíåíi ïî-
õiäíi äî ïîðÿäêó m âêëþ÷íî íàëåæàòü
L1(0, T ;X); Cp([0, T ], X), p = 0, 1, ...�êëàñ
X-çíà÷íèõ ôóíêöié, p ðàçiâ íåïåðåðâíî
äèôåðåíöiéîâíèõ íà [0, T ], C([0, T ], X) =
C0([0, T ], X). Áóäåìî ââàæàòè, ùî ôóíêöi¨
ç Wm

1 (0, T ;X) (m ̸= 0) íàëåæàòü êëà-
ñó Cm−1([0, T ], X), çìiíiâøè ¨õ çíà÷åííÿ íà
ìíîæèíi íóëüîâî¨ ìiðè çà íåîáõiäíîñòi.

Íàâåäåìî ïîíÿòòÿ ñèëüíîãî òà êëàñè÷íî-
ãî ðîçâ'ÿçêó ðiâíÿííÿ (1) ç àíàëîãi¹þ [15, ï.
4.2] äëÿ ÿâíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó. Áó-
äåìî ïðèïóñêàòè, ùî f(t, x), ÿê ôóíêöiÿ t,
íàëåæèòü ïðîñòîðó L1(0, T ;Y ) ïðè êîæíîìó
x ∈ X. Ôóíêöiÿ u(t) ∈ W 1

1 (0, T ;X) íàçèâà¹-
òüñÿ ñèëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (1), ÿêùî
Au(t) ∈ W 2

1 (0, T ;Y ), Bu(t) ∈ W 1
1 (0, T ;Y ),

u(t) çàäîâîëüíÿ¹ ðiâíÿííÿ (1) ìàéæå ñêðiçü
íà [0, T ].

Íåõàé f(t, x) ÿê ôóíêöiÿ t íàëåæèòü ïðî-
ñòîðó C([0, T ], Y ) ïðè êîæíîìó x ∈ X. Ôóí-
êöiÿ u(t) ∈ C1([0, T ], X) íàçèâà¹òüñÿ êëàñè-
÷íèì ðîçâ'ÿçêîì ðiâíÿííÿ (1), ÿêùî Au(t) ∈
C2([0, T ], Y ), Bu(t) ∈ C1([0, T ], Y ], u(t) çà-
äîâîëüíÿ¹ ðiâíÿííÿ (1) ïðè áóäü-ÿêîìó t ∈
[0, T ].

Êëàñè÷íèì (ñèëüíèì) ðîçâ'ÿçêîì çàäà÷i
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(1),(2) áóäåìî íàçèâàòè âiäïîâiäíî êëàñè-
÷íèé (ñèëüíèé) ðîçâ'ÿçîê çàäà÷i (1),(2). Ïî-
÷àòêîâi óìîâè (2) ìàþòü ñåíñ ÿê äëÿ êëàñè-
÷íîãî, òàê i äëÿ ñèëüíîãî ðîçâ'ÿçêó.

Íåõàé X̃, Ỹ �êîìïëåêñíi îáîëîíêè ïðîñòî-
ðiâ X, Y òà Ã, B̃�êîìïëåêñíi ðîçøèðåííÿ,
îïåðàòîðiâ A,B [5, ñ. 475�480]. Ðîçãëÿíåìî
æìóòîê îïåðàòîðiâ λÃ + B̃, âèçíà÷åíèé íà
D̃ = D(Ã) ∩ D(B̃). Öåé æìóòîê äi¹ ó êîì-
ïëåêñíèõ áàíàõîâèõ ïðîñòîðàõ X̃, Ỹ . Ïðèïó-
ñêà¹òüñÿ, ùî äëÿ äåÿêèõ ñòàëèõ C1, C2 > 0
æìóòîê λÃ + B̃ ìà¹ ðåçîëüâåíòó R̃(λ) =
(λÃ + B̃)−1 ∈ L(Ỹ , X̃) ïðè |λ| ≥ C2 òà âè-
êîíàíî îöiíêó

||R̃(λ)|| ≤ C1, |λ| ≥ C2. (3)

Òîäi ìîæíà âèçíà÷èòè îïåðàòîð [12] Q̃1 =
1

2πi

∮
|λ|=C2

ÃR̃(λ)dλ ∈ L(Y ), éîãî çâóæåííÿ

Q1 ∈ L(Y ) íà äiéñíèé ïðîñòið Y , òà îïåðà-
òîð Q2 = E − Q1 ∈ L(Y ). Îïåðàòîðè Q1, Q2

¹ îáìåæåíèìè âçà¹ìíî äîïîâíþþ÷èìè ïðî-
åêòîðàìè ó ïðîñòîði Y . Çàìêíåíèé ëiíiéíèé
îïåðàòîð G = A + Q2B : D → Y ìà¹ îáìå-
æåíèé îáåðíåíèé îïåðàòîð G−1 ∈ L(Y,X),
ÿêèé âîëîäi¹ âëàñòèâîñòÿìè [2]

AG−1Q1 = Q1, Q2BG
−1 = BG−1Q2 = Q2,

Q2AG
−1 = AG−1Q2 = 0 (4)

2. Òåîðåìè iñíóâàííÿ òà ¹äèíîñòi
ðîçâ'ÿçêó Iñíóâàííÿ òà ¹äèíiñòü êëàñè÷íèõ
ðîçâ'ÿçêiâ ÿâíèõ ëiíiéíèõ äèôåðåíöiàëüíî-
îïåðàòîðíèõ ðiâíÿíü äðóãîãî ïîðÿäêó (A =
E, f(t, x) íå çàëåæèòü âiä x) ïðè îáìåæåí-
íÿõ íà ðåçîëüâåíòó îïåðàòîðó B äîñëiäæó-
âàëîñü ùå â ìîíîãðàôi¨ [7, Ðîçäië 3, �3].
Òåîðåìè iñíóâàííÿ òà ¹äèíîñòi êëàñè÷íîãî
ðîçâ'ÿçêó ïî÷àòêîâî¨ çàäà÷i (1), (2) äëÿ âè-
ðîäæåíèõ ëiíiéíèõ ðiâíÿíü (1) (f(t, x) íå çà-
ëåæèòü âiä x) îäåðæàíi â [14, ï. 6.1]. ïðè
îáìåæåííÿõ íà îïåðàòîð-ôóíêöiþ A(λA +
B)−1. Òàêîæ çãàäà¹ìî ðîáîòó [3], äå äî-
ñëiäæóâàëèñü ñèëüíi ðîçâ'ÿçêè íåïîâíîãî
ïiâëiíiéíîãî ðiâíÿííÿ (1) äðóãîãî ïîðÿäêó
(B = 0), ÿêi çàäîâîëüíÿþòü ïî÷àòêîâi óìîâè
Au(0) = y0, (Au)

′(0) = y1. Íàñòóïíà òåîðåìà
ìiñòèòü óìîâè ðîçâ'ÿçíîñòi ïî÷àòêîâî¨ çàäà-
÷i (1),(2) â êëàñè÷íîìó òà ñèëüíîìó ñåíñi.

Òåîðåìà 1. Íåõàé D ⊂ D(C), âèêîíàíî
óìîâó (3), ôóíêöiÿ f(t, x) : [0, T ] × X →
Y çà àðãóìåíòîì t íàëåæèòü ïðîñòîðó
L1(0, T ;Y ) ïðè êîæíîìó x ∈ X òà çàäî-
âîëüíÿ¹ ãëîáàëüíó óìîâó Ëiïøèöÿ

||f(t, x)− f(t, u)|| ≤

≤M ||x−u|| ∀x, u ∈ X ì.ñ. t ∈ [0, T ] (5)

çi ñòàëîþ M > 0, ÿêà íå çàëåæèòü âiä
t. Òîäi äëÿ áóäü-ÿêèõ ïî÷àòêîâèõ âåêòî-
ðiâ u0 ∈ D, y1 ∈ Q1(Y ) â (2) iñíó¹ ¹äè-
íèé ñèëüíèé ðîçâ'ÿçîê u(t) ïî÷àòêîâî¨ çàäà-
÷i (1),(2).ßêùî, äîäàòêîâî, ôóíêöiÿ f(t, x) :
[0, T ]×X → Y çà àðãóìåíòîì t íàëåæèòü
ïðîñòîðó C([0, T ], Y ) ïðè êîæíîìó x ∈ X,
òî öåé ðîçâ'ÿçîê áóäå êëàñè÷íèì.

Çàóâàæåííÿ 1. Ç óìîâè Ëiïøèöÿ (5) âè-
ïëèâà¹, ùî f(t, u(t)) ∈ L1(0, T ;Y ), ÿêùî
u(t) ∈ L1(0, T ;X).

Äîâåäåííÿ Çàñòîñó¹ìî äî ðiâíÿííÿ (1)
ïðîåêòîðè Q1, Q2 òà ñêîðèñòà¹ìîñü âëàñòè-
âîñòÿìè (4) îïåðàòîðó G−1. Îäåðæèìî

d2(Au(t))

dt2
+ S

d

dt
(Au(t)) =

= Q1(f(t, u(t))− Cu(t)); (6)

d(Q2Bu(t))

dt
= Q2(f(t, u(t))− Cu(t)), (7)

äå S = Q1BG
−1 ∈ L(Y ). Â ñèëó òåîðåìè

2.9 [15, ï. 4.2] ðiâíÿííÿ (6) ç óðàõóâàííÿì
äðóãî¨ ïî÷àòêîâî¨ óìîâè (2) åêâèâàëåíòíå
íàñòóïíîìó

d

dt
(Au(t)) = e−Sty1+

+

t∫
0

e−S(t−τ)Q1(f(τ, u(τ))− Cu(τ))dτ (8)

Îïåðàòîð-ôóíêöiÿ W (t) =
t∫
0

e−Sτdτ ¹

íåïåðåðâíî-äèôåðåíöiéîâàíîþ íà [0, T ] çi
çíà÷åííÿìè â L(Y ) i ¹ ñïðàâåäëèâîþ îïåðà-
òîðíà òîòîæíiñòü d

dt
W (t) = e−St. Òîìó ðiâ-

íÿííÿ (8) ç ïî÷àòêîâèìè óìîâàìè (2) çàïè-
ñó¹òüñÿ ó âèãëÿäi

Au(t) = Au0 +W (t)y1+
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+

t∫
0

W (t− τ)Q1(f(τ, u(τ))− Cu(τ))dτ (9)

Ðiâíÿííÿ (7) ç óðàõóâàííÿì ïåðøî¨ ïî÷àòêî-
âî¨ óìîâè (2) åêâiâàëåíòíå íàñòóïíîìó ðiâ-
íÿííþ:

Q2Bu(t) = Q2Bu0+

+

t∫
0

Q2(f(τ, u(τ))− Cu(τ))dτ (10)

Ó ðåçóëüòàòi äîäàâàííÿ ðiâíÿíü (9),(10)
îäåðæèìî íàñòóïíå iíòåãðàëüíå ðiâíÿííÿ
Âîëüòåððà âiäíîñíî ôóíêöi¨ v(t) = Gu(t):

v(t) = Gu0 +W (t)y1+

+

t∫
0

W (t−s)Q1{f(s,G−1v(s))−CG−1v(s)}ds+

+

t∫
0

Q2{f(s,G−1v(s))− CG−1v(s)}ds (11)

Çàóâàæèìî, ùî â ñèëó âêëàäåííÿ D ⊂ D(C)
îïåðàòîð CG−1 ∈ L(Y ). Iíòåãðàëüíå ðiâíÿ-
ííÿ (11), ùî ðîçãëÿäà¹òüñÿ ó áàíàõîâîìó
ïðîñòîði L1(0, T ;Y ), ¹ åêâiâàëåíòíèì ïî÷à-
òêîâié çàäà÷i (1),(2). Çàñòîñîâóþ÷è äî öüî-
ãî ðiâíÿííÿ ïðèíöèï ñòèñêàþ÷èõ âiäîáðà-
æåíü ïîäiáíî ìiðêóâàííÿì â [6, ñ.13], îäåð-
æèìî, ùî ðiâíÿííÿ (11) ìà¹ ¹äèíèé ðîçâ'ÿ-
çîê v(t) ∈ L1(0, T ;Y ). Áiëüø òîãî, ç ðiâíÿ-
ííÿ (11) áåçïîñåðåäíüî âèïëèâà¹, ùî v(t) ∈
W 1

1 (0, T ;Y ). Îñêiëüêè AG−1, BG−1 ∈ L(Y ),
òî Au(t), Bu(t) ∈ W 1

1 (0, T ;Y ). Ïðîäèôåðåí-
öiþâàâøè ðiâíÿííÿ (11) ç óðàõóâàííÿì âëà-
ñòèâîñòåé (4), ìà¹ìî

dv

dt
= e−Sty1+

+

t∫
0

e−S(t−τ)Q1(f(τ,G
−1v(τ))−CG−1v(τ))dτ+

+Q2(f(t, G
−1v(t))− CG−1v(t)). (12)

Çâiäñè, ñêîðèñòàâøèñü ñïiââiäíîøåííÿì
u(t) = G−1v(t), ìà¹ìî

d

dt
(Au(t)) = AG−1dv

dt
= AG−1

(
e−Sty1+

+

t∫
0

e−S(t−τ)Q1(f(τ, u(τ))−Cu(τ))dτ

)
(13)

Îòæå, ôóíêöiÿ Au(t) ∈ W 2
1 (0, T ;Y ). Òàêèì,

÷èíîì ôóíêöiÿ u(t) = G−1v(t) � ¹äèíèé
ñèëüíèé ðîçâ'ÿçîê çàäà÷i (1),(2).

Ó âèïàäêó, êîëè ôóíêöiÿ f(t, x) : [0, T ]×
X → Y çà àðãóìåíòîì t íàëåæèòü áà-
íàõîâîìó ïðîñòîðó C([0, T ], Y ), iíòåãðàëü-
íå ðiâíÿííÿ Âîëüòåððà (11) ñëiä ðîçâ'ÿçó-
âàòè ó öüîìó ïðîñòîði. Çàñòîñîâóþ÷è, ÿê
i ðàíiøå, ïðèíöèï ñòèñêàþ÷èõ âiäîáðàæåíü
[6, ñ.13], îäåðæèìî ¹äèíèé ðîçâ'ÿçîê öüî-
ãî ðiâíÿííÿ v(t) ∈ C([0, T ], Y ), à òàêîæ
âëàñòèâîñòi u(t) = G−1v(t) ∈ C1([0, T ], X),
Au(t), Bu(t) ∈ C1([0, T ], Y ). Ïðîäèôåðåíöi-
þâàâøè ðiâíÿííÿ (11) îäåðæèìî ðiâíÿííÿ
(13), çâiäêè âèïëèâà¹ Au(t) ∈ C2([0, T ], Y ).
Îòæå, âåêòîð-ôóíêöiÿ u(t) ¹ êëàñè÷íèì
ðîçâ'ÿçêîì çàäà÷i (1),(2). Òåîðåìó ïîâíiñòþ
äîâåäåíî.

Ðîçãëÿíåìî òåïåð çàäà÷ó Êîøi

u(0) = u0, u′(0) = u1 (14)

äëÿ ðiâíÿííÿ (1). Çàçíà÷èìî, ùî ïî÷àòêîâi
óìîâè (14), âçàãàëi êàæó÷è, íå ìàþòü ñåí-
ñó äëÿ ñèëüíèõ ðîçâ'ÿçêiâ ðiâíÿííÿ (1), àëå
ìàþòü ñåíñ äëÿ êëàñè÷íèõ ðîçâ'ÿçêiâ. Òî-
ìó áóäåìî ðîçãëÿäàòè ðîçâ'ÿçîê çàäà÷i Êîøi
(1),(14) � êëàñè÷íèé ðîçâ'ÿçîê ðiâíÿííÿ (1),
ùî çàäîâîëüíÿ¹ ïî÷àòêîâi óìîâè (14). Çà-
óâàæèìî, ùî â ðîáîòi [4] äîñëiäæóâàëîñü ëi-
íiéíå îäíîðiäíå äèôåðåíöiàëüíî-îïåðàòîðíå
ðiâíÿííÿ âèùîãî ïîðÿäêó, äëÿ ÿêîãî áóëî
ââåäåíî êiëüêà ïîíÿòü êîðåêòíîñòi âiäïîâiä-
íî¨ çàäà÷i Êîøi òà îäåðæàíî ðiçíi îçíàêè
êîðåêòíîñòi. Íàâåäåìî òåîðåìó iñíóâàííÿ òà
¹äèíîñòi êëàñè÷íîãî ðîçâ'ÿçêó çàäà÷i Êîøi
(1),(14).

Òåîðåìà 2. Íåõàé D ⊂ D(C), âèêîíàíî
îáìåæåííÿ (3), ôóíêöèÿ f(t, x) : [0, T ] ×
X → Y ïðè êîæíîìó x ∈ X ¹ íåïåðåðâ-
íîþ ïî t òà çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ (5)
çi ñòàëîþ M > 0, ùî íå çàëåæèòü âiä t.
Òîãäà äëÿ áóäü-ÿêèõ ïî÷àòêîâèõ âåêòîðiâ
u0, u1 ∈ D â (14), ùî çàäîâîëüíÿþòü óìî-
âó óçãîäæåííÿ

Q2(Bu1 + Cu0) = Q2f(0, u0), (15)

152 ISSN 2309-4001. Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2016. � Ò. 4, � 3�4.



iñíó¹ ¹äèíèé ðîçâ'ÿçîê u(t) çàäà÷i Êîøi
(1),(14). ßêùî äîäàòêîâî ïðîåêöiÿ Q2f(t, x)
¹ íåïåðåðâíî - äèôåðåíöiéîâàíîþ çà ñóêóïíi-
ñòþ çìiííèõ íà [0, T ] × X , òî ðîçâ'ÿçîê
u(t) ∈ C2([0, T ], X) òà çàäîâîëüíÿ¹ ðiâíÿí-
íÿ

A
d2u(t)

dt2
+B

du(t)

dt
+

+Cu(t) = f(t, u(t)), t ∈ [0, T ]. (16)

Äîâåäåííÿ öi¹¨ òåîðåìè ïðîâîäèòüñÿ
àíàëîãi÷íî òåîðåìi 1, òîìó âêàæåìî íà çìi-
íè, ÿêi ïîòðiáíî ïðè öüîìó çðîáèòè. ßê i ðà-
íiøå, ìè îäåðæèìî ðiâíÿííÿ (6),(7). Ðîçâ'ÿ-
çîê çàäà÷i (6),(14) ïîäà¹òüñÿ ó âèãëÿäi (ïîð.
ç (9))

Au(t) = Au0 +W (t)Au1+

+

t∫
0

W (t− τ)Q1(f(τ, u(τ))− Cu(τ))dτ (17)

Òàêîæ ¹ ñïðàâåäëèâèì ðiâíÿííÿ (10). Óìîâó
óçãîäæåííÿ (15) îäåðæèìî ïiñëÿ ïiäñòàíîâ-
êè t = 0 ó ðiâíÿííÿ (7). Ïiñëÿ äîäàâàííÿ
ðiâíÿíü (17),(10) îäåðæèìî íàñòóïíå iíòå-
ãðàëüíå ðiâíÿííÿ Âîëüòåððà âiäíîñíî ôóí-
êöi¨ v(t) = Gu(t) (çàìiñòü ðiâíÿííÿ (11)):

v(t) = Gu0 +W (t)Au1+

+

t∫
0

W (t−s)Q1{f(s,G−1v(s))−CG−1v(s)}ds+

+

t∫
0

Q2{f(s,G−1v(s))− CG−1v(s)}ds (18)

Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó v(t) ðiâíÿ-
ííÿ (18) ó áàíàõîâîìó ïðîñòîði C([0, T ], X)
äîâîäèòüñÿ, ÿê i ðàíiøå, çà äîïîìîãè ïðèí-
öèïó ñòèñêàþ÷èõ âiäîáðàæåíü. Ïiñëÿ öüîãî,
ÿê i ïðè äîâåäåííi òåîðåìè 1 ïåðåâiðÿ¹òüñÿ,
ùî ôóíêöiÿ u(t) = G−1v(t) ¹ ðîçâ'ÿçêîì çà-
äà÷i Êîøi (1),(14).

Íåõàé òåïåð ïðîåêöiÿ Q2f(t, x) ¹ íåïå-
ðåðâíî - äèôåðåíöiéîâàíîþ çà ñóêóïíiñòþ
çìiííèõ íà [0, T ] × X, u(t)� çíàéäåíèé êëà-
ñè÷íèé ðîçâ'ÿçîê çàäà÷i (1),(14). Ïðîäèôå-
ðåíöiþâàâøè ðiâíÿííÿ (18) òà óðàõóâàâøè

çàìiíó u(t) = G−1v(t), ìà¹ìî

du

dt
= G−1

(
e−StAu1+

+

t∫
0

e−S(t−τ)Q1(f(τ, u(τ))− Cu(τ))dτ+

+Q2(f(t, u(t))− Cu(t))

)
. (19)

Òîäi ç ðiâíÿííÿ (19) âèïëèâà¹, ùî u(t) ∈
C2([0, T ], X). Îñêiëüêè A�çàìêíåíèé îïåðà-
òîð, òî çâiäñè îäåðæèìî, ùî u(t) çàäîâîëü-
íÿ¹ ðiâíÿííÿ (16). Òåîðåìó äîâåäåíî.

Çàóâàæåííÿ 2. ßêùî ðiâíÿííÿ (1) ÿâíå,
òî â óìîâàõ òåîðåì 1,2 îïåðàòîðíi êîåôi-
öi¹íòè B,C áóäóòü îáìåæåíèìè. Äiéñíî,
îöiíêà (3) ïðè A = E çàáåçïå÷ó¹ îáìåæå-
íiñòü îïåðàòîðà B, à âêëàäåííÿ D(B) ⊂
D(C) � îáìåæåíiñòü îïåðàòîðà C.

Çàóâàæåííÿ 3. Òåîðåìè iñíóâàííÿ òà ¹äè-
íîñòi ðîâ'ÿçêó ïî÷àòêîâèõ çàäà÷ äëÿ ðiâíÿ-
ííÿ ïåðøîãî ïîðÿäêó d

dt
(Au(t)) + Bu(t) =

f(t, u(t)) îäåðæàíî ó ìîíîãðàôi¨ [2, ðîçäië
4], à äëÿ íåïîâíîãî ðiâíÿííÿ äðóãîãî ïîðÿä-
êó d2

dt2
(Au(t)) +Bu(t) = f(t, u(t)) â ïðàöi [3].

Íà âiäìiíó âiä öèõ òåîðåì, ó äîâåäåíèõ òå-
îðåìàõ 1,2 íå âèìàãàþòüñÿ äîäàòêîâi îáìå-
æåííÿ íà êîíñòàíòó Ëiïøèöÿ M . Òîìó
òåîðåìè 1,2 íå ìîæóòü áóòè îäåðæàíi
ìåòîäîì çíèæåííÿ ïîðÿäêó â ðiâíÿííi (1)
òà ïîäàëüøèì çàñòîñóâàííÿì ðåçóëüòàòiâ
ìîíîãðàôi¨ [2] äëÿ ðiâíÿííÿ ïåðøîãî ïîðÿä-
êó.

3. Çàñòîñóâàííÿ Çàñòîñó¹ìî àáñòðàêòíi
ðåçóëüòàòè äî íàñòóïíî¨ ïî÷àòêîâî-êðàéîâî¨
çàäà÷i:

∂2

∂t2

(
u(t, x) + a

∂2u(t, x)

∂x2

)
−

−b∂
3u(t, x)

∂x2∂t
− c

∂2u(t, x)

∂x2
= f(t, x, u(t, x)),

(20)
t ∈ [0, T ], x ∈ [0, π];

u(t, 0) = u(t, π) = 0 (21)
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u(0, x) = u0(x) (22)

∂

∂t

(
u(t, x) + a

∂2u(t, x)

∂x2

)
|t=0 = y1(x) (23)

Òóò a, b, c�äîäàòíi ñòàëi, ôóíêöiÿ f(t, x, y) :
[0, T ] × [0, π] × R → R. Ðiâíÿííÿ (20) ïðè
f(t, x, y) ≡ 0 îïèñó¹ [1, c. 85�87] ïîøèðåí-
íÿ çâóêîâèõ õâèëü ó ðåëàêñàöiéíîìó ñåðå-
äîâèùi, íåâiäîìà ôóíêöiÿ u(t, x) ïîçíà÷à¹
ùiëüíiñòü ñåðåäîâèùà. Ôiçè÷íå îáãðóíòóâà-
ííÿ äîäàòíîñòi ñòàëî¨ a íàâåäåíî â [9, ñ. 438].

Áóäü-ÿêó ôóíêöiþ v : x, t → v(t, x) áóäå-
ìî òàêîæ ðîçãëÿäàòè ÿê ôóíêöiþ t çi çíà-
÷åííÿìè â ïðîñòîði ôóíêöié çìiííî¨ x òà
çàïèñóâàòè ÿê v(t)(x). Ïðèïóñêà¹òüñÿ, ùî
ïðè êîæíîìó ôiêñîâàíîìó y ∈ R ôóíêöiÿ
f(t, x, y) = f(t, y)(x) ÿê ôóíêöiÿ t ïðèéìà¹
çíà÷åííÿ â L2(0, π), åëåìåíò f(t, y)(x) íàëå-
æèòü ïðîñòîðó L1(0, T ;L2(0, π)) òà ôóíêöiÿ
f(t, x, y) äëÿ äåÿêî¨ ñòàëî¨ M > 0 çàäîâîëü-
íÿ¹ ãëîáàëüíó óìîâó Ëiïøèöÿ

|f(t, x, y)− f(t, x, z)| ≤M |y − z|, ∀y, z ∈ R
(24)

ïðè ìàéæå âñiõ t ∈ [0, T ], x ∈ [0, π]

Ó äiéñíîìó ãiëüáåðòîâîìó ïðîñòîði X =
Y = L2(0, π) ïî÷àòêîâî-êðàéîâà çàäà÷à
(20)�(23) çàïèñó¹òüñÿ â àáñòðàêòíié ôîðìi
(1),(2) ç äèôåðåíöiàëüíèìè îïåðàòîðàìè

Ag(x) = g(x) + a
d2g(x)

dx2
, Bg(x) = −bd

2g(x)

dx2
,

Cg(x) = −cd
2g(x)

dx2
, D = D(A) = D(B) =

= D(C) =
◦
W 2

2 (0, π) =

= {g(x) ∈ W 2
2 (0, π) : g(0) = g(π) = 0}, (25)

äå W 2
2 (0, π) � ïðîñòið Ñîáîë¹âà ôóíêöié ç

L2(0, π). Êîìïëåêñíîþ îáîëîíêîþ ïðîñòîðó
X = Y ¹ êîìïëåêñíèé ïðîñòið L2(0, π). Êîì-
ïëåêñíi ðîçøèðåííÿ Ã, B̃ îïåðàòîðiâ A,B
âèçíà÷àþòüñÿ òèìè æ ñàìèìè äèôåðåíöi-
àëüíèìè âèðàçàìè òà êðàéîâèìè óìîâàìè,
ùî é îïåðàòîðè A,B (25), äåW 2

2 (0, π) � êîì-
ïëåêñíèé ïðîñòið Ñîáîë¹âà.Æìóòîê λÃ+B̃,
ùî âèçíà÷åíî íà D̃ = D(Ã), ìà¹ ðåçîëüâåíòó
(äèâ. ôîðìóëó (7.44) â [2]):

(λÃ+ B̃)−1g =
∞∑
n=1

gn sinnx

λ(1− an2) + bn2
,

gn =
2

π

π∫
0

g(x) sinnxdx,

λ(1− an2) + bn2 ̸= 0, n = 1, 2, ...

ßêùî an2 ̸= 1 äëÿ âñiõ n ∈ N, òîKerA = {0},
∃A−1 ∈ L(L2(0, π)) òà âiäïîâiäíî [12] Q1 =
E,Q2 = 0. Òîìó óìîâè òåîðåìè 1 âèêîíà-
íî, ÿêùî ïî÷àòêîâi ôóíêöi¨ â (22),(23) çàäî-

âîëüíÿþòü âèìîãè u0(x) ∈
◦
W 2

2 (0, π), y1(x) ∈
L2(0, π).

Ðîçãëÿíåìî âèïàäîê, êîëè a = 1
m2 äëÿ äå-

ÿêîãî m ∈ N. Òîäi îïåðàòîð A ¹ âèðîäæå-
íèì, KerA = Lin{sinmx}. Îá÷èñëþ¹ìî

Q2g = gm sinmx, g ∈ L2(0, π). (26)

Óìîâà y1(x) ∈ Q1(Y ) åêâiâàëåíòíà ñïiââiä-
íîøåííþ

π∫
0

y1(x) sinmxdx = 0 (27)

Îòæå, ìà¹ìî íàñòóïíèé ðåçóëüòàò

Òâåðäæåííÿ 1. Íåõàé çíà÷åííÿ ôóíêöi¨
f(t, y)(x), ÿê ôóíêöi¨ t, ïðè ôiêñîâàíèõ y íà-
ëåæàòü ïðîñòîðó L1(0, T ;L2(0, π)). Ïðèïó-
ñêà¹òüñÿ, ùî ôóíêöiÿ f(t, x, y) äëÿ äåÿêî¨
ñòàëî¨ M > 0 çàäîâîëüíÿ¹ ãëîáàëüíó óìîâó

Ëiïøèöÿ (24). Íåõàé â (22),(23) u0(x) ∈
◦
W 2

2

(0, π), y1(x) ∈ L2(0, π) òà âèêîíàíî îäíó
ç äâîõ óìîâ: 1o a ̸= 1

m2 , ∀m ∈ N, àáî 2o

∃m ∈ N : a = 1
m2 i äëÿ ôóíêöi¨ y1(x) ¹ ñïðà-

âåäëèâèì ñïiââiäíîøåííÿ (27). Òîäi ìiøàíà
çàäà÷à (20)�(23) ìà¹ ¹äèíèé ñèëüíèé ðîçâ'ÿ-
çîê u(t)(x). ßêùî äîäàòêîâî ïðè êîæíîìó
ôiêñîâàíîìó y ∈ R åëåìåíò f(t, y)(x) íà-
ëåæèòü ïðîñòîðó C([0, T ], L2(0, π)), òî öåé
ðîçâ'ÿçîê ¹ êëàñè÷íèì.

Çàìiíèìî ïî÷àòêîâó óìîâó (23) íà ïî÷à-
òêîâó óìîâó

∂u(t, x)

∂t
|t=0 = u1(x), (28)

òîáòî ðîçãëÿíåìî ìiøàíó çàäà÷ó
(20),(21),(22),(28). Ó íàñòóïíîìó òâåð-
äæåííi íàâåäåìî óìîâè ðîçâ'ÿçíîñòi öi¹¨
çàäà÷i
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Òâåðäæåííÿ 2. Íåõàé çíà÷åííÿ ôóíêöi¨
f(t, y)(x), ÿê ôóíêöi¨ t, ïðè ôiêñîâàíèõ y
íàëåæàòü ïðîñòîðó C([0, T ], L2(0, π)) òà
ôóíêöiÿ f(t, x, y) äëÿ äåÿêî¨ ñòàëî¨ M > 0
çàäîâîëüíÿ¹ ãëîáàëüíó óìîâó Ëiïøèöÿ (24).

Íåõàé â (22),(28) u0(x), u1(x) ∈
◦
W 2

2 (0, π) òà
âèêîíàíî îäíó ç äâîõ óìîâ: 1o a ̸= 1

m2 ,∀m ∈
N, àáî 2o ∃m ∈ N : a = 1

m2 òà ôóíêöi¨
u0(x), u1(x) çàäîâîëüíÿþòü óìîâó óçãîäæå-
ííÿ

π∫
0

f(0, x, u0(x)) sinmxdx =

=

π∫
0

(bm2u1(x) + cm2u0(x)) sinmxdx. (29)

Òîäi ìiøàíà çàäà÷à (20),(21),(22),(28) ìà¹
¹äèíèé ðîçâ'ÿçîê u(t)(x).

Öå òâåðäæåííÿ âèïëèâà¹ áåçïîñåðåäíüî ç
òåîðåìè 2. Äîñòàòíüî ëèøå çàçíà÷èòè, ùî
ó âèïàäêó a = 1

m2 äëÿ ââåäåíèõ îïåðàòî-
ðiâ A,B,C óìîâà óçãîäæåííÿ (15) ç óðàõó-
âàííÿì êîíñòðóêöi¨ (26) ñïåêòðàëüíîãî ïðî-
åêòîðó Q2 ïåðåïèñó¹òüñÿ ó âèãëÿäi (29).

Ðåçóëüòàòè ñòàòòi áóëî âèãîëîøåíî íà
ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ [11].
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ÎÁÅÐÍÅÍI ÊÎÅÔIÖI�ÍÒÍI ÇÀÄÀ×I ÊÎÌÏÅÒÈÒÈÂÍÎ� ÄÈÔÓÇI� Â
ÍÅÎÄÍÎÐIÄÍÈÕ ÑÅÐÅÄÎÂÈÙÀÕ ÍÀÍÎÏÎÐÈÑÒÈÕ ×ÀÑÒÈÍÎÊ Ç

ÂÈÊÎÐÈÑÒÀÍÍßÌ �ÐÀÄI�ÍÒÍÈÕ ÌÅÒÎÄIÂ

Ðîçãëÿäà¹òüñÿ îáåðíåíà êîåôiöi¹íòíà çàäà÷à äëÿ êîìïåòèòèâíî¨ äèôóçi¨ â íåîäíîðiäíèõ ñå-
ðåäîâèùàõ íàíîïîðèñòèõ ÷àñòèíîê. Çäiéñíåíî ïîñòàíîâêà òà îá ðóíòóâàííÿì ïðÿìî¨ òà ñïðÿ-
æåíî¨ êðàéîâèõ çàäà÷ òà ïîáóäîâàíî ¨õ ðîçâ'ÿçêè îïåðàöiéíèì ìåòîäîì Ãåâiñàéäà. Îòðèìàíî
ÿâíi âèðàçè ãðàäi¹íòiâ ôóíêöiîíàëiâ-íåâ'ÿçîê äëÿ iäåíòèôiêàöi¨ ïàðàìåòðiâ íàíîïîðèñòèõ ñå-
ðåäîâèù, ïðè äîïîìîçi ÿêèõ âiäíîâëåíî ðîçïîäiëè êîåôiöi¹íòiâ äèôóçi¨ äëÿ intercrystallytes
òà intracrystallytes ïðîñòîðiâ ÿê ôóíêöié âiä ÷àñó äëÿ ðiçíèõ ïîëîæåíü ÷àñòèíîê â ñåðåäîâè-
ùi. Çìîäåëüîâàíî ðîçïîäiëè êîíöåíòðàöié äâîõ äèôóíäîâàíèõ êîìïîíåíòiâ â äîñëiäæóâàíîìó
íàíîñåðåäîâèùi

Inverse problem for coe�cients �nding of competitive di�usion in heterogeneous media of
nanoporous particles has been considered. Formulation and justi�cation of direct and conjugate
boundary problems has been provided. The solutions of boundary problems has been build taki-
ng advantage of Heaviside's methods . Explicit expressions for gradients functional residuals has
been obtained to identify the parameters of nanoporous media in form of di�usion coe�cients for
intercrystallytes and intracrystallytes spaces as functions of time for di�erent modes of particles
along the catalyst layer. Distributions of concentrations for two defunded components in studied
sample of nanoporous media has been visualized.

Âñòóï

Çàñòîñóâàííÿ ìàòåìàòè÷íîãî ìîäåëþâàííÿ
äî äîñëiäæåííÿ ïðîöåñiâ ìàñîïåðåíîñó â íà-
íîïîðèñòèõ ñåðåäîâèùàõ ïîëÿãà¹ íå òiëü-
êè â ñêëàäíîñòi ïîáóäîâè àäåêâàòíèõ ìàòå-
ìàòè÷íèõ ìîäåëåé, à é â çàäàííi ¨õ ïàðà-
ìåòðiâ [1-10]. Ðàíiøå â ïðàöÿõ [11, 19-21]
ðîçãëÿäàëèñÿ ïèòàííÿ iäåíòèôiêàöi¨ ïàðà-
ìåòðiâ çàäà÷ ìàñîïåðåíîñó â íàíîïîðèñòèõ
ñåðåäîâèùàõ ïðè âiäîìèõ ðîçïîäiëàõ ìàñ ðå-
÷îâèíè â òâåðäié i ãàçîïîäiáíî¨ ôàçàõ. Â
ñèëó ñêëàäíîñòi åêñïåðèìåíòàëüíîãî ïîäi-
ëó öèõ õàðàêòåðèñòèê, äîöiëüíî âèêîðèñòî-
âóâàòè åôåêòèâíi îá÷èñëþâàëüíi àëãîðèòìè
iäåíòèôiêàöi¨ ïàðàìåòðiâ ïðè âiäîìèõ ñó-
ìàðíèõ ìàñàõ äëÿ ïåâíèõ íàïðÿìêiâ çîíäó-
âàííÿ äîñëiäæóâàíèõ ñåðåäîâèù, ç âèêîðè-
ñòàííÿì âèñîêîøâèäêiñíèõ àíàëiòè÷íèõ ìå-
òîäiâ ç óðàõóâàííÿì êîìïëåêñó íàéñóòò¹âi-
øèõ ÷èííèêiâ. Ó öié ïðàöi ðîçãëÿäàþòüñÿ
ïèòàííÿ ñòâîðåííÿ âèñîêîïðîäóêòèâíèõ ìå-

òîäiâ iäåíòèôiêàöi¨ øëÿõîì ïîáóäîâè ìàëî-
âèòðàòíèõ àíàëiòè÷íèõ ðîçâ'ÿçêiâ ïðÿìèõ i
ñïðÿæåíèõ çàäà÷ i îòðèìàííÿ íà ¨õ îñíî-
âi ÿâíèõ âèðàçiâ ãðàäi¹íòiâ ôóíêöiîíàëiâ-
íåâ'ÿçêè äëÿ iäåíòèôiêàöi¨ ïàðàìåòðiâ ïåðå-
íîñó â íàíîïîðèñòèõ ñåðåäîâèùàõ ïðè âiäî-
ìèõ ñóìàðíèõ ðîçïîäiëàõ ìàñè â òâåðäié i
ãàçîïîäiáíî¨ ôàçàõ àäñîðáîâàíèõ ðå÷îâèí.

Ìàòåìàòè÷íà ìîäåëü ñèñòåìè êîìïå-
òèòèâíîãî ïåðåíîñó â íåîäíîðiäíîìó
ñåðåäîâèùi

Ðîçãëÿäà¹òüñÿ ñêëàäíèé êîìïåòèòèâíèé ìà-
ñîïåðåíîñ äâîõ êîìïîíåíò, ùî äèôóíäóþòü
ìiæ ñîáîþ â íåîäíîðiäíîìó ñåðåäîâèùi ñôå-
ðè÷íèõ ÷àñòèíîê ìiêðî- òà íàíîïîðèñòî¨
ñòðóêòóðè. Äèôóçiÿ ðîçãëÿäà¹òüñÿ ïðè öüî-
ìó ÿê íà ìàêðîðiâíi (â ìiæ÷àñòèíêîâîìó
ïðîñòîði, interparticle space), òàê i íà ìiêðî-
ðiâíi (â ïðîñòîði ìiêðî- òà íàíîïîðiâ ñôåðè-
÷íèõ ÷àñòèíîê, intraparticle space).
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Ìàòåìàòè÷íà ìîäåëü òàêîãî ïåðåíîñó ç
óðàõóâàííÿì âêàçàíèõ ôiçè÷íèõ ÷èííèêiâ
îïèñàíà ó âèãëÿäi çìiøàíî¨ êðàéîâî¨ çàäà-
÷i. Â îáëàñòÿõ ΩkT = (0, T ) × Ωk,Ωk =
lk−1, lk, k = 1, n+ 1, l0 = 0 < l1 < ... < ln+1 =
l <∞ êîíöåíòðàöi¨ U1k (t, z) ,U2k (t, z), ç óðà-
õóâàííÿì [3, 6, 7] çàäîâîëüíÿþòü ñèñòåìi
ðiâíÿíü â ÷àñòèííèõ ïîõiäíèõ

∂

∂t

[
U1k (t, z)
U2k (t, z)

]
=

∂

∂z

[
Dinter11k

Dinter12k

Dinter21k
Dinter22k

]
∂

∂z

[
U1k

U2k

]
−

1

R

∂

∂r

[
Dintra11k

Dintra12k

Dintra21k
Dintra22k

] [
q1k (t, r, z)
q2k (t, r, z)

]∣∣∣∣
r=R

(1)

äå R << min
k

(lk − lk−1) ,R - ðàäióñ ñôå-

ðè÷íèõ ìiêðîïîðèñòèõ ÷àñòèíîê âiäïîâiä-
íî¨ îáëàñòi Ωk. Äëÿ êîæíî¨ ïîðèñòî¨ ìi-
êðî÷àñòèíêè ðàäióñó R ç öåíòðîì â òî-
÷öi z ∈ Ωk ïðè t ∈ (0, T ) êîíöåíòðàöi¨
q1r (t, r, z) ,q2r (t, r, z) äèôóíäîâàíî¨ äâîêîì-
ïîíåíòíî¨ ñóìiøi ñïðàâåäëèâà ñèñòåìà ðiâ-
íÿíü äèôóçi¨

∂

∂t

[
q1k(t, r, z)
q2k(t, r, z)

]
=

1

r2
∂

∂r

([
Dintra11k

Dintra12k

Dintra21k
Dintra22k

]
r2
∂

∂r

[
q1k
q2k

])
(2)

Ïî÷àòêîâi óìîâè[
U1k (t, z)
U2k (t, z)

]
t=0

= 0,

[
q1k (t, r, z)
q2k (t, r, z)

]
t=0

= 0,

r ∈ (0, R) , z ∈ Ωk, k = 1, n+ 1. (3)

Êðàéîâi óìîâè ïî ïðîñòîðîâié çìiííié r

äëÿ q =

[
q1
q2

]
∂

∂r

([
Dintra11k

Dintra12k

Dintra21k
Dintra22k

] [
q1k (t, r, z)
q2k (t, r, z)

])
r=0

= 0,[
q1m (t, r, z)
q2m (t, r, z)

]
r=R

=

[
k1 0
0 k2

]
·
[
U1m (t, z)
U2m (t, z)

]
,

z ∈ Ωm,m = 1, n+ 1,t ∈ (0, T )

(4)

äå äðóãà óìîâà ¹ óìîâîþ ðiâíîâàãè.
Êðàéîâi òà iíòåðôåéñíi óìîâè ìiæ òîíêè-

ìè øàðàìè ìiêðîïîðèñòèõ ÷àñòèíîê, ïî êî-

îðäèíàòi (z) äëÿ U =

[
U1

U2

]
:

∂

∂z

([
Dinter111

Dinter121

Dinter211
Dinter221

] [
U11 (t, z)
U21 (t, z)

])
z=0

= 0,[
U1n+1 (t, z)
U2n+1 (t, z)

]
z=l

=

[
Ul1 (t)
Ul2 (t)

]
, t ∈ (0, T ) ,

(5)

[
Usk (t, z)− Usk+1

(t, z)
]∣∣
z=lk

= 0, s = 1, 2

∂

∂z

(
Dinter k

[
U1k (t, z)
U2k (t, z)

])∣∣∣∣
z=lk

− ∂

∂z

(
Dinter k+1

[
U1k+1

(t, z)
U2k+1

(t, z)

])∣∣∣∣
z=lk

= 0,

k = 1, n+ 1,t ∈ (0, T ) ,

(6)

äå Dinter k
=

[
Dinter11k

Dinter12k

Dinter21k
Dinter22k

]
.

Ñèñòåìà (1) îïèñó¹ çîâíiøíié (âiäíîñíî
÷àñòèíîê) êîìïåòèòèâíèé ìàñîïåðåíîñ ç ïî-
òî÷íèìè êîíöåíòðàöiÿìè ê-ãî øàðó U1k ,U2k

â interpartical space, ëiìiòîâàíèé ñèñòåìè
âïëèâó íà ïîâåðõíÿõ ñôåðè÷íèõ ÷àñòèíîê
ðàäióñà R. Ñèñòåìà (2) îïèñó¹ âíóòðiøíié
ìàñîïåðåíîñ ç ïîòî÷íèìè êîíöåíòðàöiÿìè â
ìiêðî- é íàíîïîðàõ äëÿ ê-ãî ùàðó intraparti-
cle space q1k ,q2k . Çâ'ÿçîê ìiæ êîíöåíòðàöiÿ-
ìè äëÿ ê-ãî øàðó U1k ,U2k òà q1k ,q2k âèçíà÷à-
¹òüñÿ êðàéîâèìè óìîâàìè àäñîðáöiéíî¨ ðiâ-
íîâàãè íà ïîâåðõíi ñôåðè÷íèõ ÷àñòèíîê (4).

Òóò Dk òà Dint rak - ìàòðèöi êîåôiöi¹í-
òiâ äèôóçi¨ â ïðîñòîðàõ interpartical space òà
intraparticle space, ùî â çàãàëüíîìó âèïàä-
êó ¹ ôóíêöiÿìè âiä ïîòî÷íèõ êîíöåíòðàöié
Ujk ,qjk ;j = 1, 2.

Ââàæà¹òüñÿ, ùî êîåôiöi¹íòè äèôóçi¨
Dinter,Dintra çàäà÷i (1)-(6) ¹ íåâiäîìèìè.
Îäíàê íà ïîâåðõíÿõ îáëàñòåé γk ⊂ Ωk,k =
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1, n+ 1, íåîäíîðiäíîãî ñåðåäîâèùà âiäîìi
ñëiäè ðîçâ'ÿçêiâ (êîíöåíòðàöié):

[Usk(t, z) + qsk(t, z)]γk =Msk(t, z)|γk
s = 1, 2, γsk ∈ Ω, (7)

äå q̄sk (t, R/2 , z) = 1
R

R∫
0

qsk (t, r, z) rdr ¹ óñå-

ðåäíåíå çíà÷åííÿ êîíöåíòðàöi¨ s-¨ äèôóí-
äîâàíî¨ êîìïîíåíòè ðå÷îâèíè â ìiêðîïîðàõ
÷àñòèíêè, çîñåðåäæåíî¨ â òî÷öi r = R/2
äëÿ k�ãî øàðó ìiêðîïîðèñòèõ ÷àñòèíîê, k =
1, n+ 1.

Òàêèì ÷èíîì, îòðèìó¹ìî çàäà÷ó (1)-
(7), ùî ïîëÿãà¹ â çíàõîäæåííi ôóíêöié
Dintrasp,k ∈ D,Dintersp,k ∈ D, äå D ={
ν (t, z) :ν|ΩkT

∈ C (ΩkT ) ,ν > 0
}
.

Ôóíêöiîíàë-íåâ'ÿçêó [14,22], ùî âèçíà-
÷à¹ âåëè÷èíó âiäõèëåííÿ øóêàíîãî ðîçâ'ÿç-
êó âiä éîãî ñëiäiâ, îòðèìàíèõ åìïiðè÷íèì
øëÿõîì íà ïîâåðõíÿõ γk, çàïèøåìî ó âèãëÿ-
äi

Js
(
Dintersp , Dintrasp

)
=

1

2

n+1∑
k=1

T∫
0

∥Usk (τ, z) + q̄sk(t, z)−Msk(t, z)∥
2
γk
dτ

γk ∈ Ωk,m = 1, N (8)

äå ∥φ∥2L2(γk)
=
∫
γk

φ2dγk - êâàäðàò íîðìè. Â

äàíîìó âèïàäêó ∥φ∥L2(γk
) = |φ (t, z)|z=γk .

Ïîáóäîâà ðîçâ'ÿçêó çàäà÷i (1)-(6)

Âíóòðiøíüî÷àñòèíêîâèé ìàñîïåðåíîñ.
Â ïðèïóùåííi, ùî çàäàíi òà øóêàíi ôóíêöi¨
¹ îðè iíàëàìè çà Ëàïëàñîì ñòîñîâíî t, çî-
áðàæåíi çà Ëàïëàñîì [17] äëÿ q∗ik (p, r, z) ≡
L [qik ] =

∫∞
0
qik (t, r, z) e

−ptdt, i = 1, 2, âèêî-
ðèñòîâóþ÷è çàìiíó q∗ik = R · r−1 ·Q∗

ik
òà çâî-

äÿ÷è çàäà÷ó âíóòðiøíüî-÷àñòèíêîâîãî ïåðå-
íîñó äî ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü

[
Dint ra11k

d2

dr2
− p Dint ra12k

Dint ra21k Dint ra22k
d2

dr2
− p

] [
Q∗

1k
Q∗

2k

]
= 0

(9)

ç êðàéîâèìè óìîâàìè

Dint ras1k

[
1

r2

(
r
d

dr
Q∗

1k −Q∗
1k

)]
r=0

−Dint ras2k

[
1

r2

(
r
d

dr
Q∗

2k −Q∗
2k

)]
r=0

= 0,

Q∗
sk (p, r, z)|z=1 = kk · U∗

sk
(p, z) (10)

Âñòàíîâëþþòüñÿ óìîâè ïàðàáîëi÷íîñòi
ñèñòåìè çà Ïåòðîâñüêèì (Dint ra11kDint ra22k −
Dint ra12kDint ra21k > 0) [15].

Îáìåæåíèé ðîçâ'ÿçîê çàäà÷i (9)-(10) íà
[0, R] îòðèìó¹ìî ó âèãëÿäi:

Q∗
1k
(p, r, z) = Eint ra

11k
Eint ra

22

∆int ra
k

shω1k

√
pr

shω1k

√
pR
−

Eint ra
12k

Eint ra
21

∆int ra
k

shω2k

√
pr

shω2k

√
pR

 k1kU∗
1k

−
Eint ra

11k
Eint ra

22

∆int ra
k

 shω1k

√
pr

shω1k

√
pR

− shω2k

√
pr

shω2k

√
pR

 k2kU∗
2k
, (11)

Q∗
2k
(p, r, z) =

Eint ra
21k

Eint ra
22

∆int ra
k

 shω1k

√
pr

shω1k

√
pR
−

shω2k

√
pr

shω2k

√
pR

 k1kU∗
1k

−

 Eint ra
12k

Eint ra
21

∆int ra
k

shω1k

√
pr

shω1k

√
pR

−
Eint ra

11k
Eint ra

22

∆int ra
k

shω2k

√
pr

shω2k

√
pR

 k2kU∗
2k
, (12)

Ç óçàãàëüíåíîþ òåîðåìîþ ïðî ðîçâèíåí-
íÿ Ãåâiñàéäà çíàõîäèìî îðè iíàëè ðîçïîäi-
ëiâ qjk = R

r
Qjk , j = 1, 2 [17, 18]

q1k(t, r, z) =

t∫
0

 Eint ra
11k

Eint ra
22

∆int ra
k

Φ1k(t− τ, r)

−
Eint ra

12k
Eint ra

21

∆int ra
k

Φ2k(t− τ, r)

×
k1kU1

k
(τ, z)dτ

R

r

−
t∫

0

 Eint ra
11k

Eint ra
22

∆int ra
k

Φ1k(t− τ, r)

−
Eint ra

11k
Eint ra

22

∆int ra
k

Φ2k(t− τ, r)

×
k2kU2

k
(τ, z))dτ

R

r
(13)
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q2k(t, r, z) =

t∫
0

 Eint ra
12k

Eint ra
22

∆int ra
k

Φ1k(t− τ, r)

−
Eint ra

12k
Eint ra

22

∆int ra
k

Φ2k(t− τ, r)

×
k1kU1

k
(τ, z)dτ

R

r

−
t∫

0

 Eint ra
12k

Eint ra
21

∆int ra
k

Φ1k(t− τ, r)

−
Eint ra

11k
Eint ra

22

∆int ra
k

Φ2k(t− τ, r)

×
k2kU2

k
(τ, z))dτ

R

r

Òóò Φjk
(t, z)- êîìïîíåíòè ôóíêöié âïëè-

âó êîíöåíòðàöié ìiæ÷àñòèíêîâîãî ïðîñòî-
ðó Ujk (t, z) íà âíóòðiøíüî÷àñòèíêîâèé ïåðå-
íîñ; β1,2k - êîðåíi õàðàêòåðèñòè÷íîãî ìíîãî-
÷ëåíà ìàòðèöi ñèñòåìè:

(Dint ra11kDint ra22k −Dint ra12kDint ra21k) β
4

− (Dint ra11k +Dint ra22k) pβ
2 + p2 = 0 (14)

Ïðè âiäîìèõ çàëåæíîñòÿõ Ujk (t, z) ðîç-
ïîäiëè êîíöåíòðàöié â intraparticle space
qjk (t, r, z) ñòàþòü âiäîìèìè.
Ìàñîïåðåíîñ â ìiæ÷àñòèíêîâî-

ìó ïðîñòîði. Ó çîáðàæåíi çà Ëàïëà-
ñîì äëÿ ôóíêöié U∗

jk
(p, z) ≡ L [Ujk ] =∫∞

0
Ujk (t, z) e

−ptdt; j = 1, 2 îäåðæó¹ìî çà-
äà÷ó ïðî ïîáóäîâó îáìåæåíîãî â îáëàñòi
ðîçâ'ÿçêó ñèñòåìè ðiâíÿíü [17]


D11k

d2

dz2
−(

p+ h∗11k (p)
)

D12k
d2

dz2
− h∗12k (p)

D21k
d2

dz2
−

h∗21k (p) D22k
d2

dz2
−
(
p+ h∗22k (p)

)


[
U∗
1k
(p, z)

U∗
2k
(p, z)

]
=

[
0
0

]
(15)

ç êðàéîâèìè óìîâàìè:

∂

∂z

[
D

s11
U∗

11
(p, z) +D

s21
U∗
21
(p, z)

]
z=0

= 0;

U∗
sn+1

(p, z)
∣∣
z=l

= U∗
ls
(p); (16)

òà ñèñòåìîþ n- iíòåðôåéñíèõ óìîâ

[
U∗

sk
(p, z)− U∗

sk+1
(p, z)

]
z=lk

= 0

∂

∂z

(
D

k

[
U∗
1k

U∗
2k

]
−D

k+1

[
U∗
1k+1

U∗
2k+1

])∣∣∣∣
z=lk

= 0,

k = 1, n;s = 1, 2 (17)

Çàãàëüíèì ðîçâ'ÿçêîì ñèñòåìè (15) ¹:

U∗
s1
(p, z) = As1 (p)

(
C11 chλ

∗
11
z + C31 chλ

∗
31
z
)

U∗
sk
(p, z) = Ask (p)

(
C1k chλ

∗
1k
z + C2kshλ

∗
1k
z
)

+ Ask
(
C3k chλ

∗
3k
z + C4kshλ

∗
4k
z
)
, (18)

Òóò

A1k(p) = (D22k −D12)λ
∗2
1k

− (p+ h∗22k − h∗12k)

A2k(p) = (D11k−D21k)λ
∗2
1k
−(p+h∗11k(p)−h

∗
21k

(p))

λ1k , λ2k , λ3k , λ4k - êîðåíi õàðàêòåðèñòè÷íîãî
ðiâíÿííÿ:

(D11kD22k −D12kD21k)λ
4

− ((D11k +D22k)p+ h∗1k(p))λ
2 + h∗2k(p) = 0,

Êðàéîâi òà iíòåðôåéñíi óìîâè (16), (17)
äàþòü ñèñòåìó ðiâíÿíü 4n + 2-ãî ïîðÿä-
êó äëÿ âèçíà÷åííÿ íåâiäîìèõ êîíñòàíò
C11 , C31 , C1k , C2k , C3k , C4k , k = 1, n+ 1 â (18).

Âèêîðèñòîâóþ÷è ïiäõiä ùîäî âèçíà÷åííÿ
åëåìåíòiâ ìàòðèöi âïëèâó Êîøi òà ìåòîäèêó
ïðàöü [8, 18], âèðàçè äëÿ îá÷èñëåííÿ êîìïî-
íåíòiâ âåêòîð-ôóíêöié U∗

sk
(p, z) çâîäÿòüñÿ äî

êëàñè÷íîãî âèãëÿäó[
U∗
1k
(p, z)

U∗
2k
(p, z)

]
=[

H∗
11k

(p, z) H∗
12k

(p, z)
H∗

21k
(p, z) H∗

22k
(p, z)

]
·
[
U∗
l1
(p)

U∗
l2
(p)

]
(19)

Òóò êîìïîíåíòè ìàòðèöü âïëèâó[
H∗
ijk
(p, z)

]
- i¹ðàðõi÷íî¨ ñòðóêòóðè îäåð-

æóþòüñÿ ðåêóðåíòíèì ñïîñîáîì øëÿõîì
îá÷èñëåííÿ âèçíà÷íèêiâ àëãåáðà¨÷íî¨ ñèñòå-
ìè, ïîáóäîâàíî¨ íà îñíîâi óìîâ (16)-(17).
Çãiäíî ìåòîäèêè îïèñàíî¨ â [18,22], çäiéñíþ-
¹òüñÿ ïåðåõiä äî îðè iíàëiâ çà Ëàïëàñîì,
çàìiíîþ iíòå ðàëó ïî êîíòóðó Áðîìâi÷à
iíòå ðàëîì ïî óÿâíié âiñi
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Hijk
(t, z) ≡ L−1

[
H∗
ijk
(p, z)

]
=

1

π

∞∫
0

Re
[
H∗
ijk
(is, z)eist

]
ds,

i, j = 1, 2; k = 1, n+ 1 (20)

Ç âðàõóâàííÿì îäåðæàíèõ ãîëîâíèõ
ðîçâ'ÿçêiâ çàäà÷i (15)-(17) òà ôîðìóë (20),
îòðèìó¹ìî ¹äèíèé ðîçâ'ÿçîê ùî îïèñó¹
ìàñîïåðåíîñ ó ìiæ÷àñòèíêîâîìó ïðîñòîði:

[
U1k (t, z)
U2k (t, z)

]
=

t∫
0

[
H11k

(t− τ, z) H12k
(t− τ, z)

H21k
(t− τ, z) H22k

(t− τ, z)

]
·
[
Ul1 (τ)
Ul2 (τ)

]
dτ

(21)

Âèêëàäåíå âèùå äà¹ ïiäñòàâè ñôîðìóëþâà-
òè íàñòóïíó òåîðåìó.
Òåîðåìà (ïðî ðîçâ'ÿçíiñòü ïðÿìî¨

êðàéîâî¨ çàäà÷i): ÿêùî âèêîíó¹òüñÿ óìîâà
îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi íåîäíîðiäíî¨ çìi-
øàíî¨ êðàéîâî¨ çàäà÷i, çàäàíi i øóêàíi ôóí-
êöi¨ ¹ îðè iíàëàìè çà Ëàïëàñîì, òî ðîçâ'ÿçîê
çìiøàíî¨ êðàéîâî¨ çàäà÷i (1)�(6) iñíó¹ i ¹äè-
íèé òà âèçíà÷à¹òüñÿ ôîðìóëàìè (13) i (21).

Ïðÿìà çàäà÷à ôóíêöiîíàëüíî¨ iäåíòè-
ôiêàöi¨

Ç ìåòîþ iäåíòèôiêàöi¨ ïàðàìåòðiâ
êîìïåòèòèâíî¨ äèôóçi¨ (êîåôiöi¹íòiâ
Dint rasm

,Dint ersm
) ÿê ôóíêöié âiä ÷àñó, âèêî-

ðèñòîâóþ÷è îá'¹ìíó áàçó åêñïåðèìåíòàëü-
íèõ äàíèõ ïîøàðîâîãî RNM-ñêàíóâàííÿ
[3,6], ðîçãëÿíåìî òðàíñôîðìóâàííÿ çàäà÷i
(1) - (6) ó âèãëÿäi ñèñòåìè N − 1 - êðàéî-
âèõ çàäà÷ iäåíòèôiêàöi¨ Dint rasm

,Dint ersm
â

êîæíié òî÷öi Z äëÿ êîæíîãî ôðàãìåíòà
Ωm,m = 1, N + 1 [3,9]:

∂Csm (t, Z)

∂t
=
Dint ersm

l2
∂2sm
∂Z2

−eintermKsm

Dint rasm

R2

(
1

X

∂Nsm

∂X
− 1

X2
Nsm

)
X=1

(22)

∂Nsm (t,X, Z)

∂t
=

Dint rasm

R2

∂2Nsm

∂X2
(23)

ç ïî÷àòêîâèìè óìîâàìè

Csm(t = 0, Z) = 0,

Nsm(t = 0, X, Z) = 0,

X ∈ (0, 1), Z ∈ Ωm,m = 1, N + 1, (24)

êðàéîâèìè óìîâàìè äëÿ êîæíîãî m-ãî øàðó

Csm (t, Z = Lm) = θsm ,

Csm−1 (t, Z = Lm−1) = θsm−1 , (25)

Cs1 (t, L1) = θs1 ,

∂Cs1
∂Z

(t, Z = 0) = 0,

s = 1, 2,m = N + 1, 2,θsN+1
= 1. (26)

Êðàéîâi óìîâè äëÿ îêðåìî¨ ÷àñòèíêè

Nsm (t,X = 0, Z) = 0,

Nsm (t,X = 1, Z) = Csm (t, Z),

Z ∈ Ωm,m = 1, N + 1 (27)

äå ∆ = Lm − Lm−1,m = 1, N + 1, θm - åêñïå-
ðèìåíòàëüíèé ñëiä, Csm (t) íà m-ìó ñåãìåí-
òi, ∆θm = θm − 0m−1,m = 1, N + 1.

�äèíèé ðîçâ'ÿçê Csm i Nsm ïðÿìî¨ çàäà-
÷i ïîáóäîâàíèé îïåðàöiéíèì ìåòîä Ãåâiñàéäà
íà îñíîâi òåîðåìè ïðî ðîçêëàä â ðÿä çîáðà-
æåíü çà Ëàïëàñîì çà êîðåíÿìè çíàìåííèêà
[17, 18].

Csm (t, Z) = 1 +
2π

∆L

R2

Dintrasm

Dint ersm

∆L2
×

∞∑
n=1

∞∑
k=1

ωsm (n, Z) exp
(
−Dint rasm β2

knm

R2 t
)

(−1)nβ2
knm

Θ(βknm)
(28)

Nsm (t,X, Z) =

1 +
2π

∆L

R2

Dintrasm

Dint ersm

∆L2
×

∞∑
n=1

∞∑
k=1

ωsm(n, Z) exp(−
Dint rasm β2

knm

R2 t)

(−1)nβ2
knm

sin (βknm)Θ(βknm)
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(29)

Θ =

(
3

einterm
(

1

sin2(βknm)
− c tg (βknm)

βknm

) + 2

)
äå βkn1

,βknm
,m = 2,∞- êîðåíi âiäïîâiäíèõ

òðàíñöåíäåíòíèõ ðiâíÿíü:

γ2s1 (β) ≡
3

eint er1

∆L2

R2

Dint tras1

Dint ers1(eint er1
3

β2 − βctgβ + 1
)
=

2n− 1

2∆L
π,

γ2sm (β) ≡ 3

eint erm

∆L2

R2

Dint trasm

Dint ersm(eint ersm
3

β2 − βctgβ + 1
)
=

nπ

∆L
,

n, 0,∞, k = 1,∞,m = 2, N + 1

ωsm(n, Z) =
(2n− 1) cos

(
2n−1
2
πZ
)

m = 1

n

(
θsm sin

[
nπ
∆L

(Z − Lm−1)
]

+θsm−1 sin
[
nπ
∆L

(Lm − Z)
] ) m > 1

Ãðàäi¹íòíèé ìåòîä ðîçâ'ÿçóâàííÿ
çàäà÷ êîåôiöi¹íòíî¨ iäåíòèôiêàöi¨.
Ðîçâ'ÿçîê çàäà÷ iäåíòèôiêàöi¨ (23)-(27) çâî-
äèòüñÿ äî çàäà÷i îïòèìiçàöi¨ ôóíêöiîíàëó-
íåâ'ÿçêè ïîñòóïîâî óäîñêîíàëþþ÷è ðîçâ'ÿ-
çîê øëÿõîì ñïåöiàëüíî¨ ïðîöåäóðè ðåãóëÿ-
ðèçàöi¨ ç âèêîðèñòàííÿì âèñîêîåôåêòèâíèõ
ãðàäi¹íòíèõ ìåòîäiâ. Ãðàäi¹íòíi ìåòîäè â
çàäàõ iäåíòèôiêàöi¨ íà îñíîâi ñåðåäíüîêâà-
äðàòè÷íîãî ôóíêöiîíàëó-íåâ'ÿçêè çíàéøëè
ñâî¹ ïðàêòè÷íå çàñòîñóâàííÿ â ðîáîòàõ
Æ.-Ë.Ëiîíñà [20], ïiçíiøå öåé ïiäõiä áóâ
ðîçâèíóòèé Î.Ì.Àëiôàíîâèì (ðîçðàõóíîê
òåìïåðàòóðíèõ ïîëiâ ëiòàëüíèõ àïàðà-
òiâ)[19], ïðàöÿõ àâòîðiâ (çàäà÷i ãiäðîìåõàíi-
êè, ôiëüòðàöi¨, äèôóçi¨ i àäñîðáöi¨ òà iíø.)
[3,10,12,13,22].

Âèêîðèñòîâóþ÷è ãðàäi¹íòíèé ìåòîä ìi-
íiìiçàöi¨ ïîõèáîê äëÿ iäåíòèôiêàöi¨ ðîçïî-
äiëiâ êîåôiöi¹íòiâ äèôóçi¨ â intracrystallite

spaceDintrasm i intercrystallite spaceDintersm ÿê
ôóíêöi¨ âiä ÷àñó äëÿ s-¨ äèôóíäîâàíî¨ êîì-
ïîíåíòè, îòðèìó¹ìî ðåãóëÿðèçàöiéíi âèðàçè
n+ 1-ãî êðîêó iäåíòèôiêàöi¨ [9,21]:

Dn+1
intrasm

(t) = Dn
intrasm

−∇JnDintrasm
(t)×[

Csm +
(

1
X

)
X= 1

2

Nsm −Msm

]2
∥∥∥∇JnDn

int rasm

(t)
∥∥∥2 + ∥∥∥∇JnDn

int ersm

(t)
∥∥∥2

Dn+1
intersm

(t) = Dn
intersm

−∇JnDintersm
(t)×[

Csm +
(

1
X

)
X= 1

2

Nsm −Msm

]2
∥∥∥∇JnDn

intrasm

(t)
∥∥∥2 + ∥∥∥∇JnDn

intersm

(t)
∥∥∥2 (30)

äå Js
(
Dintersm , Dintrasm

)
ìîäèôiêîâàíèé

ôóíêöiîíàë-íåâ'ÿçêè íà ïîâåðõíi γs ∈ Ωm:

Js
(
Dintersm , Dintrasm

)
=

1

2

T∫
0

[
Csm +Qsm −Msm

]2
dτ (31)

∇JnDn
intersm

(t), ∇JnDn
intrasm

(t) - êîìïîíåí-

òè ãðàäi¹íòó ôóíêöiîíàëó-íåâ'ÿçêè
Js
(
Dintersm , Dintrasm )

)
ïî ôóíêöiÿõ

Dn
intersm

∈ ΩT , Dn
intrasm

∈ ΩT .
∥∥∇JnDu

(t)
∥∥2 =

T∫
0

[
∇JnDn

int rasm

(t)
]2
dt - êâàäðàò íîð-

ìè ãðàäi¹íòó ôóíêöiîíàëó-íåâ'ÿçêè
Qsm(t, z) =

∫ 1

0
Qsm(t,X, Z)dX.

Ïîáóäîâà ðîçøèðåíîãî ôóíêöiîíà-
ëó. Ïåðåéäåìî äî áåçóìîâíî¨ åêñòðåìàëüíî¨
ôîðìè ðîçãëÿäóâàíî¨ çàäà÷i iäåíòèôiêàöi¨,
ââîäÿ÷è ðîçøèðåíèé ôóíêöiîíàë [19,20]

Φ (Dintersm , Dintrasm) = Js + Is1 + Is2 , (32)

â ÿêîìó Is1 , Is2 - ñêëàäîâi, ùî âðàõîâóþòü
ñïåöèôiêó îñíîâíèõ ðiâíÿíü áàëàíñó (22) i
(23) âiäïîâiäíî äëÿ âèõiäíî¨ çàäà÷i iäåíòè-
ôiêàöi¨ (22)-(27):

Is1 =

T∫
0

Lm∫
Lm−1

ϕsm(t, Z)×
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(
∂Csm

∂t
− Dint ersm

l2
∂2Csm

∂Z2 +

eintermKsm
Dint rasm

R

(
∂Qsm

∂X

)
X=1

)
dZdt (33)

Is2 =

T∫
0

1∫
0

Lm∫
Lm−1

ψsm(t, Z)×

(
∂Qsm

∂t
− Dint rasm

R2 Qsm(
∂2

∂X2 +
2
X

∂
∂X

) )
XdXdZdt (34)

äå Js - ôóíêöiîíàë-íåâ'ÿçêè, ϕsm , ψsm ,s,=1,2

� íåâiäîìi ìíîæíèêè Ëàãðàíæà, ùî ïiäëÿ-
ãàþòü âèçíà÷åííþ, ç óìîâè ñòàöiîíàðíîñòi
ôóíêöiîíàëó Φ (Dintersm , Dintrasm):

∆Φ(Dintersm , Dintrasm) ≡
∆Js +∆Is1 +∆Is2 = 0, (35)

Ïîñòàíîâêà ñïðÿæåíî¨ êðàéîâî¨ çà-
äà÷i. Ó âiäïîâiäíîñòi ç âèõiäíîþ ïî÷àòêîâî-
êðàéîâîþ çàäà÷åþ äëÿ êîæíîãî íàáëèæå-
ííÿ Dn

intrasm
,Dn

intersm
ðîçâ'ÿçîê Dintrasm ,Dintersm

îòðèìó¹ìî ñïðÿæåíó êðàéîâó çàäà÷ó â îïå-
ðàòîðíié ôîðìi [9,22]:

L∗Ψsm(t,X, Z) = Esm(t)δ (Z − γm) ,

Ψsm ∈ (0, 1)
∪

ΩmT ,m = 1, n+ 1, (36)

∂

∂X
ψsm(t,X, Z)|X=0 = 0; (37)

∂

∂X
ψsm(t,X, Z)|X=0 = 0; (38)

ψsm(t,X, Z)|X=1 = φsm (t, Z) (39)

ϕsm (t, Z = Lm) = 0,ϕsm−1 (t, Z = Lm−1) = 0;

ϕs1 (t, L1) = 0,
∂ϕs1
∂Z

(t, Z = 0) = 0

s = 1, 2,m = N + 1, 2 (40)

ψsm(t,X, Z)|X=1 = φsm (t, Z) (41)

ϕsm (t, Z = Lm) = 0,ϕsm−1 (t, Z = Lm−1) = 0;

ϕs1 (t, L1) = 0,
∂ϕs1
∂Z

(t, Z = 0) = 0

s = 1, 2,m = N + 1, 2

(42)

�äèíèé ðîçâ'ÿçîê ϕsm, ψsm ñïðÿæåíî¨
êðàéîâî¨ çàäà÷i ïîáóäîâàíî îïåðàöiéíèì ìå-
òîäîì Ãåâiñàéäà [17,18].
Òåõíîëîãiÿ îòðèìàííÿ àíàëiòè-

÷íèõ âèðàçiâ êîìïîíåíòiâ  ðàäèåíòà
ôóíêöiîíàëó-íåâ'ÿçêè. Ðîçãëÿäàþ÷è L
ÿê îïåðàòîð, ùî âiäîáðàæà¹ ΩmT â ïðîñòîði
L2, äëÿ åëåìåíòiâ Lw,Ψ ∈ L2 âèçíà÷èìî
ñêàëÿðíèé äîáóòîê

(Lwsm (t,X, Z) ,Ψsm (t,X, Z)) =
∫∫

ΩmT

L∆CsmϕsmXdXdZdt∫∫∫
(0,R)

∪
ΩmT

L∆QsmψsmXdXdZdt

 (43)

äå ϕsm (t, Z) i ψsm (t,X, Z) íàëåæèòü Ω̄mT i
[0, R]

∪
Ω̄mT âiäïîâiäíî.

Äëÿ ñêàëÿðíîãî äîáóòêó ìà¹ ìiñöå òîòî-
æíiñòü Ëàãðàíæà [19,21]:

(Lwsm (t,X, Z) ,Ψsm (t,X, Z))

= (wsm (t,X, Z) ,L∗Ψsm (t,X, Z)) (44)

Çàïèñàâøè ïðèðiñò ôóíêöiîíàëó-
íåâ'ÿçêè ∆Js (Dintersm , Dintrasm) â ñêà-
ëÿðíié ôîðìi, âèêîðèñòîâóþ÷è çàìiíó
wsm = L−1ξsm , äå L−1 - îáåðíåíèé îïåðàòîð
äî îïåðàòîðà L, îòðèìà¹ìî

∆Js (Dintrasm , Dintersm) ≡
(wsm(t,X, Z), Esm(t)) =

T∫
0

Lm∫
Lm−1

L−1Xsm,1 · Esm(t)δ (Z − γm) dZdτ+

T∫
0

Lm∫
Lm−1

1∫
0

L−1Xsm,2 ·Esm(t)δ (Z − γm) dXdZdτ

+O(max |∆Csm ,∆Qsm|) (45)

Íåõòóþ÷è íåñêií÷åííî ìàëèìè
äðóãîãî ïîðÿäêó, ç âðàõóâàííÿì
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L−1∗ [Esm(t)δ (Z − γm)] = Ψsm , îòðèìà¹ìî
ïðèðîñòè ôóíêöiîíàëó-íåâ'ÿçêè, âèðàæåíî-
ãî ÷åðåç ðîçâ'ÿçîê ñïðÿæåíî¨ çàäà÷i:

∆Js (Dintersm , Dintrasm) =(
ξsm(t, Z),L−1∗ [Esm(t)δ (Z − γm)]

)
=

(Ψsm(t,X, Z),ξsm(t,X, Z)) (46)

äå L−1∗ - îïåðàòîð ñïðÿæåíèé ç îáåðíå-
íèì îïåðàòîðîì L−1, Ψsm - âåêòîð ðîçâ'ÿçêó
ñïðÿæåíî¨ çàäà÷i.
Ôîðìóëà âçà¹ìîçâ'ÿçêó ìiæ ïðÿìîþ

i ñïðÿæåíîþ çàäà÷àìè. Ðîçêðèâàþ÷è â
ðiâíÿííi (44) êîìïîíåíòè Xsm(t,X, Z), îòðè-
ìó¹ìî âàæëèâó ôîðìóëó äëÿ âñòàíîâëåííÿ
âçà¹ìîçâ'ÿçêó ìiæ ïðÿìîþ i ñïðÿæåíîþ çà-
äà÷àìè, ùî â êiíöåâîìó ðàõóíêó äà¹ ìîæëè-
âiñòü îòðèìàòè ÿâíi àíàëiòè÷íi âèðàçè êîì-
ïîíåíòiâ ãðàäi¹íòó ôóíêöiîíàëó-íåâ'ÿçêè:

∆Js(Dintrasm , Dintersm) =(
ϕsm(t, Z),

∂
∂Z

(
∆Dintersm

∂
∂Z
Csm

)
−

eint erm
∆Dintrasm

R
∂
∂X
Qsm(t,X, ZX=1

)
+

(
ψsm(t,X, Z)

Dintrasm

R2 ×(
∂2

∂X2 +
2
X

∂
∂X

)
Qsm(t,X, Z)

)
(47)

Âèðàçè ãðàäi¹íòiâ ôóíêöiîíàëó-
íåâ'ÿçêè. Ïðîäèôåðåíöiþâàâøè âèðàçè
ïðèðîñòiâ (45) âiäïîâiäíî ïî ∆Dintrasm i
∆Dintersm i ðîçêðèâàþ÷è ñêàëÿðíi äîáóòêè,
îòðèìà¹ìî øóêàíi àíàëiòè÷íi âèðàçè ãðàäi-
¹íòiâ ôóíêöiîíàëó-íåâ'ÿçêè çà íåîáõiäíèìè
êîìïîíåíòàìè êîåôiöi¹íòiâ êîìïåòèòèâíî¨
äèôóçi¨, ÿê ôóíêöi¨ âiä ÷àñó â intraparticle
space òà interparticle space âiäïîâiäíî:

∇JDintrasm
(t) =

− eint erm
R

Lm∫
Lm−1

∂

∂X
Qsm (t, 1, Z)ϕsmdZ

+
1

R2

Lm∫
Lm−1

1∫
0

(
∂2

∂X2
+

2

X

∂

∂X

)
QsmψsmXdXdZ

(48)

∇JDintersm
(t) =

Lm∫
Lm−1

∂2Csm
∂Z2

ϕsm(t, Z)dZ (49)

Iäåíòèôiêàöiÿ ïàðàìåòðiâ, ÷èñëîâå ìî-
äåëþâàííÿ òà àíàëiç

Âiäíîâëåííÿ ïðîôiëiâ êîåôiöi¹íòiâ äè-
ôóçi¨. Íà ðèñ. 1 òà 2 ïîäàíi iäåíòèôiêîâàíi
çãiäíî ðåãóëÿðèçàöiéíèõ ôîðìóë iäåíòèôi-
êàöi¨ çà äàíèìè RNM-ñïåêòðîñêîïi¨ [6] ðîç-
ïîäiëè êîåôiöi¹íòiâ êîìïåòèòèâíî¨ äèôóçi¨
áåíçîëó òà ãåêñàíó, ÿê ôóíêöi¨ âiä ÷àñó äëÿ
ðiçíèõ ïîëîæåíü êîîðäèíàòè òîâùèíè øà-
ðó: 6, 8, 10, 12, 14 ìì. Êðèâi êîåôiöi¹íòiâ
äèôóçi¨ ìàþòü ïñåâäîåêñïîíåíöiéíèé õàðà-
êòåð i çìiíþþòüñÿ â äiàïàçîíi âiä 7,0 äî 5,0
E-12 E-13. Äëÿ ÷àñó äèôóçi¨ áiëüøå 125-150
õâ. ñïîñòåðiãà¹òüñÿ âiäíîñíî ñòàáiëüíà êàð-
òèíà ìàñîîáìiíó, ùî ñóïðîâîäæó¹òüñÿ ïëàâ-
íèì íàáëèæåííÿì ïðîôiëiâ êîåôiöi¹íòiâ äè-
ôóçi¨ Dint ra1,k äî çíà÷åíü, âiäïîâiäíèõ ïîëî-
æåííÿì ¨õ ðiâíîâàãè.

(a) intraparticlle space (áåíçîë)

(b) interparticlles space (áåíçîë)

Ðèñ. 1: Ïðîôiëi êîåôiöi¹íòiâ äèôóçi¨ áåíçîëó
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(a) intraparticlle space (ãåêñàí)

(b) interparticlles space (ãåêñàí)

Ðèñ. 2: Ïðîôiëi êîåôiöi¹íòiâ äèôóçi¨ ãåêñàíó

Ðîçïîäiëè êîåôiöi¹íòiâ äèôóçi¨ Dint er1,k

ìàþòü áiëüø ïîëîãèé âèãëÿä i çìiíþþòüñÿ
â äiàïàçîíi âiä 6.0 E-6 äî 1.0 E-6.
Êîíöåíòðàöi¨ i ãðàäi¹íòè êîíöåíòðà-

öié â ìiêðî- i íàíîïîðàõ ÷àñòèíîê. Ðèñ.
3 äåìîíñòðó¹ ðåçóëüòàòè ìîäåëþâàííÿ êîí-
öåíòðàöiéíèõ êðèâèõ áåíçîëó i ãåêñàíó â
intercrystallites space, çà ðåçóëüòàòàìè iäåí-
òèôiêàöi¨ êîåôiöi¹íòiâ äèôóçi¨ (ðèñ. 1 òà ðèñ.
2).

Ãðàôiêè íà ðèñ. 4 òà ðèñ. 5 äåìîíñòðó-
þòü çìiíó ãðàäi¹íòiâ êîíöåíòðàöi¨ ïîãëèíó-
òèõ êîìïîíåíòiâ àäñîðáàòó (áåíçîëó i ãå-
êñàíó) â ìiêðî- i íàíîïîðàõ intracrystallites
space óçäîâæ ðàäióñà ÷àñòèíêè (êðèñòàëiòà).
Ðèñ. 4 ïîêàçó¹ çìiíó ãðàäi¹íòiâ êîíöåíòðà-
öi¨ óçäîâæ ðàäióñà êðèñòàëiòà äëÿ áåíçîëó
â intracrystallites space äëÿ äâîõ êîîðäèíàòè
òîâùèíè: 8 i 14 ìì ïðè äèôóçiéíèõ ïåðiîäàõ
â a � t= 25 mn, b � t= 50 mn, c � t=100 mn, d �
t=200, à ðèñ. 5 - äëÿ ãåêñàíó. ßê âèäíî ç ãðà-
ôiêiâ, çíà÷íi ãðàäi¹íòè êîíöåíòðàöié ìàþòü

(a) áåíçîë

(b) ãåêñàí

Ðèñ. 3: Ðîçïîäiëè êîíöåíòðàöié äèôóçi¨ â ïðîñòîði
intercrystallites âiä ÷àñó i ðiçíèõ ïîëîæåíü êàòàëiòè-
÷íîãî øàðó

ìiñöå äëÿ ÷àñòèíîê, ðîçìiùåíèõ â âèõiäíèõ
øàðàõ (8 ìì), çíà÷åííÿ ÿêèõ íà ôiíàëüíié
ñòàäi¨ äèôóçi¨ äîñÿãàþòü â öåíòði êðèñòàëi-
òó 0,8-0,9 îäèíèöü. Äëÿ ãåêñàíó (ðèñ.5), ñïî-
ñòåðiãà¹òüñÿ ìåíøà ñòóïiíü ïîãëèíàííÿ. Òàê
äëÿ ÷àñòèíîê âèõiäíîãî øàðó (8 ìì) çíà÷åí-
íÿ êîíöåíòðàöi¨ íà ôiíàëüíié ñòàäi¨ äèôóçi¨
äîñÿãà¹ 0,3 - 0,1 îäèíèöi (â öåíòði êðèñòàëi-
òó).

Âèñíîâêè

Ðåàëiçîâàíî ìîäåëi iäåíòèôiêàöi¨ ïàðàìå-
òðiâ êîìïåòèòèâíî¨ äèôóçi¨ â íåîäíîðiäíèõ
ñåðåäîâèùàõ íàíîïîðèñòèõ ÷àñòèíîê ç îá-
 ðóíòóâàííÿì ïîñòàíîâîê òà ðîçâ'ÿçàííÿ
ïðÿìî¨ òà ñïðÿæåíî¨ êðàéîâèõ çàäà÷. Îïå-
ðàöiéíèì ìåòîäîì Ãåâiñàéäà îòðèìàíi ¨õ òî-
÷íi àíàëiòè÷íi ðîçâ'ÿçêè. Íà ïiäñòàâi òåî-
ði¨ îïòèìàëüíîãî óïðàâëiííÿ ñòàíîì áàãà-
òîêîìïîíåíòíèõ ñèñòåì i çàçíà÷åíèõ âèñî-
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(a) áåíçîë (14ìì)

(b) áåíçîë(8ìì)

Ðèñ. 4: Ðîçïîäiëè ãðàäi¹íòiâ êîíöåíòðàöi¨ äèôóçi¨
óçäîâæ ðàäióñó ÷àñòèíêè äëÿ áåíçîëó

êîøâèäêiñíèõ àíàëiòè÷íèõ ðîçâ'ÿçêiâ ïðÿ-
ìèõ i ñïðÿæåíèõ çàäà÷ îòðèìàíî ÿâíi âè-
ðàçè ãðàäi¹íòiâ ôóíêöiîíàëiâ-íåâ'ÿçîê äëÿ
iäåíòèôiêàöi¨ ïàðàìåòðiâ íàíîïîðèñòèõ ñå-
ðåäîâèù, ïðè äîïîìîçi ÿêèõ âiäíîâëåíî ðîç-
ïîäiëè êîåôiöi¹íòiâ äèôóçi¨ â ïðîñòîðàõ
intercrystallytes space i intracrystallytes space
ÿê ôóíêöié âiä ÷àñó äëÿ ðiçíèõ ïîëîæåíü
÷àñòèíîê âçäîâæ øàðó êàòàëiçàòîðà òà ïî-
áóäîâàíî ðîçïîäiëè êîíöåíòðàöié äèôóíäî-
âàíèõ êîìïîíåíò.
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IÏÏÌÌ iì. ß.Ñ.Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè

ÎÑÍÎÂÎÏÎËÎÆÍÈÊ ÓÊÐÀ�ÍÑÜÊÎ� ÌÀÒÅÌÀÒÈ×ÍÎ� ÊÓËÜÒÓÐÈ Â
ÃÀËÈ×ÈÍI

Ó ñòàòòi âèñâiòëåíî æèòò¹âèé òà òâîð÷èé øëÿõ âèäàòíîãî óêðà¨íñüêîãî ìàòåìàòèêà ïåðøî¨
ïîëîâèíè ÕÕ ñòîði÷÷ÿ Âîëîäèìèðà Ëåâèöüêîãî � àâòîðà ïåðøî¨ íàóêîâî¨ ñòàòòi ç ìàòåìàòèêè
óêðà¨íñüêîþ ìîâîþ.

The article tells about the life and work of the famous Ukrainian mathematician of the �rst half
of the twentieth century, Volodymyr Levytskyi � the author of the �rst article in mathematics in
Ukrainian.

14 ëèïíÿ 2016 ðîêó ìèíóëî 60 ðîêiâ âiä
äíÿ ïåðåõîäó ó âi÷íiñòü âèäàòíîãî óêðà¨í-
ñüêîãî ìàòåìàòèêà Âîëîäèìèðà Éîñèïîâè÷à
Ëåâèöüêîãî, ÷è¹ æèòòÿ i òâîð÷iñòü áóëè òi-
ñíî ïîâ'ÿçàíi ç Ãàëè÷èíîþ, ç Íàóêîâèì òî-
âàðèñòâîì iì. Øåâ÷åíêà (ÍÒØ).

Âîëîäèìèð Ëåâèöüêèé ïðîæèâ äîâãå òà
çìiñòîâíå æèòòÿ, âïðîäîâæ ÿêîãî íåâòîìíî
i ùèðî òðóäèâñÿ íà íèâi óêðà¨íñüêî¨ íàóêè
òà îñâiòè. Ïðàöþþ÷è â Ãàëè÷èíi, âií âïåðøå
ïiäíiìàâ íåáîñõèë ìàòåìàòè÷íî¨ êóëüòóðè
íà óêðà¨íñüêîìó ãðóíòi. Áóâ àâòîðîì ïåðøî¨
íàóêîâî¨ ñòàòòi ç ìàòåìàòèêè óêðà¨íñüêîþ
ìîâîþ, íåçìiííèì ðåäàêòîðîì ïåðøîãî
óêðà¨íîìîâíîãî íàóêîâîãî ÷àñîïèñó ç ïðè-
ðîäíè÷èõ íàóê, ïåðøèì ïiäãîòóâàâ i îïóáëi-
êóâàâ ìàòåðiàëè äî óêðà¨íñüêî¨ òåðìiíîëî-
ãi¨ ç ìàòåìàòèêè, ôiçèêè òà õiìi¨, ñåðåä ïåð-
øèõ áóâ àâòîðîì óêðà¨íñüêèõ ïiäðó÷íèêiâ
ç ìàòåìàòèêè òà ôiçèêè äëÿ ñåðåäíiõ øêië,
ôóíäàòîðîì Òîâàðèñòâà íàóêîâèõ âèêëàäiâ
iìåíi Ïåòðà Ìîãèëè, à òàêîæ ôóíäàòîðîì i
âèêëàäà÷åì âèùî¨ ìàòåìàòèêè Óêðà¨íñüêî-
ãî òà¹ìíîãî óíiâåðñèòåòó ó Ëüâîâi.

Íàðîäèâñÿ Âîëîäèìèð Ëåâèöüêèé 31 ãðó-
äíÿ 1872 ð. ó Òåðíîïîëi â ñiì'¨ ñóääiéñüêîãî
ñëóæáîâöÿ, äiä i ïðàäiä áóëè ñâÿùåíèêàìè.
Íàâ÷àâñÿ â ãiìíàçiÿõ Çîëî÷åâà, Òåðíîïîëÿ
òà Ëüâîâà, äå 1890 ðîêó ñêëàâ ç âiäçíàêîþ
iñïèò çðiëîñòi. 3 1890 ð. ïî 1894 ð. Âîëîäè-
ìèð Ëåâèöüêèé íàâ÷à¹òüñÿ íà ôiëîñîôñüêî-
ìó ôàêóëüòåòi Ëüâiâñüêîãî óíiâåðñèòåòó, äå
ñëóõà¹ ëåêöi¨ ç ìàòåìàòèêè òà ôiçèêè ïðî-
ôåñîðiâ Þ. Ïóçèíè, Î. Ôàáiàíà, Á. Ðàäçi-

Ðèñ. 1: Âîëîäèìèð Ëåâèöüêèé, 1954 ð.

øåâñüêîãî. Ïðîâiäíèì ìàòåìàòèêîì óíiâåð-
ñèòåòó íà òîé ÷àñ áóâ Þçåô Ïóçèíà (1856-
1919), � âiäîìèé ó÷åíèé ó ãàëóçi àíàëiòè-
÷íèõ ôóíêöié. Âií ïîõîäèâ iç äàâíüîãî óêðà-
¨íñüêîãî îïîëÿ÷åíîãî êíÿçiâñüêîãî ðîäó; íà-
ðîäèâñÿ ó ñåëi Íîâèé Ìàðòèíiâ íà Iâàíî-
Ôðàíêiâùèíi, íàâ÷àâñÿ ó Ëüâiâñüêîìó óíi-
âåðñèòåòi, áóâ ó÷íåì ãåíiàëüíîãî íiìåöüêîãî
ìàòåìàòèêà Ê. Ò. Âàé¹ðøòðàññà. Þ. Ïóçè-
íà âïåðøå ÷èòàâ ó Ëüâîâi ñïåöiàëüíi ìàòå-
ìàòè÷íi êóðñè, çàñíóâàâ ìàòåìàòè÷íèé ñå-
ìiíàð, äî ðîáîòè â ÿêîìó çàëó÷àâ i ñòóäåí-
òiâ, ïðîïîíóþ÷è ¨ì íîâó ëiòåðàòóðó òà ði-
çíi òåìè äëÿ íàóêîâî¨ ðîáîòè. Ó ñâî¨õ ìåìó-
àðàõ Â. Ëåâèöüêèé ïèñàâ ïðî Þ. Ïóçèíó:
½Éîìó çàâäÿ÷óþ òå çíàííÿ ìàòåìàòèêè, ÿêå
ìàþ äîòåïåð: çàâäÿêè éîìó ïiçíàâ ÿ óñi ìî-

ISSN 2309-4001.Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2016. � Ò. 4, � 3�4. 167



äåðíi òåîði¨ i ìåòîäè, çàâäÿêè éîìó íàáðàâ ÿ
çàìèëóâàííÿ äî ïðàöi òà îõîòè äî ñàìîñòié-
íèõ äîñëiäiâ�.

Ïiä êåðiâíèöòâîì Þ. Ïóçèíè, ùå áóäó÷è
ñòóäåíòîì, Â. Ëåâèöüêèé ïèøå ñâîþ ïåðøó
íàóêîâó ïðàöþ ½Ïðî ñèìåòðè÷íi âèðàæåííÿ
ç âàðòîñòåé ôóíêöi¨ mod m�, ÿêó îïóáëiêó-
âàâ óêðà¨íñüêîþ ìîâîþ â ½Çàïèñêàõ ÍÒØ�,
1894. � Ò.4. � Ñ. 125�139. Öå áóëà ïåðøà â
iñòîði¨ ôàõîâà ñòàòòÿ ç ìàòåìàòèêè, íàäðó-
êîâàíà óêðà¨íñüêîþ ìîâîþ.

11 òðàâíÿ 1893 ð. âiäáóëèñÿ çàãàëüíi çáî-
ðè ÍÒØ, äå áóëî còâîðåíî ìàòåìàòè÷íî-
ïðèðîäîïèñíó-ëiêàðñüêó ñåêöiþ, äèðåêòî-
ðîì ÿêî¨ îáðàíî áiîëîãà Iâàíà Âåðõðàòñüêî-
ãî. Äî ñêëàäó ñåêöi¨ óâiéøëî 54 ÷îëîâiêè,
ñåðåä íèõ òðî¹ ìàòåìàòèêiâ: Ïåòðî Îãîíîâ-
ñüêèé, Âîëîäèìèð Ëåâèöüêèé i Êëèì Ãëi-
áîâèöüêèé. Óæå íà ï'ÿòîìó çàñiäàííi ñå-
êöi¨ ìîëîäîìó âèïóñêíèêîâi óíiâåðñèòåòó
Â. Ëåâèöüêîìó äîðó÷èëè óêëàñòè óêðà¨í-
ñüêó ôiçè÷íó òà ìàòåìàòè÷íó òåðìiíîëîãiþ.

Ïiñëÿ çàêií÷åííÿ óíiâåðñèòåòó, ó âåðå-
ñíi 1894 ð., Â. Ëåâèöüêèé îòðèìó¹ ìiñöå
ïîìi÷íèêà â÷èòåëÿ ìàòåìàòèêè â àêàäåìi-
÷íié óêðà¨íñüêié ãiìíàçi¨ ó Ëüâîâi. Ó òðàâ-
íi 1895 ð. âií ñêëàäà¹ ó÷èòåëüñüêèé iñïèò ç
ôiçèêè i ìàòåìàòèêè òà îòðèìó¹ ïîâíó ó÷è-
òåëüñüêó êâàëiôiêàöiþ ç ïðàâîì âèêëàäàííÿ
â òîäiøíiõ óêðà¨íñüêèõ i ïîëüñüêèõ ãiìíàçi-
ÿõ. Ó æîâòíi öüîãî æ ðîêó Â. Ëåâèöüêèé
äîáðîâiëüíî éäå íà ðiê äî âiéñüêà, à ïî çà-
êií÷åííi ñëóæáè îòðèìó¹ çâàííÿ ëåéòåíàí-
òà ïîëüîâî¨ àðòèëåði¨. Ç 1896 äî 1903 ðîêó
Â. Ëåâèöüêèé � äiéñíèé ó÷èòåëü ãiìíàçi¨ â
Òåðíîïîëi (â 1899 ð. iìåíîâàíèé ïðîôåñîðîì
ãiìíàçi¨). Òóò âií áàãàòî ÷àñó ïðèäiëÿ¹ íà-
óêîâié ïðàöi, ïóáëiêó¹ ðÿä íàóêîâèõ ñòàòåé
óêðà¨íñüêîþ, ïîëüñüêîþ òà íiìåöüêîþ ìîâà-
ìè. Ó 1899 ð. îäðóæó¹òüñÿ çi ñâî¹þ ðîäè-
÷êîþ Ñîôi¹þ ç Ëåâèöüêèõ.

Íà äåñÿòîìó çàñiäàííi ìàòåìàòè÷íî-
ïðèðîäîïèñíî-ëiêàðñüêî¨ ñåêöi¨, ùî âiäáóëî-
ñÿ â ëþòîìó 1897 ð., çà ïðîïîçèöi¹þ Ì. Ãðó-
øåâñüêîãî (ÿêèé áóâ ãîëîâîþ ÍÒØ ç 1897 ð.
ïî 1913 ð.) áóëî ïðèéíÿòî ðiøåííÿ âèäàâàòè
îêðåìèé äðóêîâàíèé îðãàí ñåêöi¨ ½Çáiðíèê�,
ðåäàêòîðàìè ÿêîãî ñòàëè I. Âåðõðàòñüêèé òà
Â. Ëåâèöüêèé. Ó ½Çáiðíèêó� Â. Ëåâèöüêèé

ðåäàãó¹ ñòàòòi ç ìàòåìàòèêè, ôiçèêè òà õi-
ìi¨, ïðîäîâæóþ÷è ïðàöþâàòè íàä óêëàäàí-
íÿì óêðà¨íñüêî¨ òåðìiíîëîãi¨ ç öèõ íàóê.

Ó äîäàòêó äî ñâî¹¨ ïðàöi �Åëiïòè÷íi
ôóíêöi¨ ìîäóëîâi� (Çàïèñêè ÍÒØ, ò. 7,
1895 ð.) Â. Ëåâèöüêèé ïîìiñòèâ óêðà¨íñüêî-
íiìåöüêèé ñëîâíè÷îê iç 69 òåðìiíiâ � ïåðøó
çáiðêó óêðà¨íñüêèõ ìàòåìàòè÷íèõ òåðìiíiâ,
à âæå ó VIII òîìi, âèï. 2 ½Çáiðíèêà� (1902 ð.)
äðóêó¹ îáøèðíi (33 ñòîð.) ½Ìàòåðiàëè äî ìà-
òåìàòè÷íî¨ òåðìiíîëîãi¨� (ç åëåìåíòàðíî¨ òà
âèùî¨ ìàòåìàòèêè), ÿêi ñòàëè îñíîâîþ äëÿ
ñòâîðåííÿ íàñòóïíèõ òåðìiíîëîãi÷íèõ ñëîâ-
íèêiâ i ïîëåãøèëè íàïèñàííÿ íîâèõ óêðà-
¨íñüêèõ ïiäðó÷íèêiâ òà ôàõîâèõ ñòàòåé. Ïi-
çíiøå âií ïóáëiêó¹ ½Ìàòåðiàëè äî ôiçè÷íî¨
òåðìiíîëîãi¨� (ó ÷îòèðüîõ ÷àñòèíàõ) òà ½Íà-
÷åðê õåìi÷íî¨ òåðìiíîëîãi¨�. Ðàçîì iç öèì
ïëiäíî ïðàöþ¹ íàä ñòâîðåííÿì óêðà¨íñüêèõ
ïiäðó÷íèêiâ. Ñåðåä íèõ � ½Àëãåáðà äëÿ âè-
ùèõ êëÿñ øêië ñåðåäíiõ� (÷. I, 1906 ð., ÷. II,
1908 ð.) ó ñïiâàâòîðñòâi ç Ï. Îãîíîâñüêèì òà
½Ôiçèêà äëÿ âèùèõ êëÿñ� (1912 ð.). Îñòàí-
íié, ùî íàëi÷óâàâ 672 ñ., òðèâàëèé ÷àñ áóâ
îäíèì iç íàéêðàùèõ ïiäðó÷íèêiâ ç ôiçèêè i
â 1924 ð. éîãî ïåðåâèäàëè ó äâîõ ÷àñòèíàõ.

Ó íàâ÷àëüíîìó ðîöi 1899/1900 ð. Â. Ëåâè-
öüêèé ñêëàâ ç âiäçíàêîþ äîêòîðñüêi iñïèòè
ç ìàòåìàòèêè, ôiçèêè òà ôiëîñîôi¨ ó Ëüâiâ-
ñüêîìó óíiâåðñèòåòi, à 10 æîâòíÿ 1901 ð. çà-
õèñòèâ òóò äîêòîðñüêó äèñåðòàöiþ.

Ó 1899 ð. ó Ëüâîâi áóëà ñòâîðåíà
íàöiîíàëüíî-äåìîêðàòè÷íà ïàðòiÿ, îäíèì iç
çàâäàíü ÿêî¨ áóëî âiäêðèòòÿ ó Ëüâîâi óêðà-
¨íñüêîãî óíiâåðñèòåòó. Çàâäÿêè ñòàðàííÿì
Îëåêñàíäðà Áàðâiíñüêîãî äëÿ ïîòðåá ìàéáó-
òíüîãî óíiâåðñèòåòó êiëüêîì óêðà¨íöÿì áóëî
ïðèçíà÷åíî äåðæàâíó ñòèïåíäiþ òà âiäïóñ-
òêó äëÿ íàóêîâèõ ñòóäié ó íàóêîâèõ öåíòðàõ
�âðîïè. Ñåðåä íèõ áóâ i Â. Ëåâèöüêèé.

Ó ëiòíiì ñåìåñòði 1901 ð. âií âiäáóâ (ðà-
çîì iç äðóæèíîþ) ïiâði÷íó íàóêîâó ïîäîðîæ
äî Íiìå÷÷èíè, äå ïåðøi 3 ìiñÿöi ñëóõàâ êóð-
ñè ëåêöié ïðîôåñîðiâ Ô. Êëÿéíà ç ïðîåêòèâ-
íî¨ ãåîìåòði¨ òà Ä. Ãiëüáåðòà ç iíòåãðàëüíîãî
÷èñëåííÿ â �åòòií åíi, ïðèéìàâ ó÷àñòü ó ñå-
ìiíàði Ô. Êëÿéíà; à â íàñòóïíi 3 ìiñÿöi âiäâi-
äóâàâ âèêëàäè ïðîôåñîðiâ Ã. Øâàðöà, I. Ôó-
êñà, É. Êíîáëÿóõà, Ô. Ôðîáåíióñà â Áåðëi-
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íi. Äðóãèé ðàç âiäáóâ íàóêîâó ïîäîðîæ äî
Áåðëiíà ó øêiëüíîìó ðîöi 1902/03, äå ñëó-
õàâ ëåêöi¨ ïðîôåñîðiâ Ô. Øîòêè, Ð. Ëåìàíà,
Þ. Áàóøií åðà, Ã. Øâàðöà òà iíøèõ. Áàãà-
òî ïðàöþâàâ ó íàóêîâèõ áiáëiîòåêàõ, äå áó-
ëà ëiòåðàòóðà çi âñüîãî ñâiòó; âiäâiäóâàâ ëå-
êöi¨ çíàìåíèòîãî iñòîðèêà ñòàðîäàâíüîãî ñâi-
òó Å. Ìåé¹ðà òà ôiëîñîôà Ô. Ïàóëüñåíà.

Óñi íàìàãàííÿ Â. Ëåâèöüêîãî ó òiì ÷à-
ñi äiñòàòè äîöåíòóðó íà ïîëiòåõíiöi ÷è óíi-
âåðñèòåòi ó Ëüâîâi íå óâií÷àëèñü óñïiõîì,
îñêiëüêè âií áóâ óêðà¨íöåì. Íà òîé ÷àñ
Â. Ëåâèöüêèé óæå áóâ àâòîðîì áëèçüêî 30
íàóêîâèõ ñòàòåé, ãîëîâíèì ÷èíîì ç òåî-
ði¨ àíàëiòè÷íèõ ôóíêöié. Ïiñëÿ çàêîðäîí-
íîãî ñòàæóâàííÿ Â. Ëåâèöüêèé ó âåðåñíi
1903 ð. çàéìà¹ ïîñàäó â÷èòåëÿ 5-¨ äåðæàâíî¨
ãiìíàçi¨ ó Ëüâîâi òà âêëþ÷à¹òüñÿ â àêòèâ-
íå ãðîìàäñüêå æèòòÿ. Ó 1903-1914 ðð. íà-
óêîâà äiÿëüíiñòü Â. Ëåâèöüêîãî ãîëîâíèì
÷èíîì áóëà ñïðÿìîâàíà íà ïîïóëÿðèçàöiþ
íàóêîâèõ çíàíü. Âií äðóêó¹ áàãàòî ñâî-
¨õ ñòàòòåé ó æóðíàëàõ ½Ó÷èòåëü�, ½Íàøà
øêîëà�, ½Åêîíîìiñò�, ïåðåêëàäà¹ ðÿä íàóêî-
âèõ ïðàöü, ãîëîâíî, ç íiìåöüêî¨. Ó 1909 ð.
Â. Ëåâèöüêîãî îáèðàþòü äiéñíèì ÷ëåíîì
iíîçåìíèõ ìàòåìàòè÷íèõ òîâàðèñòâ ½Circolo
matematico di Palermo� (Iòàëiÿ, Ïàëåðìî) òà
½Deutsche Matematiker-Vereinung� (Íiìå÷÷è-
íà, Ëÿéïöiã). Óïðîäîâæ áàãàòüîõ ðîêiâ âií
áóâ ñïiâðîáiòíèêîì àìñòåðäàìñüêîãî áiáëiî-
ãðàôi÷íîãî æóðíàëó ç ìàòåìàòèêè ½Revue
semestrielle des publikations masematiques�,
äå ðåôåðóâàâ óñi ìàòåìàòè÷íi âèäàííÿ, ùî
âèõîäèëè óêðà¨íñüêîþ ìîâîþ, ÷èì ó çíà÷íié
ìiði ñïðè÷èíèâñÿ äî ïîïóëÿðèçàöi¨ çà êîðäî-
íîì äîñÿãíåíü óêðà¨íñüêèõ ìàòåìàòèêiâ.

Ó 1914 ð. Â. Ëåâèöüêîãî çàïðîøóþòü ïðà-
öþâàòè ó ìiíiñòåðñòâi îñâiòè ó Âiäíi. Àëå ç
ïî÷àòêîì ïåðøî¨ ñâiòîâî¨ âiéíè âií, ÿê îôi-
öåð, áóâ ïîêëèêàíèé äî àâñòðiéñüêî¨ àðìi¨;
çèìîâó êàìïàíiþ ïåðåáóâàâ ó Êàðïàòàõ, äå
31 ãðóäíÿ 1914 ð. ïîïàâ ó ðîñiéñüêèé ïî-
ëîí. Ó ïîëîíi ïåðåáóâàâ äî êiíöÿ áåðåçíÿ
1918 ð. ó Êóðñüêié, Íèæíüîãîðîäñüêié òà
Ïåíçåíñüêié ãóáåðíiÿõ i, íàðåøòi, â Ìîñêâi.
Ïiñëÿ ïîâåðíåííÿ ç ïîëîíó çàëèøàâñÿ ùå â
àâñòðiéñüêié àðìi¨ äî 1 ëèñòîïàäà 1918 ðîêó.

Â 1919�1924 ðð. Â. Ëåâèöüêèé ïðàöþ-

âàâ iíñïåêòîðîì ñåðåäíiõ øêië, à â 1924-
1930 ðð. � ôàõîâèì iíñòðóêòîðîì ìàòåìà-
òèêè òà ôiçèêè â ãiìíàçiÿõ, ùî íàëåæàëè
äî Ëüâiâñüêîãî øêiëüíîãî îêðóãó. Ïîðÿä iç
öèì ó 1920-1923 ðð. âií ÷èòà¹ ëåêöi¨ ç âè-
ùî¨ ìàòåìàòèêè, à òàêîæ âñòóï äî êîñìî-
ãðàôi¨ â Óêðà¨íñüêîìó òà¹ìíîìó óíiâåðñè-
òåòi ó Ëüâîâi. Ó ÷åðâíi 1921 ð. Â. Ëåâè-
öüêîãî îáèðàþòü ïðîäåêàíîì ôiëîñîôñüêîãî
âiääiëó öüîãî óíiâåðñèòåòó. Óíiâåðñèòåò ïðî-
iñíóâàâ ç 1920 ïî 1925 ðiê. Öå áóâ óíiêàëü-
íèé óíiâåðñèòåò "áåç âèâiñêè"îðãàíiçîâàíèé
ïðîãðåñèâíîþ óêðà¨íñüêîþ ãðîìàäñüêiñòþ
ó âiäïîâiäü íà çàáîðîíó ïîëüñüêîãî óðÿäó
ïðèéìàòè óêðà¨íöiâ äî äåðæàâíîãî óíiâåð-
ñèòåòó. Ó 1923 ð. ïîëüñüêà âëàäà íàêàçà-
ëà ðîçïî÷àòè äèñöèïëiíàðíå ñëiäñòâî ïðî-
òè âñiõ óðÿäîâöiâ-óêðà¨íöiâ, ùî âèêëàäàëè
â òà¹ìíîìó óíiâåðñèòåòi. Ùîá íå ïîçáóòèñÿ
äåðæàâíî¨ ïîñàäè, Â. Ëåâèöüêèé â 1923 ð.
ïðèïèíèâ ðîáîòó â öüîìó óíiâåðñèòåòi.

21 ñåðïíÿ 1918 ð. çà ïðîïîçèöi¹þ Êè-
¨âñüêî¨ Òåðìiíîëîãi÷íî¨ êîìiñi¨ ó Ëüâîâi
ïðè ìàòåìàòè÷íî-ïðèðîäîïèñíî-ëiêàðñüêî¨
ñåêöi¨ ÍÒØ áóëà îðãàíiçîâàíà Òåðìiíîëî-
ãi÷íà êîìiñiÿ íà ÷îëi ç Âîëîäèìèðîì Ëåâè-
öüêèì. Îäíàê ÷åðåç îêóïàöiþ Ëüâîâà ïîëÿ-
êàìè ó 1919 ð. ñïiâïðàöÿ öèõ äâîõ êîìiñié
ïðèïèíèëàñÿ i ïîíîâèëàñÿ ëèøå â 1926 ð.
Çà ïîäâiéíîþ ðåäàêöi¹þ (êè¨âñüêî¨ òà ëüâiâ-
ñüêî¨ êîìiñié) âèéøëà 2-ãà òà 3-òÿ ÷àñòèíà
"Ìàòåìàòè÷íîãî ñëîâíèêà� , à òàêîæ 3-òÿ
÷àñòèíà "Çîîëîãi÷íî¨ íîìåíêëàòóðè".

28 áåðåçíÿ 1921 ð. ïiñëÿ âîñüìèði÷íî¨
ïåðåðâè âiäáóëèñÿ çáîðè ÷ëåíiâ ÍÒØ, íà
ÿêèõ Â. Ëåâèöüêîãî îáèðàþòü äî êåðiâíè-
öòâà ÍÒØ; êðiì òîãî, âií âõîäèòü ó âèäàâ-
íè÷ó, äðóêàðñüêó òà ôiçiîãðàôi÷íó êîìiñi¨.
Â 1926�1932 ðð. Âîëîäèìèð Ëåâèöüêèé áóâ
çàñòóïíèêîì ãîëîâè ÍÒØ, à â 1932�1934 ðð.
� ãîëîâîþ ÍÒØ. Ïîñò ãîëîâè âií çàëè-
øèâ ÷åðåç ïîãiðøåííÿ ñòàíó çäîðîâ'ÿ, àëå
äàëi ïðîäîâæó¹ î÷îëþâàòè ìàòåìàòè÷íî-
ïðèðîäîïèñíî-ëiêàðñüêó ñåêöiþ òà ðåäàãó-
âàòè ½Çáiðíèê� öi¹¨ ñåêöi¨. Â. Ëåâèöüêèé áóâ
ðåäàêòîðîì ½Çáiðíèêà� âiä ïåðøîãî (1897 ð.)
i äî îñòàííüîãî 32-ãî òîìó (1939 ð.). Ç 1924 ð.
ñåêöiÿ ïî÷àëà âèäàâàòè æóðíàë ½Sitzung-
berichte� (íiìåöüêîþ ìîâîþ), äå äðóêóâà-
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ëèñü ïîâiäîìëåííÿ ïðî äiÿëüíiñòü ñåêöi¨, à
òàêîæ êîðîòêi ìàòåìàòè÷íi òà ïðèðîäîçíàâ-
÷i ñòàòòi. Öå âèäàííÿ ðîçñèëàëîñÿ â îáìií äî
áiáëiîòåê áàãàòüîõ êðà¨í ñâiòó.

Ðèñ. 2: Ãîëîâà ÍÒØ Â. Ëåâèöüêèé (÷åòâåðòèé çëi-
âà) ó êîëi ÷ëåíiâ ÍÒØ ïiä ÷àñ âiäâiäèí Òîâàðèñòâà
Î. Áðþêíåðîì (äðóãèé çëiâà) � âiäîìèì ïîëüñüêèì
ôiëîëîãîì òà iñòîðèêîì êóëüòóðè, Ëüâiâ, 1933 ð.

Ó êâiòíi 1927 ðîêó âiäáóëîñÿ þâiëåé-
íå çàñiäàííÿ ìàòåìàòè÷íî-ïðèðîäîïèñíî-
ëiêàðñüêî¨ ñåêöi¨ ÍÒØ ç íàãîäè äiÿëüíîñòi
ñåêöi¨ òà ¨¨ äèðåêòîðà é ðåäàêòîðà ïåðøèõ
25 òîìiâ �Çáiðíèêà� Âîëîäèìèðà Ëåâèöüêîãî
çà 30 ðîêiâ (1897�1927). Âèñòóïàþ÷è íà öüî-
ìó çàñiäàííi, Ìèêîëà ×àéêîâñüêèé ñêàçàâ:
� Ïîÿâó 25-ãî òîìó íàøîãî �Çáiðíèêà� òðå-
áà íàçâàòè íàøèì âåëèêèì êóëüòóðíèì ñâÿ-
òîì. Ùîáè çðîçóìiòè âàãó òîãî ñâÿòà òðåáà
íàì êèíóòè îêîì íà 30 ðîêiâ óçàä, äî òîãî
÷àñó, êîëè ìàëèé ãóðòîê ëþäåé, âiä÷óâàþ-
÷è âåëèêó âàãó ñòèñëèõ íàóê äëÿ êîæíîãî
íàðîäó, ìàâ âiäâàãó ïðèñòóïèòè äî âèäàí-
íÿ ñâîãî îêðåìîãî îðãàíó. Îöåé íåïîñèëü-
íèé òÿãàð âçÿëè íà ñâî¨ ïëå÷i ãîëîâíî äâà
â÷åíi: âiäîìèé óæå òîäi íàóêîâèé ïðàöiâíèê
i ïåäàãîã Iâàí Âåðõðàòñüêèé òà ìîëîäèé, áî
ëåäâå 25-ëiòíié ìàòåìàòèê, Âîëîäèìèð Ëå-
âèöüêèé. Îñîáëèâî öüîìó äðóãîìó ïðèïàëî
âàæêå çàâäàííÿ, ïðèõîäèëîñü éîìó ïðàöþ-
âàòè â äiëÿíöi, ÿêî¨ äî òîãî ÷àñó íiõòî íå ðó-
øèâ. Íà ïåðåøêîäi éîãî ïðàöi ñòîÿëè: áðàê
òðàäèöi¨ äëÿ òî¨ ïðàöi, áðàê îðãàíiçàöi¨, ÿêà
äàâàëà áè ñïiâðîáiòíèêiâ, à ãîëîâíî � íå-
âèðîáëåíiñòü íàøî¨ íàóêîâî¨ ìîâè òà ïîâíà
íåäîñòà÷à ìàòåìàòè÷íî¨ òåðìiíîëîãi¨. Äî òî-
ãî ÷àñó â äiëÿíöi ìàòåìàòè÷íî-ïðèðîäíè÷èõ

íàóê, êðiì øêiëüíèõ ïiäðó÷íèêiâ òà êiëüêîõ
ïîïóëÿðíî-íàóêîâèõ ðîçâiäîê, íå áóëî â íàñ
íi÷îãî, îòæå òðåáà áóëî êëàñòè ïiäâàëèíè
äî âëàñíî¨ íàóêîâî¨ ëiòåðàòóðè, äî íàóêîâî¨
ïðàöi íà ðiäíié ìîâi.�

Íàâåäåìî ùå âèòÿã iç äîïîâiäi Âîëîäèìè-
ðà Ëåâèöüêîãî íà öüîìó þâiëåéíîìó ñâÿòi
ïiä íàçâîþ �Âàðòiñòü ìàòåìàòèêè�: �... Êî-
ëè ÿ â 1893 ðîöi, ÿê ìîëîäèé ñòóäåíò, ïðèíiñ
ìîþ ïåðøó ðîáîòó ç ìàòåìàòèêè, ïåðøó âçà-
ãàëi íàïèñàíó íà óêðà¨íñüêié ìîâi, äî òîäi-
øíüî¨ ðåäàêöi¨ �Çàïèñîê ÍÒØ�, òî ðåäàêöiÿ
äîâãî íå çíàëà, ùî ðîáèòè ç íåþ, à ïîêè, íà-
êiíåöü, ÷åðåç ðiê ðîáîòó áóëî íàäðóêîâàíî,
òî ðåäàêöiÿ, áàæàþ÷è ïåðåä ÷óæèìè çàêðè-
òè ôàêò, øî é ó íàñ â öié öàðèíi íàóê áóâ äî
òåïåð çàñòié, âèêèíóëà âñòóï, äå ÿ çàçíà÷èâ,
ùî öå ïåðøà ðîáîòà ç ìàòåìàòèêè íà óêðà-
¨íñüêié ìîâi, i âèêàçàâ íàäiþ, ùî íàøà ìîâà
äî ìàòåìàòè÷íèõ ñòóäié öiëêîì íàäà¹òüñÿ. �

Ó 1925 ð. íàëàãîäæó¹òüñÿ òiñíèé çâ'ÿ-
çîê ÍÒØ ç Âñåóêðà¨íñüêîþ àêàäåìi¹þ íà-
óê. Äiéñíèìè ÷ëåíàìè ÍÒØ áóëè îáðàíi êè-
¨âñüêi ìàòåìàòèêè Ä. Ãðàâå, Ì. Êðàâ÷óê,
Ì. Êðèëîâ, Ì. Êóðåíñüêèé. Îñîáëèâî âå-
ëèêà äðóæáà ïî¹äíóâàëà Âîëîäèìèðà Ëåâè-
öüêîãî ç Ìèõàéëîì Êðàâ÷óêîì. Çà ðåêîìåí-
äàöi¹þ àêàäåìiêà Ì. Êðèëîâà 1927 ð. Â. Ëå-
âèöüêèé áóâ îáðàíèé ÷ëåíîì ôðàíöóçüêîãî
ìàòåìàòè÷íîãî òîâàðèñòâà â Ïàðèæi ½Soci-
ete mathematigue de France�, à 1929 ð. çà ïî-
äàííÿì Ì. Êðàâ÷óêà éîãî îáèðàþòü ïî÷å-
ñíèì ÷ëåíîì ùîéíî ñòâîðåíîãî Êè¨âñüêîãî
ìàòåìàòè÷íîãî òîâàðèñòâà. Ì. Êðàâ÷óê íåî-
äíîðàçîâî çàïðîøóâàâ Â. Ëåâèöüêîãî íà ðî-
áîòó äî Êè¹âà, àëå âií âiäìîâëÿâñÿ. I öèì
óíèêíóâ ãiðêî¨ äîëi ñâî¨õ òîâàðèøiâ ìàòåìà-
òèêà Ì. ×àéêîâñüêîãî (äiéñíîãî ÷ëåíà ÍÒØ
ç 1913 ð.) òà ãåîãðàôà àêàäåìiêà Ñ. Ðóäíè-
öüêîãî, ÿêi â êiíöi 20-õ ðð. ìèíóëîãî ñòîëiò-
òÿ ïåðå¨õàëè ç Ãàëè÷èíè äî Ñõiäíî¨ Óêðà¨íè
i áóëè ðåïðåñîâàíi. Òàêà æ äîëÿ ñïiòêàëà ó
1938 ð. i àêàäåìiêà Ì. Êðàâ÷óêà, ÿêèé çàãè-
íóâ 9 áåðåçíÿ 1942 ð. íà Êîëèìi.

Ó 20-õ � 30-õ ðîêàõ ÕÕ-ãî ñòîëiòòÿ Â. Ëå-
âèöüêèé ïðèéìà¹ àêòèâíó ó÷àñòü ó ñòâî-
ðåííi ðiçíèõ ïåäàãîãi÷íèõ òîâàðèñòâ (çîêðå-
ìà, â îðãàíiçîâàíîìó â 1927 ð. Òîâàðèñòâi
ïðèõèëüíèêiâ îñâiòè ó Ëüâîâi âií áóâ ãî-
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ëîâîþ ôiçèêî-ìàòåìàòè÷íî¨ ñåêöi¨), ó ïðî-
âåäåííi øiñòüîõ ç'¨çäiâ óêðà¨íñüêèõ ïðèðî-
äîäîñëiäíèêiâ, iíæåíåðiâ òà ëiêàðiâ; ðåäàãó¹
ìàòåìàòè÷íi òà ôiçè÷íi ìàòåðiàëè äëÿ óêðà-
¨íñüêî¨ çàãàëüíî¨ åíöèêëîïåäi¨, âèäà¹ ïîïó-
ëÿðíi áðîøóðêè, ïðèñâÿ÷åíi iñòîði¨ íàóêè,
àñòðîíîìi¨, ôiçèöi.

Çi æîâòíÿ 1939 ð. Â. Ëåâèöüêèé ïðàöþ¹ â
íîâîñòâîðåíîìó Ëüâiâñüêîìó ïåäàãîãi÷íîìó
iíñòèòóòi, à â 1940�1953 ðð. � ó Ëüâiâñüêîìó
äåðæàâíîìó óíiâåðñèòåòi iìåíi Iâàíà Ôðàí-
êà, äå â 1941 ð. éîìó áóëî ïðèñâî¹íî çâàííÿ
ïðîôåñîðà. Òóò âií ÷èòàâ êóðñè äèôåðåíöi-
àëüíèõ ðiâíÿíü, ñïåöêóðñè ç òåîði¨ ôóíêöié
êîìïëåêñíî¨ çìiííî¨, åëiïòè÷íèõ òà àâòîìîð-
ôíèõ ôóíêöié.

Âiäiéøîâ iç æèòòÿ Âîëîäèìèð Ëåâèöüêèé
14 ëèïíÿ 1956 ð. Éîãî ïîõîâàëè íà Ëè÷à-
êiâñüêîìó öâèíòàði ó Ëüâîâi (ïîëå � 71).

Ðèñ. 3: Ãðîáiâåöü, ó ÿêîìó çàõîðîíåíî Â. Ëåâèöüêîãî

Â ãàçåòàõ íåêðîëîã íå ç'ÿâèâñÿ.
Âïåðøå ïiñëÿ ñìåðòi Â. Ëåâèöüêîãî ìàòå-

ìàòè÷íà ãðîìàäà Ëüâîâà ïî÷óëà øèðîêî ïðî
íüîãî â êiíöi ãðóäíÿ 1972 ðîêó íà çàñiäàí-
íi Êëóáó òâîð÷èõ ìàòåìàòèêiâ (ïiä êåðiâ-
íèöòâîì ïðîôåñîðà Â. ß. Ñêîðîáîãàòüêà),
ïðèñâÿ÷åíîìó 100-ði÷÷þ âiä äíÿ íàðîäæåí-
íÿ Â. Ëåâèöüêîãî, äå Áîãäàí Ïòàøíèê âèãî-
ëîñèâ äîïîâiäü íà òåìó: ½Æèòò¹âèé i òâîð-
÷èé øëÿõ âèäàòíîãî óêðà¨íñüêîãî ìàòåìà-
òèêà Âîëîäèìèðà Ëåâèöüêîãî�. 18 ãðóäíÿ
1997 ð. íà ôàñàäi Òåðíîïiëüñêî¨ ÇÎØ �16
iì.Â.Ëåâèöüêîãî áóëî âiäêðèòî ìåìîðiàëü-
íó òàáëèöþ Âîëîäèìèðó Ëåâèöüêîìó. Â öüî-

ìó áóäèíêó êîëèñü ðîçìiùóâàëàñü ãiìíà-
çiÿ, â ÿêié ó÷èâñÿ Âîëîäèìèð Ëåâèöüêèé.
Çãîäîì, 15 ñi÷íÿ 1998 ð., ó Ëüâîâi áó-
ëî âiäêðèòî õóäîæíüî-ìåìîðiàëüíó òàáëèöþ
âèäàòíèì óêðà¨íñüêèì ìàòåìàòèêàì, ïðî-
ñâiòíèêàì, ÷ëåíàì Íàóêîâîãî òîâàðèñòâà
iì. Ò. Øåâ÷åíêà, ïðîôåñîðàì Ëüâiâñüêîãî
óíiâåðñèòåòó Âîëîäèìèðîâi Éîñèïîâè÷ó Ëå-
âèöüêîìó (31.12.1872 � 14.07.1956), Ìèðî-
íîâi Îíóôðiéîâè÷ó Çàðèöüêîìó (21.05.1889
� 19.08.1961) òà Ìèêîëi Àíäðiéîâè÷ó ×àé-
êîâñüêîìó (02.01.1887 � 07.10.1970), âñòàíîâ-
ëåíó íà áóäèíêó ãîëîâíîãî êîðïóñó Ëüâiâ-
ñüêîãî äåðæàâíîãî óíiâåðñèòåòó iìåíi Iâàíà
Ôðàíêà. Â. Ëåâèöüêèé áóâ î÷iëüíèêîì öi¹¨
ñëàâåòíî¨ Óêðà¨íñüêî¨ ìàòåìàòè÷íî¨ òðiéöi,
ÿêà ïðîñëàâèëà ó ñâiòi óêðà¨íñüêó íàóêó òà
Íàóêîâå òîâàðèñòâî iì. Øåâ÷åíêà � ïåðøó
óêðà¨íñüêó àêàäåìi÷íó iíñòèòóöiþ.

Ðèñ. 4: Óêðà¨íñüêà ìàòåìàòè÷íà òðiéöÿ

Ïåðó Â. Ëåâèöüêîãî íàëåæàòü áiëÿ 150-
òè íàóêîâèõ, íàóêîâî-ìåòîäè÷íèõ i òåðìi-
íîëîãi÷íèõ ïðàöü òà íàóêîâèõ ïåðåêëàäiâ.
Îñíîâíèì íàïðÿìêîì íàóêîâî¨ äiÿëüíîñòi
Â. Ëåâèöüêîãî áóëà òåîðiÿ àíàëiòè÷íèõ ôóí-
êöié (àâòîìîðôíi òà åëiïòè÷íi ôóíêöi¨). Âií
äîñëiäèâ âëàñòèâîñòi åëiïòè÷íèõ ìîäóëÿð-
íèõ ôîðì, ìîäóëÿðíó åëiïòè÷íó ôóíêöiþ
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òà ¨¨ îáåðíåííÿ, çíàéøîâ äèôåðåíöiàëüíå
ðiâíÿííÿ, ðîçâ'ÿçêîì ÿêîãî ¹ öÿ ôóíêöiÿ;
çàñòîñóâàâ ìîäóëÿðíi ãðóïè äëÿ îá÷èñëåí-
íÿ äåÿêèõ âèäiâ ëàíöþãîâèõ äðîáiâ; âñòà-
íîâèâ çâ'ÿçîê ìiæ ôóíêöi¹þ Âàé¹ðøòðàññà
� îñíîâíîþ ôóíêöi¹þ ç òåîði¨ åëiïòè÷íèõ
ôóíêöié � i ôóíêöiÿìè ãðóïè Ôóêñà. Ðÿä
ðîáiò Â. Ëåâèöüêîãî ñòîñó¹òüñÿ îêðåìèõ ïè-
òàíü àíàëiçó, òåîði¨ äèôåðåíöiàëüíèõ òà ií-
òåãðàëüíèõ ðiâíÿíü, ïðîåêòèâíî¨ òà äèôå-
ðåíöiàëüíî¨ ãåîìåòðié, iñòîði¨ ìàòåìàòèêè é
àñòðîíîìi¨, òåîðåòè÷íî¨ ôiçèêè.

Äðóãèé öèêë íàóêîâîãî äîðîáêó Â. Ëå-
âèöüêîãî � íàóêîâi îãëÿäè ç àêòóàëüíèõ
ôiçèêî-ìàòåìàòè÷íèõ ïðîáëåì, ÿêi âií ïó-
áëiêóâàâ ó �Çáiðíèêó� ó 1897-1905 ðð. Âiä-
çíà÷èìî íàéãîëîâíiøi ç íèõ:

1. ½Äîêàçè iñíóâàííÿ iíòåãðàëiâ ðiâíÿíü
ðiæíè÷êîâèõ� (îãëÿä äîâåäåíü òåîðåì iñíó-
âàííÿ ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ çâè÷àéíèõ
äèôåðåíöiàëüíèõ ðiâíÿíü i ñèñòåì ðiâíÿíü);

2. ½Êëàñèôiêàöiÿ íàóê ìàòåìàòè÷íèõ�
(ïîäàíî îñíîâíi òî÷êè çîðó ðiçíèõ ìàòåì.
øêië íà êëàñèôiêàöiþ ìàòåìàòè÷íèõ íàóê);

3. ½Íàéíîâiøi ïðàöi ç òåîði¨ ôóíêöié àíà-
ëiòè÷íèõ� (îãëÿä ïðàöü Áîðåëÿ i Ìiòòàã-
Ëåôôëåðà, çîêðåìà, ðîáiò Áîðåëÿ, ÿêi ñòî-
ñóþòüñÿ ðîçáiæíèõ ðÿäiâ òà ¨õ çàñòîñóâàíü);

4. ½Òåîðiÿ ïåðñòåíÿ Ñàòóðíà� (îãëÿä òåî-
ðié Ëàïëàñà, Ìàêñâåëà, Ïóàíêàðå, Êîâàëåâ-
ñüêî¨ ñòîñîâíî êiëåöü Ñàòóðíà);

5. ½Ãåîìåòðiÿ ìåòîâà â ãåîìåòðè÷íié îïòè-
öi ïiñëÿ òåîði¨ Ô. Êëåéíà� (âèêëàäà¹ îïòè÷íi
òåîði¨ Êëÿéíà, ÿêi ñëóõàâ íà éîãî ëåêöiÿõ);

6. ½Ä. Ãiëüáåðòà îñíîâè ãåîìåòði¨�;
7. ½Íîâå óãðóíòóâàííÿ ãåîìåòði¨ Bolyai �

Ëîáà÷åâñüêîãî�.
Îãëÿäîâi ïðàöi Â. Ëåâèöüêîãî, äëÿ ÿêèõ

õàðàêòåðíèé íàäçâè÷àéíî ÷iòêèé âèêëàä iç
ãëèáîêèì îñìèñëåííÿì íàçâàíèõ ïðîáëåì,
ñâiä÷àòü ïðî éîãî øèðîêó îáiçíàíiñòü iç ði-
çíèìè ãàëóçÿìè ìàòåìàòè÷íî¨ íàóêè. Öi ðî-
áîòè äàâàëè äîáðèé ïîøòîâõ äëÿ ðîçâèòêó
ìàòåìàòè÷íèõ äîñëiäæåíü â Óêðà¨íi, çîêðå-
ìà, â Ãàëè÷èíi. Î÷åâèäíî, ùî öþ ìåòó i ñòà-
âèâ ñîái ¨õ àâòîð, áåðó÷è íà ñåáå öþ íåïðî-
ñòó íîøó. Áàãàòî ðîáiò Â. Ëåâèöüêîãî ñïðÿ-
ìîâàíî íà äîïîìîãó ñåðåäíié øêîëi. Öå �
çãàäàíi âèùå ïiäðó÷íèêè ç àëãåáðè i ôiçè-

êè, ìåòîäè÷íi òà íàóêîâî-ïîïóëÿðíi ñòàòòi:
½Äåÿêi iíòåðåñíi ÷èñëà�, ½Äåÿêi ïðàêòè÷íi
ïðàâèëà ïîäiëüíîñòi�, ½Äåùî ïðî ñèìåòðiþ,
ïiñëÿ Å. Ìàõà�, ½Iíøèé ñâiò, àáî ÷åòâåðòèé
ðîçìið ïðîñòîðó� (½Ó÷èòåëü�,1903�1905 ðð.),
½Äî ðåôîðìè íàóêè ìàòåìàòèêè â ñåðåäíiõ
øêîëàõ�, ½Òâåðäæåííÿ ×åâè�, ½Iíòåðåñíi òà-
áëèöi ÷èñåë� (½Íàøà øêîëà�,1909, 1912 ðð.),
½Ôåëiêñ Êëÿéí. Íàóêà ãåîìåòði¨�. � Ëüâiâ:
Íàøà øêîëà, 1940 � 34ñ. [Ïåðåêëàä ç íiì.].

Ñåðåä íàóêîâî-ïîïóëÿðíèõ ñòàòåé Â. Ëå-
âèöüêîãî ¹ é òàêi, äå âií çà äîïîìîãîþ ìà-
òåìàòè÷íèõ ìåòîäiâ îá ðóíòîâó¹ ïåâíi ñó-
ñïiëüíi ÿâèùà: ½Ëüîòåðåÿ ÷èñåëüíà i ¨¨ ìà-
òåìàòè÷íà ìîðàëü�, ½ßê çàñòóïèòè ÷èñåëü-
íó ëüîòåðåþ?�, ½Ïðî ðiëüíè÷ó àðòèëåðiþ�
(½Åêîíîìiñò�, 1904 ð.). Ïîðÿä iç òèì âíåñêîì,
ÿêèé çðîáèâ Â. Ëåâèöüêèé ó ñêàðáíèöþ íàó-
êè, âåëèêà éîãî êóëüòóðíà i íàöiîíàëüíà çà-
ñëóãà ÿê íåâòîìíîãî îðãàíiçàòîðà ìàòåìà-
òè÷íèõ ñèë äëÿ ïîïóëÿðèçàöi¨ ìàòåìàòèêè
ñåðåä óêðà¨íöiâ òà ïiäãîòîâêè ìîëîäèõ êà-
äðiâ óêðà¨íñüêèõ ìàòåìàòèêiâ ó òÿæêi ÷à-
ñè ïàíóâàííÿ ïàíñüêî¨ Ïîëüùi â Ãàëè÷èíi.
Âií áóâ ùèðèì äîðàäíèêîì ìîëîäi, ó÷èòå-
ëåì çàõiäíîóêðà¨íñüêî¨ ìàòåìàòè÷íî¨ çìiíè.
Áóäó÷è çàêîõàíèì ó ñâîþ óëþáëåíó ñïðàâó,
Â. Ëåâèöüêèé íå çàäîâîëüíÿâñÿ ñâî¨ì îñîáè-
ñòèì iíòåðåñîì äî ìàòåìàòèêè, àëå ñòàðàâ-
ñÿ ÿêîìîãà áiëüøå ðîçïîâñþäæóâàòè öþ öi-
êàâiñòü ñåðåä iíøèõ. Íàâåäåìî ùå ñëîâà çi
çãàäàíî¨ âèùå éîãî äîïîâiäi �Âàðòiñòü ìàòå-
ìàòèêè�2 íà þâiëåéíîìó ñâÿòi ìàòåìàòè÷íî-
ïðîðîäîïèñíî-ëiêàðñüêî¨ ñåêöi¨ ÍÒØ: �. . .
Ñêàæå äåõòî, ùî ìàòåìàòèêà ¹ ñóõà, àëå òàê
ìîæå ñêàçàòè òiëüêè òîé, õòî óòîòîæíþ¹ ìà-
òåìàòèêó ç ¨¨ àçáóêîþ i ôîðìàìè � òàê ÿê-
áè õòî iäåíòèôiêóâàâ ñòîëÿðñüêèé çíàðÿä çi
ñàìèì ñòîëÿðñòâîì. Õòî ïîáîðå ìàòåìàòè-
÷íó ñèìâîëiêó i âäóìà¹òüñÿ â ãëèáîêi öàðè-
íè ìàòåìàòè÷íîãî ñâiòà, òîé âiäêðè¹ â íié
òàêèé iäåàëüíèé ñâiò i òàêó âåëè÷àâó ïîå-
çiþ, i ñòiëüêè åñòåòèêè i êðàñè, ÿê â íiÿêié
iíøié íàóöi. I òîìó-òî óñi âåëèêi ìàòåìàòè-
êè ç çàõîïëåííÿì âèñêàçóþòüñÿ ïðî ñâî¨ ìà-
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òåìàòè÷íi äîñëiäè, à áàãàòî ñïîìiæ ìàòåìà-
òèêiâ i àñòðîíîìiâ áóëè ðiâíî÷àñíî íiæíè-
ìè ïîåòàìè; òîìó-òî íå äèâî, ùî Äåäåêiíä
âèùi êîìïëåêñè ÷èñåë íàçâàâ iäåàëàìè. Àëå
é íåìàòåìàòèêè, ùî ñòðiíóëèñÿ ç ìàòåìà-
òè÷íèìè äîñëiäàìè, ç åíòóçiàçìîì ãîâîðÿòü
ïðî öþ íàóêó. Âåëèêèé Êàíò, âåëèêèé �åòå
¹ åíòóçiàñòàìè ìàòåìàòèêè, Øiëëåð ó âiðøi
ïðî Àðõiìåäà çâå ¨¨ áîæåñüêîþ, à ïîåò íi-
ìåöüêî¨ ðîìàíòè÷íî¨ øêîëè Íîâàëiñ êàæå:
�Das Leben der G�otter ist Mathematik. Rei-
ne Mathematik ist Religion. Die Mathematiker
sind die einzig Gl�ucklichen. Der Mathemati-
ker ist entusiast per se. Ohne Entusiasmus kei-
ne Mathematik� (Æèòòÿ áîãiâ ¹ ìàòåìàòèêà.
×èñòà ìàòåìàòèêà ¹ ðåëiãiÿ. Ìàòåìàòèêè ¹
¹äèíî ùàñëèâèìè. Ìàòåìàòèê ¹ åíòóçiàñòîì
ïåðø çà âñå. Áåç åíòóçiàçìó íåìà¹ ìàòåìà-
òèêè � Á.É.Ï.)�.

Óïðîäîâæ óñüîãî æèòòÿ Â. Ëåâèöüêèé óñi
ñâî¨ çíàííÿ, âñþ ñèëó êëàâ íà âiâòàð ðîç-
âèòêó óêðà¨íñüêî¨ íàóêè, îñâiòè òà êóëüòó-
ðè, ïîáóäîâè ìàéáóòíüî¨ íåçàëåæíî¨ Óêðà¨í-
ñüêî¨ äåðæàâè. Âií çàâæäè ñòîÿâ íà äåðæàâ-
íèöüêèõ ïîçèöiÿõ, íåíàâèäiâ óñi îêóïàöié-
íi ðåæèìè, ÿêi ïðèãíîáëþâàëè óêðà¨íñüêèé
íàðîä. Éîìó âñå æèòòÿ ïðèéøëîñÿ, ãîâîðÿ-
÷è ñëîâàìè Iâàíà Ôðàíêà,

� Ïðîòèâ ðîæíà ïåðòè,
ïðîòèâ õâèëü ïëèñòè,
ñìiëî àæ äî ñìåðòè
õðåñò âàæêèé íåñòè. �

Ïðàöÿ âèêîíàíà ó ðàìêàõ ïðîåêòó "Äî-
ñëiäæåííÿ ìàòåðiàëiâ ïðî æèòò¹âèé øëÿõ
òà íàóêîâó äiÿëüíiñòü âèäàòíèõ â÷åíèõ-
ïðèðîäîäîñëiäíèêiâ, ÷ëåíiâ Íàóêîâîãî òî-
âàðèñòâà iì.Øåâ÷åíêà"Äåðæàâíîãî ôîíäó
ôóíäàìåíòàëüíèõ äîñëiäæåíü Óêðà¨íè (äî-
ãîâið � Ô 65/13-2016 âiä 28.03 2016 ð.).
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ÄÎ ÎÇÍÀ×ÅÍÜ ÌÀÉÆÅ ÏÅÐIÎÄÈ×ÍÈÕ ÎÏÅÐÀÒÎÐIÂ

Ðîçãëÿíóòî êëàñ ìàéæå ïåðiîäè÷íèõ îïåðàòîðiâ, åëåìåíòè ÿêîãî ìîæóòü íå áóòè ìàéæå
ïåðiîäè÷íèìè çà Áîõíåðîì.

Considered class of almost periodic operators, elements of which may not be for Bochner almost
periodic.

Íåõàé N � ìíîæèíà íàòóðàëüíèõ ÷èñåë,
K � ïîëå R àáî C äiéñíèõ àáî êîìïëåêñíèõ
÷èñåë âiäïîâiäíî i E � äîâiëüíèé áàíàõîâèé
ïðîñòið íàä ïîëåì K ç íîðìîþ ∥ · ∥E. Ïî-
çíà÷èìî ÷åðåç C0 áàíàõîâèé ïðîñòið îáìå-
æåíèõ i íåïåðåðâíèõ íà R ôóíêöié x = x(t)
çi çíà÷åííÿìè â E ç íîðìîþ

∥x∥C0 = sup
t∈R

∥x(t)∥E,

à ÷åðåç Cn, äå n ∈ N, � áàíàõîâèé ïðî-
ñòið ôóíêöié x ∈ C0, äëÿ êîæíî¨ ç ÿêèõ
dx

dt
, . . . ,

dnx

dtn
∈ C0, ç íîðìîþ

∥x∥Cn =

= max

{
∥x∥C0 ,

∥∥∥∥dxdt
∥∥∥∥
C0

, . . . ,

∥∥∥∥dnxdtn
∥∥∥∥
C0

}
.

Ó ïðîñòîðàõ C0, C1, . . . , Cn âèçíà÷èìî
îïåðàòîð çñóâó Sh, h ∈ R, çà äîïîìîãîþ ñïiâ-
âiäíîøåííÿ

(Shx)(t) = x(t+ h), t ∈ R.

Îçíà÷åííÿ 1. Åëåìåíò y ∈ Ck, k ≥ 0,
íàçèâà¹òüñÿ ìàéæå ïåðiîäè÷íèì (çà Áîõ-
íåðîì [1]�[3]), ÿêùî çàìèêàííÿ ìíîæèíè
{Shy : h ∈ R} ó ïðîñòîði Ck ¹ êîìïàêòíîþ
ïiäìíîæèíîþ öüîãî ïðîñòîðó, òîáòî ç êîæ-
íî¨ ïîñëiäîâíîñòi (Shny)n≥1 ìîæíà âèäiëèòè
çáiæíó â Ck ïiäïîñëiäîâíiñòü.

Ìíîæèíè ìàéæå ïåðiîäè÷íèõ åëåìåíòiâ
ïðîñòîðiâ C0, C1, . . . , Cn ¹ ïiäïðîñòîðàìè
öèõ ïðîñòîðiâ âiäïîâiäíî ç íîðìàìè ∥ · ∥C0 ,
∥ · ∥C1 , . . . , ∥ · ∥Cn . Öi ïiäïðîñòîðè áóäåìî ïî-
çíà÷àòè ÷åðåç B0, B1, . . . , Bn âiäïîâiäíî.

Íåõàé BCn [a, r] � çàìêíóòà êóëÿ â Cn ç
öåíòðîì ó òî÷öi a ∈ Cn i ðàäióñîì r, òîáòî
ìíîæèíà {x ∈ Cn : ∥x− a∥Cn ≤ r}.
Îçíà÷åííÿ 2. Îïåðàòîð H : Cn → Cm,

äå n,m ∈ N∪{0}, íàçèâà¹òüñÿ ìàéæå ïåðiî-
äè÷íèì, ÿêùî äëÿ êîæíèõ åëåìåíòà a ∈ Cn,
÷èñëà r ∈ (0,+∞) i ïîñëiäîâíîñòi (hk)k≥1

äiéñíèõ ÷èñåë iñíó¹ òàêà ïiäïîñëiäîâíiñòü
(hkl)l≥1, ùî

lim
l1→∞, l2→∞

sup
x∈BCn [a,r]

∥∥∥Shl1HS−hl1x −

− Shl2HS−hl2x
∥∥∥
Cm

= 0.

Öå îçíà÷åííÿ ó âèïàäêó ëiíiéíîãî ìàéæå
ïåðiîäè÷íîãî îïåðàòîðà H ðiâíîñèëüíå îç-
íà÷åííþ, ùî âèêîðèñòîâóâàëîñÿ Å. Ìóõàìà-
äi¹âèì [4,5] ïðè äîñëiäæåííi îáîðîòíîñòi ëi-
íiéíèõ ôóíêöiîíàëüíèõ îïåðàòîðiâ ó ïðîñ-
òîði C0.

Îçíà÷åííÿ 3. Îïåðàòîð H : Cn → Cm,
äå n,m ∈ N∪{0}, íàçèâà¹òüñÿ àâòîíîìíèì,
ÿêùî ShHS−h = H äëÿ âñiõ h ∈ R.

Î÷åâèäíî, ùî àâòîíîìíèé îïåðàòîð ¹
ìàéæå ïåðiîäè÷íèì ó ñåíñi îçíà÷åííÿ 2.

Ðîçãëÿíåìî ìàéæå ïåðiîäè÷íi îïåðàòî-
ðè, ùî ìîæóòü íå áóòè ìàéæå ïåðiîäè÷-
íèìè â ñåíñi îçíà÷åííÿ 2.

Íåõàé K � ìíîæèíà âñiõ íåïîðîæíiõ êîì-
ïàêòíèõ ïiäìíîæèí K ⊂ E i R(x) � ìíî-
æèíà çíà÷åíü ôóíêöi¨ x = x(t), òîáòî ìíî-
æèíà {x(t) : t ∈ R}. Äëÿ êîìïàêòíèõ ìíî-
æèí K0, K1, . . . , Kn ∈ K ïîçíà÷èìî ÷åðåç
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DK0,K1,...,Kn ìíîæèíó âñiõ åëåìåíòiâ x ∈ Cn,
äëÿ êîæíîãî ç ÿêèõ

R(x) ⊂ K0,

R

(
dx

dt

)
⊂ K1, . . . ,

R

(
dnx

dtn

)
⊂ Kn.

Âèêîðèñòà¹ìî ìíîæèíó

Sn =
∪

K0,K1,...,Kn∈K

DK0,K1,...,Kn .

Öÿ ìíîæèíà ¹ ïiäïðîñòîðîì ïðîñòîðó
Cn.

Ñïðàâäi, ÿêùî x, y ∈ Sn i α ∈ K, òî, î÷å-
âèäíî, x+ y, αx ∈ Sn. Òîìó Sn � âåêòîðíèé
ïðîñòið. Öåé ïðîñòið, î÷åâèäíî, òàêîæ ¹ íîð-
ìîâàíèì ïðîñòîðîì ç íîðìîþ ∥ · ∥Cn .

Ïîêàæåìî, ùî ïðîñòið Sn ïîâíèé, òîá-
òî äëÿ êîæíîãî åëåìåíòà x ∈ Sn ìíîæèíè

R(x), R

(
dx

dt

)
, . . . , R

(
dnx

dtn

)
¹ êîìïàêòíèìè

ìíîæèíàìè.
Íåõàé z ∈ Sn i ε � äîâiëüíå äîäàòíå ÷èñ-

ëî. Iñíó¹ åëåìåíò w ∈ Sn, äëÿ ÿêîãî

∥z − w∥Cn <
ε

2

i òîìó

inf
{
∥a− b∥E : a ∈ R(z), b ∈ R(w)

}
<
ε

2
,

inf

{
∥a− b∥E : a ∈ R

(
dz

dt

)
,

b ∈ R

(
dw

dt

)}
<
ε

2
, . . . ,

inf

{
∥a− b∥E : a ∈ R

(
dnz

dtn

)
,

b ∈ R

(
dnw

dtn

)}
<
ε

2
.

Íåõàé M0, M1, . . . , Mn � ñêií÷åíi
ε

2
-ñiòêè äëÿ êîìïàêòíèõ ìíîæèí R(w),

R

(
dw

dt

)
, . . . , R

(
dnw

dtn

)
âiäïîâiäíî. Òîäi íà

ïiäñòàâi ïîïåðåäíiõ íåðiâíîñòåé ìíîæèíè
M0, M1, . . . , Mn áóäóòü ñêií÷åíèìè ε-ñiòêà-

ìè äëÿ ìíîæèí R(z), R

(
dz

dt

)
, . . . , R

(
dnz

dtn

)
âiäïîâiäíî.

Îòæå, çàâäÿêè äîâiëüíîñòi âèáîðó ÷èñëà

ε > 0 ìíîæèíè R(z), R

(
dz

dt

)
, . . . , R

(
dnz

dtn

)
êîìïàêòíi, iSn � ïiäïðîñòið áàíàõîâîãî ïðî-
ñòîðó Cn.

Çðó÷íèìè äëÿ äîñëiäæåííÿ ìàéæå ïåði-
îäè÷íèõ ðîçâ'ÿçêiâ ôóíêöiîíàëüíèõ, ôóíê-
öiîíàëüíî-äèôåðåíöiàëüíèõ òà äèôåðåíöi-
àëüíèõ ðiâíÿíü ¹ íàñòóïíi îçíà÷åííÿ ìàé-
æå ïåðiîäè÷íèõ îïåðàòîðiâ, ùî âèêîðèñòî-
âóþòü âëàñòèâiñòü ìàéæå ïåðiîäè÷íîñòi îïå-
ðàòîðiâ ëèøå íà ïiäïðîñòîði Sn ïðîñòîðó
Cn àáî íà ìíîæèíàõ DK0,K1,...,Kn ⊂ Sn, äå
K0, K1, . . . , Kn ∈ K.
Îçíà÷åííÿ 4. Îïåðàòîð H : Cn → Cm,

äå n,m ∈ N∪{0}, íàçèâà¹òüñÿ ìàéæå ïåðiî-
äè÷íèì, ÿêùî äëÿ êîæíèõ åëåìåíòà a ∈ Cn,
÷èñëà r ∈ (0,+∞) i ïîñëiäîâíîñòi (hk)k≥1

äiéñíèõ ÷èñåë iñíó¹ òàêà ïiäïîñëiäîâíiñòü
(hkl)l≥1, ùî

lim
l1→∞, l2→∞

sup
x∈Sn, x∈BCn [a,r]

∥∥∥Shl1HS−hl1x −

− Shl2HS−hl2x
∥∥∥
Cm

= 0.

Îçíà÷åííÿ 5. Îïåðàòîð H : Cn → Cm,
äå n,m ∈ N ∪ {0}, íàçèâà¹òüñÿ ìàéæå ïåðiî-
äè÷íèì, ÿêùî äëÿ êîæíèõ êîìïàêòíèõ
ìíîæèí K0, K1, . . . , Kn ∈ K i ïîñëiäîâíîñòi
(hk)k≥1 äiéñíèõ ÷èñåë iñíó¹ ïiäïîñëiäîâíiñòü
(hkl)l≥1, äëÿ ÿêî¨

lim
l1→∞, l2→∞

sup
x∈DK0,K1,...,Kn

∥∥∥Shkl1HS−hkl1
x−

−Shkl2HS−hkl2
x
∥∥∥
Cm

= 0.

Çàçíà÷èìî, ùî ìàéæå ïåðiîäè÷íi îïåðà-
òîðè â ñåíñi îçíà÷åííÿ 5 óâåäåíî â ðîçãëÿä
àâòîðîì ó [6] ó âèïàäêó äèñêðåòíèõ ðiâíÿíü.
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Ìàéæå ïåðiîäè÷íi â ñåíñi îçíà÷åííÿ 4
àáî 5 îïåðàòîðè ìîæóòü íå áóòè ìàéæå
ïåðiîäè÷íèìè â ñåíñi îçíà÷åííÿ 2.

Ïðèêëàä 1. Íåõàé dimE = ∞. Çàâäÿêè
íåêîìïàêòíîñòi êóëi {x ∈ E : ∥x∥E ≤ 1}
(äèâ., íàïðèêëàä, [7]) iñíó¹ åëåìåíò ω = ω(t)
ïðîñòîðó Cn, ïîñëiäîâíiñòü (hm)m≥1 äiéñíèõ
÷èñåë i ÷èñëî µ > 0, äëÿ ÿêèõ

inf
m1,m2∈N, m1 ̸=m2

∥ω(hm1)− ω(hm2)∥E ≥ µ.

Çàôiêñó¹ìî äîâiëüíèé âåêòîð a ∈ E i ðîç-
ãëÿíåìî åëåìåíò b = b(t) ïðîñòîðó C0, äëÿ
ÿêîãî b(t) = a äëÿ âñiõ t ∈ R.

Âèçíà÷èìî îïåðàòîð H : Cn → C0 ðiâíiñ-
òþ

Hx =

{
b, ÿêùî x ∈ Sn,
ω, ÿêùî x ∈ Cn \Sn.

Î÷åâèäíî, ùî öåé îïåðàòîð íå ¹ íåïåðåðâ-
íèì íà Cn.

Òàêîæ î÷åâèäíî, ùî

{ShHS−hx : h ∈ R, x ∈ DK0,K1,...,Kn} =

= {ShHS−hx : h ∈ R, x ∈ Sn} = {b}
äëÿ âñiõ K0, K1, . . . , Kn ∈ K. Òîìó îïåðàòîð
H ¹ ìàéæå ïåðiîäè÷íèì ÿê ó ñåíñi îçíà÷åí-
íÿ 4, òàê i â ñåíñi îçíà÷åííÿ 5. Îäíàê, öåé
îïåðàòîð íå ¹ ìàéæå ïåðiîäè÷íèì ó ñåíñi îç-
íà÷åííÿ 2. Ñïðàâäi, çàôiêñó¹ìî äîâiëüíèé
åëåìåíò z ∈ C0 \Sn. Î÷åâèäíî, ùî

ShHS−hz = Shω (1)

äëÿ êîæíîãî h ∈ R. Òîìó∥∥Shm1
ω − Shm2

ω
∥∥
C0 =

= sup
t∈R

∥ω(t+ hm1)− ω(t+ hm2)∥E ≥

≥ ∥ω(hm1)− ω(hm2)∥E ≥ µ,

ÿêùî m1 ̸= m2.
Îòæå, ÿêùî {Shz : h ∈ R} ⊂ BCn [b, r], äå

r > ∥z − ω∥Cn , òî

sup
x∈BCn [b,r]

∥∥Shm1
HS−hm1

x−

−Shm2
HS−hm2

x
∥∥
C0 ≥ µ > 0,

äëÿ âñiõ m1,m2 ∈ N (m1 ̸= m2). Çâiäñè, iç
ñïiââiäíîøåííÿ (1) i îçíà÷åííÿ 2 âèïëèâà¹,
ùî îïåðàòîð H íå ¹ ìàéæå ïåðiîäè÷íèì ó
ñåíñi îçíà÷åííÿ 2.

Ïðèêëàä 2. Áóäåìî ââàæàòè, ùî E = l1,
äå l1 � áàíàõîâèé ïðîñòið îáìåæåíèõ ÷èñëî-
âèõ ïîñëiäîâíîñòåé z = ⟨z1, z2, . . . , zm, . . .⟩,
äëÿ êîæíî¨ ç ÿêèõ

∞∑
m=1

|zm| <∞, ç íîðìîþ

∥z∥l1 =
∞∑
m=1

|zm|.

Ðîçãëÿíåìî íåïåðåðâíó òà îáìåæåíó íà
R ôóíêöiþ A(t) çi çíà÷åííÿìè â L(l1, l1), ùî
âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

A(t)z =
⟨
eitz1, e

it/2z2, . . . , e
it/mzm, . . .

⟩
. (2)

Òóò t ∈ R i z ∈ l1.
Ëåãêî ïåðåâiðèòè, ùî ôóíêöiÿ A(t) ìà¹

íàñòóïíi âëàñòèâîñòi:
1) ∥A(t)∥L(l1,l1) = 1 äëÿ âñiõ t ∈ R;
2) äëÿ êîæíîãî z ∈ l1 ôóíêöiÿ A(t)z ¹ åëå-
ìåíòîì ïðîñòîðó B0;
3) äëÿ êîæíèõ êîìïàêòíî¨ ìíîæèíè K ⊂ l1
i ïîñëiäîâíîñòi (hm)m≥1 äiéñíèõ ÷èñåë iñíó¹
ïiäïîñëiäîâíiñòü (hml

)l≥1, äëÿ ÿêèõ

lim
k,l→∞

sup
z∈K

sup
t∈R

∥A (t+ hmk
) z−

−A (t+ hml
) z∥l1 = 0.

4) ôóíêöiÿ A(t) çi çíà÷åííÿìè â L(l1, l1) íå
¹ ìàéæå ïåðiîäè÷íîþ â ñåíñi îçíà÷åííÿ 1.

Ðîçãëÿíåìî ëiíiéíèé íåïåðåðâíèé îïåðà-
òîð A : C0 → C0, ùî âèçíà÷à¹òüñÿ ñïiââiä-
íîøåííÿì

(Ax)(t) = A(t)x(t), t ∈ R,

Öåé îïåðàòîð íå ¹ ìàéæå ïåðiîäè÷íèì ó
ñåíñi îçíà÷åííÿ 2 i ¹ ìàéæå ïåðiîäè÷íèì ó
ñåíñi îçíà÷åííÿ 5.

Ñïðàâäi, äëÿ äîâiëüíèõ h ∈ R i x ∈ C0

(ShAS−hx)(t) = A(t+ h)x(t), t ∈ R.

Çâiäñè íà ïiäñòàâi òðåòüî¨ âëàñòèâîñòi ôóíê-
öi¨ A(t) îòðèìó¹ìî, ùî äëÿ êîæíèõ ïîñëi-
äîâíîòi (hm)m≥1 äiéñíèõ ÷èñåë i êîìïàêòíî¨
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ìíîæèíè K ⊂ l1 iñíó¹ ïiäïîñëiäîâíiñòü
(hml

)l≥1 ⊂ (hm)m≥1, äëÿ ÿêèõ

lim
k,l→∞

sup
z∈C0, R(z)⊂K

sup
t∈R

∥A (t+ hmk
) z(t)−

−A (t+ hml
) z(t)∥l1 = 0.

Öå îçíà÷à¹, ùî îïåðàòîð A : C0 → C0 ¹ ìàé-
æå ïåðiîäè÷íèì ó ñåíñi îçíà÷åííÿ 5.

Îäíàê îïåðàòîð A íå ¹ ìàéæå ïåðiîäè÷-
íèì ó ñåíñi îçíà÷åííÿ 2. Ñïðàâäi, äëÿ ôóíê-
öi¨ ω ∈ C0, äëÿ ÿêî¨

∥ω∥C0 = 1, (3)

i
ω(l) = el, l ≥ 1, (4)

i êîæíî¨ ïàðè (k, l) íàòóðàëüíèõ ÷èñåë, äëÿ
ÿêèõ k > l, âèêîíóþòüñÿ ñïiââiäíîøåííÿ

∥SkAS−k − SlAS−l∥L(C0,C0) ≥

≥ ∥SkAS−kω − SlAS−lω∥l1 =

= sup
t∈R

∥A(t+ k)ω(t)− A(t+ l)ω(t)∥l1 ≥

≥ ∥A(k−l+k)ω(k−l)−A(k−l+l)ω(k−l)∥l1 =

= ∥A(2k − l)ek−l − A(k)ek−l∥l1 =

=
∣∣ei(2k−l)/(k−l) − eik/(k−l)

∣∣ = ∣∣ei − 1
∣∣ =

= 2 sin
1

2
> 0.

Çâiäñè âèïëèâà¹, ùî îïåðàòîð A íå ¹ ìàéæå
ïåðiîäè÷íèì ó ñåíñi îçíà÷åííÿ 2.

Iç âèêîðèñòàííÿì îçíà÷åííÿ 5 ìîæíà ç'ÿ-
ñîâóâàòè óìîâè iñíóâàííÿ ìàéæå ïåðiî-
äè÷íèõ ðîçâ'ÿçêiâ çâè÷àéíèõ äèôåðåíöiàëü-
íèõ ðiâíÿíü, ôóíêöiîíàëüíî-äèôåðåíöiàëü-
íèõ ðiâíÿíü çàãàþâàëüíîãî, íåéòðàëüíîãî i
âèïåðåäæàëüíîãî òèïiâ (äèâ. êëàñèôiêàöiþ
ðiâíÿíü, íàïðèêëàä, ó [8]), à òàêîæ ðiâíÿíü
çàãàëüíîãî òèïó ç âiäõèëüíèì àðãóìåíòîì,
ùî çàëåæèòü ÿê âiä ÷àñó, òàê i âiä ðîçâ'ÿç-
êó. Óñi öi ðiâíÿííÿ ¹ îêðåìèìè âèïàäêàìè
çàãàëüíîãî ôóíêöiîíàëüíîãî ðiâíÿííÿ

Fx = y, (5)

äå F : Cn → C0 � ìàéæå ïåðiîäè÷íèé ó ñåíñi
îçíà÷åííÿ 5 îïåðàòîð i y ∈ B0.

Âèêîðèñòà¹ìî îäèí ôóíêöiîíàë, âèçíà÷å-
íèé íà ìíîæèíi ðîçâ'ÿçêiâ öüîãî ðiâíÿííÿ,
ùî ¹ åëåìåíòàìè ïðîñòîðó Sn.

Çàôiêñó¹ìî ìíîæèíè K0, K1, . . . , Kn ∈ K.
Ïîçíà÷èìî ÷åðåç N(F , K0, K1, . . . , Kn) ìíî-
æèíó âñiõ ðîçâ'ÿçêiâ ðiâíÿííÿ (5), äëÿ êîæ-
íîãî ç ÿêèõ

R(x) ⊂ K0,

R

(
dx

dt

)
⊂ K1, . . . ,

R

(
dnx

dtn

)
⊂ Kn.

Ïðèïóñòèìî, ùî

N(F , K0, K1, . . . , Kn) ̸= ∅.

Íåõàé x∗ ∈ N(F , K0, K1, . . . , Kn) i äià-
ìåòð diamR (x∗) ìíîæèíè R (x∗), òîáòî ÷è-
ñëî sup{∥x1 − x2∥E : x1, x2 ∈ R (x∗)}, íå äî-
ðiâíþ¹ 0. Ðîçãëÿíåìî äîäàòíå ÷èñëî

r(x∗, K0, K1, . . . , Kn) =

= max
l∈{0,1,...,n}

sup

{
∥xl − yl∥E : xl ∈ R

(
dlx∗

dtl

)
,

yl ∈ Kl

}
,

äå
d0x∗

dt0
= x∗. Çàôiêñó¹ìî äîâiëüíå ÷èñëî

ε ∈ (0, r(x∗, K0, K1, . . . , Kn)].
Ïîçíà÷èìî ÷åðåç Ω(x∗, K0, K1, . . . , Kn, ε)

ìíîæèíó âñiõ åëåìåíòiâ z ∈ Cn, äëÿ êîæíî-
ãî ç ÿêèõ

R(z) ⊂ K0,

R

(
dz

dt

)
⊂ K1, . . . ,

R

(
dnz

dtn

)
⊂ Kn

i
∥z − x∗∥Cn ≥ ε.

Ðîçãëÿíåìî ôóíêöiîíàë

δ(x∗, K0, K1, . . . , Kn, ε) =

= inf
z∈Ω(x∗,K0,K1,...,Kn,ε)

∥Fz −Fx∗∥C0 .

Ñïðàâäæó¹òüñÿ íàñòóïíå òâåðäæåííÿ.
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Òåîðåìà. ßêùî îïåðàòîð F : Cn →
C0 ¹ ìàéæå ïåðiîäè÷íèì ó ñåíñi îçíà-
÷åííÿ 5, y ∈ B0, K0, K1, . . . , Kn ∈ K,
x∗ ∈ N(F , K0, K1, . . . , Kn), diam R (x∗) ̸= 0 i

δ(x∗, K0, K1, . . . , Kn, ε) > 0

äëÿ êîæíîãî ε ∈ (0, r(x∗, K0, K1, . . . , Kn)),
òî x∗ ∈ Bn.

Äîâîäèòüñÿ òåîðåìà àíàëîãi÷íèì ÷èíîì,
ÿê i âiäïîâiäíi òâåðäæåííÿ ñòàòåé [9]�[22].

Çàçíà÷èìî, ùî íàâåäåíi óìîâè iñíóâàííÿ
ìàéæå ïåðiîäè÷íèõ ðîçâ'ÿçêiâ ðiâíÿííÿ (5)
íà âiäìiíó âiä òåîðåìè Àìåðiî ïðî ìàéæå
ïåðiîäè÷íi ðîçâ'ÿçêè íåëiíiéíèõ äèôåðåí-
öiàëüíèõ ðiâíÿíü [3,23] íå âèêîðèñòîâóþòü
H-êëàñ ðiâíÿííÿ (5) òà óìîâó âiäîêðåìëå-
íîñòi ðîçâ'ÿçêiâ ðiâíÿíü H-êëàñó öüîãî ðiâ-
íÿííÿ.
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ON EXISTENCE AND UNIQUENESS OF MILD SOLUTION TO THE
CAUCHY PROBLEM FOR ONE NEUTRAL STOCHASTIC DIFFERENTIAL

EQUATION OF REACTION-DIFFUSION TYPE IN HILBERT SPACE

Äîâåäåíî òåîðåìó iñíóâàííÿ òà ¹äèíîñòi ì'ÿêîãî ðîç'âÿçêó çàäà÷i Êîøi äëÿ
ñòîõàñòè÷íîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ íåéòðàëüíîãî òèïó â ãiëüáåðòîâîìó ïðîñòîði

L2(Rd).

The theorem on existence and uniqueness of mild solution to the Cauchy problem for one
neutral stochastic di�erential equation in Hilbert space L2(Rd) has been proved.

1. Introduction. Questions on existence
and uniqueness of solution to stochastic di-
�erential equations (SDEs from now on) under
some given initial-boundary conditions in vari-
ous functional spaces, in particularly, in Hi-
lbert spaces, have been extensively studied
by a variety of authors. There exists especi-
al interest around neutral SDEs . An essenti-
al feature of such equations is the phenomena
of delay within so-called �derivative�. In [1]
its authors have considered an initial-value
problem for an abstract SDE of such type in
Hilbert space and have proved the theorem
on existence and uniqueness of its mild
solution . But conditions of this theorem are
formulated in a general form. Therefore it is
rather complicated to check them directly whi-
le solving speci�c applied problems. Hence it
is important to �nd conditions, convenient to
check, that are expressed in terms of coe�-
cients of the equation under investigation. If
such conditions are found, it will be possible to
check them immediately while solving concrete
problems. But it is only possible to do in some
particular cases, one of which will be studi-
ed in the paper. It consists of �ve sections
and is organized as follows. The second secti-
on concerns with formulation of the problem.
After it, in the third section, some already
known results from the theory of partial di-
�erential equations and one fact from the heat

semi-group theory are gathered. The fourth
section contains formulation of the main result.
The last, �fth, section is devoted to it's proof.
2. Formulation of the problem. Let

(Ω,F ,P) be a complete probability space. The
following initial-value problem for nonlinear
neutral stochastic integro-di�erential equation
of reaction-di�usion type is considered

d

(
u(t, x) +

∫
Rd

b(t, x, ξ)u(t− h, ξ)dξ

)
=

=
(
∆xu(t, x) + f(t, u(t− h), x)

)
dt+

+ σ(t, u(t− h), x)dW (t, x), 0 < t ≤ T , x ∈ Rd,

u(t, x) = ϕ(t, x),− h ≤ t ≤ 0, x ∈ Rd, (1)

where T > 0 is a �xed real number, h > 0

� an arbitrary real number, ∆x ≡
d∑
i=1

∂2xi �

d-measurable operator of Laplace, ∂2xi ≡ ∂2

∂x2i
,

i ∈ {1, . . . , d},W (t, x) � L2(Rd)-valued Q-Wi-
ener process, {f, σ} : [0, T ]×R×Rd → R and
b : [0, T ] × Rd × R × Rd → R are some given
functions to be speci�ed later, ϕ : [−h, 0]×
×Rd×Ω → R is an initial-datum function. The
theorem on existence and uniqueness of mild
solution to the problem (1) will be proved.
3. Preliminaries. In what follows, in order

to prove the main result, lemmas 1 � 4 from
[4] will be needed and the following fact from
the theory of heat semi-group.

ISSN 2309-4001.Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2016. � Ò. 4, � 3�4. 179



Lemma [2; 3, ñ. 188]. Operators S(t) :
L2(Rd) → L2(Rd) generate the solution
of homogeneous Cauchy problem for heat-
equation (see lemma 1 from [4] for details) by
the rule

u(t, x) = (S(t)g( · ))(x) =

=

∫
Rd

K (t, x− ξ)g( · )dξ,

and form (C0-)semi-group of operators, an in�-
nitesimal generator of which is Laplacian ∆x.
Moreover, this semi-group is contractive, i.e.

∥(S(t)g( · ))(x)∥2L2(Rd) ≤ ∥g(x)∥2L2(Rd),

g( · ) ∈ L2(Rd). (2)

A couple of notations, given below, will be
used hereinafter. Let �ltration of σ-algebras
{Ft, t ≥ 0} is generated by L2(Rd)-valued

Q-Wiener process W (t, x) =
∞∑
n=1

√
λnen(x)×

× βn(t), where {βn(t), n ∈ {1, 2, . . . }} are
independent standard one-dimensional
real-valued Brownian motions, sequence
{λn, n ∈ {1, 2, . . . }} of positive real numbers
is such that

∞∑
n=1

λn <∞, (3)

and system of vectors {en(x), n ∈ {1, 2, . . . }}
forms an orthonormal basis in L2(Rd) such that

sup
n∈{1,2,... }

ess sup
x∈Rd

|en(x)| ≤ 1. (4)

Let B2,T denotes Banach space of all
L2(Rd)-valued Ft-measurable for almost all
0 ≤ t ≤ T random processes Φ: [0, T ]× Ω →
→ L2(Rd), that are continious in t for almost
all ω ∈ Ω, with the norm ∥Φ∥B2,T

=

=
√

sup
0≤t≤T

E∥Φ(t)∥2
L2(Rd)

. The further result

guarantees existence and uniqueness for 0 ≤
≤ t ≤ T of mild solution to (1) in B2,T .
4. Main result. The following assumptions

are the main, presumed to be true in the paper:
4.1) functions {f, σ} : [0, T ] × R × Rd → R,
b : [0, T ] × Rd × R × Rd → R are measurable
with respect to their arguments;

4.2) an initial-datum function ϕ : [−h, 0]×Rd×
× Ω → R is F0-measurable, independent from
W (t, x), t ≥ 0, and such that

sup
−h≤t≤0

E∥ϕ(t)∥2L2(Rd) <∞. (5)

De�nition. Continuous random process

u : [−h, T ]× Rd × Ω → R

is called mild solution of problem (1), if it
1) is Ft-measurable for almost all −h ≤ t ≤ T ;
2) satis�es the following integral equation

u(t, x) =

∫
Rd

K (t, x− ξ)

(
ϕ(0)+

+

∫
Rd

b(0, ξ, ζ)ϕ(−h, ζ)dζ
)
dξ−

−
∫
Rd

b(t, x, ξ)u(t− h, ξ)dξ−

−
t∫

0

(
∆x

∫
Rd

K (t− s, x− ξ)×

×
(∫
Rd

b(s, ξ, ζ)u(s− h, ζ)dζ

)
dξ

)
ds+

+

t∫
0

∫
Rd

K (t− s, x− ξ)f(s, u(s− h), ξ)dξds+

+

t∫
0

∞∑
n=1

√
λn

(∫
Rd

K (t− s, x− ξ)×

× σ(s, u(s− h), ξ)en(ξ)dξ

)
dβn(s),

0 ≤ t ≤ T , x ∈ Rd,

u(t, x) = ϕ(t, x), − h ≤ t ≤ 0, x ∈ Rd;

3) satis�es the following condition

E

T∫
0

∥u(t)∥2L2(Rd)dt <∞.

The following theorem is valid.
Theorem (existence and uniqueness

of mild solution in B2,T ). Let's suppose
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assumptions 4.1, 4.2 to hold true, and besides
the following conditions to be valid:
1) functions {f, σ} satisfy linear-growth and
Lipschitz conditions by their second argument,
i.e. there exists L > 0 such that

|f(t, u, x)| ≤ χ(t, x) + L|u|,
0 ≤ t ≤ T , u ∈ R, x ∈ Rd, (6)

|f(t, u, x)− f(t, v, x)| ≤ L|u− v|,
0 ≤ t ≤ T , {u, v} ⊂ R, x ∈ Rd,

|σ(t, u, x)| ≤ L
(
1 + |u|

)
,

0 ≤ t ≤ T , u ∈ R, x ∈ Rd, (7)

|σ(t, u, x)− σ(t, v, x)| ≤ L|u− v|,
0 ≤ t ≤ T , {u, v} ⊂ R, x ∈ Rd,

where function χ : [0, T ]×Rd → [0,∞) is such
that

sup
0≤t≤T

∫
Rd

χ2(t, x)dx <∞; (8)

2) function b satis�es the conditions

sup
0≤t≤T

∫
Rd

√√√√∫
Rd

b2(t, x, ζ)dζdx <∞, (9)

sup
0≤t≤T

∫
Rd

∫
Rd

b2(t, x, ζ)dζdx <∞; (10)

3) for each point x ∈ Rd there exist parti-
al derivatives ∂xib, ∂xixjb, {i, j} ⊂ {1, . . . , d},
and gradient-vector ∇xb and Hesse-matrix D2

xb
satisfy the condition

|∇xb(t, x, ξ)|+ ∥D2
xb(t, x, ξ)∥ ≤ ψ(t, x, ξ),

0 ≤ t ≤ T , {x, ξ} ⊂ Rd, (11)

where function ψ : [0, T ]×Rd×Rd → [0,∞) is
such that the following condition

sup
0≤t≤T

∫
Rd

∫
Rd

ψ2(t, x, ζ)dζdx <∞, (12)

comes true, and besides for each point x0 ∈ Rd

there exists its vicinity Bδ(x0) and nonnegative
function φ(t, x, x0, δ) such that

sup
0≤t≤T

φ(t, · , x0, δ) ∈ L2(Rd), δ ∈ R+, (13)

|ψ(t, x, ζ)− ψ(t, x0, ζ)| ≤ φ(t, ζ, x0, δ)|x− x0|,
0 ≤ t ≤ T , |x− x0| < δ, ζ ∈ Rd. (14)

Then the problem (1) will have unique for
0 ≤ t ≤ T mild solution u ∈ B2,T , if

sup
0≤t≤T

∫
Rd

∫
Rd

b2(t, x, ξ)dξdx <
1

4
. (15)

5. Proof of the theorem. The proof is
based on the classical theorem from functional
analysis � Banach theorem on a �xed poi-
nt. According to it, let's consider an operator
Ψ: B2,T → B2,T with an action(
Ψu
)
(t) =

∫
Rd

K (t, x− ξ)

(
ϕ(0)+

+

∫
Rd

b(0, ξ, ζ)ϕ(−h, ζ)dζ
)
dξ−

−
∫
Rd

b(t, x, ξ)u(t− h, ξ)dξ−

−
t∫

0

(
∆x

∫
Rd

K (t− s, x− ξ)×

×
(∫
Rd

b(s, ξ, ζ)u(s− h, ζ)dζ

)
dξ

)
ds+

+

t∫
0

∫
Rd

K (t− s, x− ξ)f(s, u(s− h), ξ)dξds+

+

t∫
0

∞∑
n=1

√
λn

(∫
Rd

K (t− s, x− ξ)×

× σ(s, u(s− h), ξ)en(ξ)dξ

)
dβn(s) =

4∑
j=0

Ij(t),

0 ≤ t ≤ T , x ∈ Rd,

u(t, x) = ϕ(t, x), − h ≤ t ≤ 0, x ∈ Rd,

and prove that this operator is contractive. In
order to do it, �rstly let's show that Ψu ∈
∈ B2,T for each u ∈ B2,T,. For this purpose
�ve norms ∥Ij(s)∥2B2,t

= sup
0≤s≤t

E∥Ij(s)∥2L2(Rd)
,

j ∈ {0, . . . , 4}, must be estimated.
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Taking into account property (2), Cauchy-
Schwartz inequality and assumptions (5), (10),
one obtains for ∥I0(s)∥2B2,t

∥I0(s)∥2B2,t
= sup

0≤s≤t
E∥I0(s)∥2L2(Rd) =

= sup
0≤s≤t

E

∥∥∥∥∫
Rd

K (s, x− ξ)

(
ϕ(0)+

+

∫
Rd

b(0, ξ, ζ)ϕ(−h, ζ)dζ
)
dξ

∥∥∥∥2
L2(Rd)

≤

≤ 2 sup
0≤s≤t

E

∥∥∥∥∫
Rd

K (s, x− ξ)ϕ(0)dξ

∥∥∥∥2
L2(Rd)

+

+ 2 sup
0≤s≤t

E

∥∥∥∥∫
Rd

K (s, x− ξ)×

×
(∫
Rd

b(0, ξ, ζ)ϕ(−h, ζ)dζ
)
dξ

∥∥∥∥2
L2(Rd)

≤

≤ 2E ∥ϕ(0)∥2L2(Rd) + 2E

∥∥∥∥∫
Rd

b(0, x, ζ)×

× ϕ(−h, ζ)dζ
∥∥∥∥2
L2(Rd)

= 2E ∥ϕ(0)∥2L2(Rd)+

+ 2E

∫
Rd

(∫
Rd

b(0, x, ζ)ϕ(−h, ζ)dζ
)2

dx ≤

≤ 2E ∥ϕ(0)∥2L2(Rd) + 2

(∫
Rd

∫
Rd

b2(0, x, ζ)dζdx

)
×

× E

∫
Rd

ϕ2(−h, ζ)dζ = 2E ∥ϕ(0)∥2L2(Rd)+

+ 2

(∫
Rd

∫
Rd

b2(0, x, ζ)dζdx

)
E ∥ϕ(−h)∥2L2(Rd) <

<∞.

By using Cauchy-Schwartz inequality
and assumptions (5), (10), one obtains for
∥I1(s)∥2B2,t

∥I1(s)∥2B2,t
= sup

0≤s≤t
E∥I1(s)∥2L2(Rd) =

= sup
0≤s≤t

E

∥∥∥∥∫
Rd

b(s, x, ξ)u(s− h)dξ

∥∥∥∥2
L2(Rd)

=

= sup
0≤s≤t

E

∫
Rd

(∫
Rd

b(s, x, ξ)u(s− h, ξ)dξ

)2

dx ≤

≤ sup
0≤s≤t

(∫
Rd

∫
Rd

b2(s, x, ξ)dξdx

)
×

× E

∫
Rd

u2(s− h, ξ)dξ =

= sup
0≤s≤t

(∫
Rd

∫
Rd

b2(s, x, ξ)dξdx

)
×

× E∥u(s− h)∥2L2(Rd) ≤

≤
(

sup
0≤s≤t

∫
Rd

∫
Rd

b2(s, x, ξ)dξdx

)
×

× sup
0≤s≤t

E∥u(s− h)∥2L2(Rd) ≤

≤
(

sup
0≤s≤t

∫
Rd

∫
Rd

b2(s, x, ξ)dξdx

)
×

×
(

sup
0≤s≤h

E∥u(s− h)∥2L2(Rd)+

+ sup
h≤s≤t

E∥u(s− h)∥2L2(Rd)

)
=

=

(
sup
0≤s≤t

∫
Rd

∫
Rd

b2(s, x, ξ)dξdx

)
×

×
(

sup
−h≤s−h≤0

E∥u(s− h)∥2L2(Rd)+

+ sup
0≤s−h≤t−h

E∥u(s− h)∥2L2(Rd)

)
=

=

(
sup
0≤s≤t

∫
Rd

∫
Rd

b2(s, x, ξ)dξdx

)
×

×
(

sup
−h≤s≤0

E∥u(s)∥2L2(Rd)+

+ sup
0≤s≤t−h

E∥u(s)∥2L2(Rd)

)
=

=

(
sup
0≤s≤t

∫
Rd

∫
Rd

b2(s, x, ξ)dξdx

)
×

×
(

sup
−h≤s≤0

E∥ϕ(s)∥2L2(Rd)+

+ sup
0≤s≤t−h

E∥u(s)∥2L2(Rd)

)
≤
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≤
(

sup
0≤s≤t

∫
Rd

∫
Rd

b2(s, x, ξ)dξdx

)
×

×
(

sup
−h≤s≤0

E∥ϕ(s)∥2L2(Rd)+

+ sup
0≤s≤t

E∥u(s)∥2L2(Rd)

)
<∞.

While estimating ∥I2(s)∥2B2,t
, by usi-

ng Cauchy-Schwartz inequality and Fubini
theorem, one concludes

∥I2(s)∥2B2,t
= sup

0≤s≤t
E∥I2(s)∥2L2(Rd) =

= sup
0≤s≤t

E

∥∥∥∥∥
s∫

0

(
∆x

∫
Rd

K (s− τ, x− ξ)×

×
(∫
Rd

b(τ, ξ, ζ)u(τ − h, ζ)dζ

)
dξ

)
dτ

∥∥∥∥∥
2

L2(Rd)

=

= sup
0≤s≤t

E

∫
Rd

( s∫
0

(
∆x

∫
Rd

K (s− τ, x− ξ)×

×
(∫
Rd

b(τ, ξ, ζ)u(τ − h, ζ)dζ

)
dξ

)
dτ

)2

dx ≤

≤ sup
0≤s≤t

sE

∫
Rd

s∫
0

(
∆x

∫
Rd

K (s− τ, x− ξ)×

×
(∫
Rd

b(τ, ξ, ζ)u(τ − h, ζ)dζ

)
dξ

)2

dτdx ≤

≤ t sup
0≤s≤t

E

∫
Rd

s∫
0

(
∆x

∫
Rd

K (s− τ, x− ξ)×

×
(∫
Rd

b(τ, ξ, ζ)u(τ − h, ζ)dζ

)
dξ

)2

dτdx =

= t sup
0≤s≤t

E

s∫
0

∫
Rd

(
∆x

∫
Rd

K (s− τ, x− ξ)×

×
(∫
Rd

b(τ, ξ, ζ)u(τ − h, ζ)dζ

)
dξ

)2

dxdτ ≤

≤ Ct sup
0≤s≤t

E

s∫
0

∫
Rd

∥∥∥∥D2
x

∫
Rd

b(τ, x, ζ)×

× u(τ − h, ζ)dζ

∥∥∥∥2dxdτ = Ct×

× E

t∫
0

∫
Rd

∥∥∥∥D2
x

∫
Rd

b(τ, x, ζ)×

× u(τ − h, ζ)dζ

∥∥∥∥2dxdτ , (16)

if conditions of lemma 4 from [4] are valid,
where

u(τ, x) =

∫
Rd

K (s− τ, x− ξ)

(∫
Rd

b(τ, ξ, ζ)×

× u(τ − h, ζ)dζ

)
dξ,

g(τ, x) =

∫
Rd

b(τ, x, ζ)u(τ − h, ζ)dζ. (17)

Here ∇x ≡ (∂x1 . . . ∂xd)
T, D2

x ≡

≡

 ∂2x1 . . . ∂x1xd
...

. . .
...

∂xdx1 . . . ∂2xd

, ∥ · ∥ is the

corresponding matrix norm. Thus the aim
is to verify that conditions of lemma 4 from
[4] are executed for our function g, de�ned by
(17). In order to do it, it is necessary to prove
that

1) with probability one for each 0 ≤ τ ≤ t∫
Rd

b(τ, · , ζ)u(τ − h, ζ)dζ ∈ L1(Rd); (18)

2) |∇xg| ∈ L2(Rd), ∥D2
xg∥ ∈ L2(Rd). (19)

1. While proving (18), one obtains via usi-
ng Cauchy-Schwartz inequality and conditions
(9), (5)

E

∫
Rd

∣∣∣∣∫
Rd

b(τ, x, ζ)u(τ − h, ζ)dζ

∣∣∣∣dx ≤

≤

∫
Rd

√√√√∫
Rd

b2(τ, x, ζ)dζdx

×
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×
√√√√E

∫
Rd

u2(τ − h, ζ)dζ ≤

≤

 sup
0≤τ≤t

∫
Rd

√√√√∫
Rd

b2(τ, x, ζ)dζdx

×

×
√

sup
0≤τ≤t

E∥u(τ − h)∥2
L2(Rd)

≤

≤

 sup
0≤τ≤t

∫
Rd

√√√√∫
Rd

b2(τ, x, ζ)dζdx

×

×
(

sup
−h≤τ≤0

E∥ϕ(τ)∥2L2(Rd)+

+ sup
0≤τ≤t

E∥u(τ)∥2L2(Rd)

) 1
2

<∞,

therefore with probability one∫
Rd

∣∣∣∣∫
Rd

b(τ, x, ζ)u(τ − h, ζ)dζ

∣∣∣∣dx <∞.

2. Condition (19) will be proved for |∇xg|, since
for ∥D2

xg∥ it is similar.
Firstly it is necessary to show di�erentiabi-

lity of (17) at the point x = x0 � an arbitrary
point from Rd.

Let Bδ(x0) be the vicinity from p. 3 of the
theorem. One obtains through the use of condi-
tions (11) and (14)

|∇xb(τ, x, ζ)u(τ − h, ζ)| ≤ ψ(τ, x, ζ)×
× |u(τ − h, ζ)| =

(
ψ(τ, x, ζ)− ψ(τ, x0, ζ)+

+ ψ(τ, x0, ζ)
)
|u(τ − h, ζ)| ≤

(
|ψ(τ, x, ζ)−

− ψ(τ, x0, ζ)|+ ψ(τ, x0, ζ)
)
|u(τ − h, ζ)| ≤

≤
(
φ(τ, ζ, x0, δ)|x− x0|+ ψ(τ, x0, ζ)

)
×

× |u(τ − h, ζ)| ≤
(
δφ(τ, ζ, x0, δ)+

+ ψ(τ, x0, ζ)
)
|u(τ − h, ζ)|.

Let's verify that(
δφ(τ, · , x0, δ) + ψ(τ, x0, · )

)
×

× |u(τ − h, · )| ∈ L1(Rd). (20)

Using Cauchy-Schwartz inequality and
assumptions (13), (12), (5) yields

E

∫
Rd

(
δφ(τ, ζ, x0, δ) + ψ(τ, x0, ζ)

)
×

× |u(τ − h, ζ)|dζ = δE

∫
Rd

φ(τ, ζ, x0, δ)×

× |u(τ − h, ζ)|dζ + E

∫
Rd

ψ(τ, x0, ζ)×

× |u(τ − h, ζ)|dζ ≤

≤

(
δ

√√√√∫
Rd

φ2(τ, ζ, x0, δ)dζ+

+

√√√√∫
Rd

ψ2(τ, x0, ζ)dζ

)
×

×
√

sup
0≤τ≤t

E∥u(τ − h)∥2
L2(Rd)

≤

≤

(
δ

√√√√∫
Rd

φ2(τ, ζ, x0, δ)dζ+

+

√√√√∫
Rd

ψ2(τ, x0, ζ)dζ

)
×

×
(

sup
−h≤τ≤0

E∥ϕ(τ)∥2L2(Rd)+

+ sup
0≤τ≤t

E∥u(τ)∥2L2(Rd)

) 1
2

<∞,

hence with probability one∫
Rd

(
δφ(τ, ζ, x0, δ)+ψ(τ, x0, ζ)

)
|u(τ−h, ζ)|dζ <∞.

Thus, according to local theorem on di-
�erentiability of an integral by parameter, for
function (17) there exists its gradient ∇xg and

∇x

∫
Rd

b(τ, x, ζ)u(τ − h, ζ)dζ =

=

∫
Rd

∇xb(τ, x, ζ)u(τ − h, ζ)dζ. (21)
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It remains to prove that

∇x

∫
Rd

b(τ, · , ζ)u(τ − h, ζ)dζ ∈ L2(Rd).

Since, according to (21), (11), Cauchy-
Schwartz inequality, conditions (12) and (5),

E

∫
Rd

∣∣∣∣∇x

∫
Rd

b(τ, x, ζ)u(τ − h, ζ)dζ

∣∣∣∣2dx =

= E

∫
Rd

(∫
Rd

∇xb(τ, x, ζ)u(τ − h, ζ)dζ

)2

dx ≤

≤ E

∫
Rd

(∫
Rd

|∇xb(τ, x, ζ)u(τ − h, ζ)|dζ
)2

dx ≤

≤ E

∫
Rd

(∫
Rd

ψ(τ, x, ζ)|u(τ − h, ζ)|
)
dζ

)2

dx ≤

≤
(∫
Rd

∫
Rd

ψ2(τ, x, ζ)dζdx

)
E

∫
Rd

u2(τ − h)dζ =

=

(∫
Rd

∫
Rd

ψ2(τ, x, ζ)dζdx

)
E∥u(τ − h)∥2L2(Rd) ≤

≤ sup
0≤τ≤t

(∫
Rd

∫
Rd

ψ2(τ, x, ζ)dζdx

)
×

× E∥u(τ − h)∥2L2(Rd) ≤

≤ sup
0≤τ≤t

(∫
Rd

∫
Rd

ψ2(τ, x, ζ)dζdx

)
×

× sup
0≤τ≤t

E∥u(τ − h)∥2L2(Rd) ≤

≤ sup
0≤τ≤t

(∫
Rd

∫
Rd

ψ2(τ, x, ζ)dζdx

)
×

×
(

sup
−h≤τ≤0

E∥ϕ(τ)∥2L2(Rd)+

+ sup
0≤τ≤t

E∥u(τ)∥2L2(Rd)

)
<∞,

one concludes that∫
Rd

∣∣∣∣∇x

∫
Rd

b(τ, x, ζ)u(τ − h, ζ)dζ

∣∣∣∣2dx <∞.

Thus conditions of lemma 4 from [4] are

valid, hence in (16)

∥I2(s)∥2B2,t
≤ CtE

t∫
0

∫
Rd

∥∥∥∥D2
x

∫
Rd

b(τ, x, ζ)×

× u(τ − h, ζ)dζ

∥∥∥∥2dxdτ ≤

≤ CtE

t∫
0

∫
Rd

(∫
Rd

∥D2
xb(τ, x, ζ)∥×

× |u(τ − h, ζ)|dζ
)2

dxdτ ≤

≤ Ct

t∫
0

(∫
Rd

∫
Rd

ψ2(τ, x, ζ)dζdx

)
×

× E∥u(τ − h)∥2L2(Rd)dτ ≤

≤ Ct2 sup
0≤τ≤t

(∫
Rd

∫
Rd

ψ2(τ, x, ζ)dζdx

)
×

×
(

sup
−h≤τ≤0

E∥ϕ(τ)∥2L2(Rd)+

+ sup
0≤τ≤t

E∥u(τ)∥2L2(Rd)

)
<∞.

Cauchy-Schwartz inequality, Fubini
theorem and conditions (6), (2), (8), (5)
yield for ∥I3(s)∥2B2,t

∥I3(s)∥2B2,t
= sup

0≤s≤t
E∥I3(s)∥2L2(Rd) =

= sup
0≤s≤t

E

∥∥∥∥∥
s∫

0

∫
Rd

K (s− τ, x− ξ)×

× f(τ, u(τ − h), ξ)dξdτ

∥∥∥∥∥
2

L2(Rd)

=

= sup
0≤s≤t

E

∫
Rd

( s∫
0

∫
Rd

K (s− τ, x− ξ)×

× f(τ, u(τ − h, ξ), ξ)dξdτ

)2

dx ≤

≤ sup
0≤s≤t

sE

∫
Rd

s∫
0

(∫
Rd

K (s− τ, x− ξ)×
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× f(τ, u(τ − h, ξ), ξ)dξ

)2

dτdx ≤

≤ t sup
0≤s≤t

E

s∫
0

∫
Rd

(∫
Rd

K (s− τ, x− ξ)×

× |f(τ, u(τ − h, ξ), ξ)|dξ
)2

dxdτ ≤

≤ t sup
0≤s≤t

E

s∫
0

∫
Rd

(∫
Rd

K (s− τ, x− ξ)×

×
(
χ(τ, ξ) + L|u(τ − h, ξ)|

)
dξ

)2

dxdτ ≤

≤ 2t sup
0≤s≤t

s∫
0

∫
Rd

(∫
Rd

K (s− τ, x− ξ)×

× χ(τ, ξ)dξ

)2

dxdτ+

+ 2L2t sup
0≤s≤t

E

s∫
0

∫
Rd

(∫
Rd

K (s− τ, x− ξ)×

× |u(τ − h, ξ)|dξ
)2

dxdτ = 2t×

× sup
0≤s≤t

E

s∫
0

∥∥∥∥∫
Rd

K (s− τ, x− ξ)×

× χ(τ)dξ

∥∥∥∥2
L2(Rd)

dτ+

+ 2L2t sup
0≤s≤t

E

s∫
0

∥∥∥∥∫
Rd

K (s− τ, x− ξ)×

× |u(τ − h)|dξ
∥∥∥∥2
L2(Rd)

dτ ≤

≤ 2t sup
0≤s≤t

s∫
0

∥χ(τ)∥2L2(Rd)dτ+

+ 2L2t sup
0≤s≤t

E

s∫
0

∥u(τ − h)∥2L2(Rd) dτ ≤

≤ 2t

t∫
0

∥χ(τ)∥2L2(Rd)dτ+

+ 2L2tE

t∫
0

∥u(τ − h)∥2L2(Rd) dτ =

= 2t

t∫
0

∫
Rd

χ2(τ, x)dxdτ+

+ 2L2tE

t−h∫
−h

∥u(τ − h)∥2L2(Rd) d(τ − h) =

= 2t

t∫
0

∫
Rd

χ2(τ, x)dxdτ+

+ 2L2tE

0∫
−h

∥ϕ(τ)∥2L2(Rd) dτ+

+ 2L2tE

t−h∫
0

∥u(τ)∥2L2(Rd) dτ ≤

≤ 2t2 sup
0≤τ≤t

∫
Rd

χ2(τ, x)dx+

+ 2hL2t sup
−h≤τ≤0

E ∥ϕ(τ)∥2L2(Rd)+

+ 2L2tE

t∫
0

∥u(τ)∥2L2(Rd) dτ <∞.

Using Cauchy-Schwartz inequality, Fubini
theorem and conditions (7), (2), (3), (4), (5),
one obtains

∥I4(s)∥2B2,t
= sup

0≤s≤t
E∥I4(s)∥2L2(Rd) =

= sup
0≤s≤t

E

∥∥∥∥
t∫

0

∞∑
n=1

√
λn

(∫
Rd

K (t− s, x− ξ)×

× σ(s, u(s− h), ξ)en(ξ)dξ

)
dβn(s)

∥∥∥∥2
L2(Rd)

=

= sup
0≤s≤t

E

∫
Rd

( s∫
0

∞∑
n=1

√
λn

(∫
Rd

K (s− τ, x− ξ)×

× σ(τ, u(τ − h, ξ), ξ)en(ξ)dξ

)
dβn(τ)

)2

dx =
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= sup
0≤s≤t

E

∫
Rd

s∫
0

∞∑
n=1

λn

(∫
Rd

K (s− τ, x− ξ)×

× σ(τ, u(τ − h, ξ), ξ)en(ξ)dξ

)2

dτdx =

=
∞∑
n=1

λn sup
0≤s≤t

E

s∫
0

∫
Rd

(∫
Rd

K (s− τ, x− ξ)×

× |σ(τ, u(τ − h, ξ), ξ)|en(ξ)dξ
)2

dxdτ ≤ L2×

×
∞∑
n=1

λn sup
0≤s≤t

E

s∫
0

∫
Rd

(∫
Rd

K (s− τ, x− ξ)×

×
(
1 + |u(τ − h, ξ)|

)
en(ξ)dξ

)2

dxdτ = L2×

×
∞∑
n=1

λn sup
0≤s≤t

E

s∫
0

∥∥∥∥∫
Rd

K (s− τ, x− ξ)×

×
(
1 + |u(τ − h)|

)
endξ

∥∥∥∥2
L2(Rd)

dτ ≤ L2×

×
∞∑
n=1

λn sup
0≤s≤t

E

s∫
0

∥∥(1 + |u(τ − h)|
)
×

× en
∥∥2
L2(Rd)

dτ ≤ 2L2

∞∑
n=1

λnE

t∫
0

(∥∥en∥∥2L2(Rd)
+

+
∥∥u(τ − h)en

∥∥2
L2(Rd)

)
dτ = 2L2

∞∑
n=1

λn×

× E

t∫
0

(
1 +

∫
Rd

u2(τ − h, x)e2n(x)dx

)
dτ ≤

≤ 2L2

∞∑
n=1

λn

(
t+ E

t∫
0

∫
Rd

u2(τ − h, x)dxdτ

)
=

= 2L2

( ∞∑
n=1

λn

)(
t+

+ E

t∫
0

∥u(τ − h)∥2L2(Rd)dτ

)
=

= 2L2

( ∞∑
n=1

λn

)(
t+

+ E

t−h∫
−h

∥u(τ − h)∥2L2(Rd)d(τ − h)

)
=

= 2L2

( ∞∑
n=1

λn

)(
t+ E

0∫
−h

∥ϕ(τ)∥2L2(Rd)dτ+

+ E

t−h∫
0

∥u(τ)∥2L2(Rd)dτ

)
≤ 2L2

( ∞∑
n=1

λn

)
×

×
(
t+ h sup

−h≤τ≤0
E∥ϕ(τ)∥2L2(Rd)+

+ E

t∫
0

∥u(τ)∥2L2(Rd)dτ

)
<∞.

Thus the above �ve estimates together
imply that for u ∈ B2,T

∥Ψu∥2B2,T
= sup

0≤t≤T
E

∥∥∥∥ 4∑
j=0

Ij(t)

∥∥∥∥2
L2(Rd)

≤

≤ 5 sup
0≤t≤T

E
4∑
j=0

∥Ij(t)∥2L2(Rd) =

= 5 sup
0≤t≤T

4∑
j=0

E∥Ij(t)∥2L2(Rd) ≤

≤ 5
4∑
j=0

sup
0≤t≤T

E∥Ij(t)∥2L2(Rd) =

= 5
4∑
j=0

∥Ij(t)∥2B2,T
<∞.

Since Ft-measurability of (Ψu)(t) is easily
veri�ed, one concludes that Ψ is well de�ned.

Next, it is necessary to prove that operator
Ψ has a unique �xed point. Indeed, taking
into account the above �ve inequalities and the
property of linearity of integral, one obtains

∥I1(s)(u)− I1(s)(v)∥2B2,t
=

= sup
0≤s≤t

E∥I1(s)(u)− I1(s)(v)∥2L2(Rd) =

= sup
0≤s≤t

E

∥∥∥∥∫
Rd

b(s, x, ξ)×

×
(
u(s− h)− v(s− h)

)
dξ

∥∥∥∥2
L2(Rd)

≤
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≤

(
sup
0≤s≤t

∫
Rd

∫
Rd

b2(s, x, ξ)dξdx

)
×

× ∥u− v∥2B2,t
, (22)

∥I2(s)(u)− I2(s)(v)∥2B2,t
=

= sup
0≤s≤t

E∥I2(s)(u)− I2(s)(v)∥2L2(Rd) =

= sup
0≤s≤t

E

∥∥∥∥∥
s∫

0

(
∆x

∫
Rd

K (s− τ, x− ξ)×

×
(∫
Rd

b(τ, ξ, ζ)u(τ − h)dζ

)
dξ

)
dτ−

−
s∫

0

(
∆x

∫
Rd

K (s− τ, x− ξ)×

×
(∫
Rd

b(τ, ξ, ζ)v(τ − h)dζ

)
dξ

)
dτ

∥∥∥∥∥
2

L2(Rd)

=

= sup
0≤s≤t

E

∥∥∥∥∥
s∫

0

(
∆x

∫
Rd

K (s− τ, x− ξ)×

×
(∫
Rd

b(τ, ξ, ζ)u(τ − h)dζ−

−
∫
Rd

b(τ, ξ, ζ)v(τ − h)dζ

)
dξ

)
dτ

∥∥∥∥∥
2

L2(Rd)

=

= sup
0≤s≤t

E

∥∥∥∥∥
s∫

0

(
∆x

∫
Rd

K (s− τ, x− ξ)×

×
(∫
Rd

b(τ, ξ, ζ)
(
u(τ − h, ζ)−

− v(τ − h, ζ)
)
dζ

)
dξ

)
dτ

∥∥∥∥∥
2

L2(Rd)

≤

≤ CtE

t∫
0

∫
Rd

∥∥∥∥D2
x

∫
Rd

b(τ, x, ζ)×

×
(
u(τ − h, ζ)− v(τ − h, ζ)

)
dζ

∥∥∥∥2dxdτ ≤

≤ CtE

t∫
0

∫
Rd

(∫
Rd

∥D2
xb(τ, x, ζ)∥×

× |u(τ − h, ζ)− v(τ − h, ζ)|dζ
)2

dxdτ ≤

≤ Ct

t∫
0

(∫
Rd

∫
Rd

ψ2(τ, x, ζ)dζdx

)
×

× E∥u(τ − h)− v(τ − h)∥2L2(Rd)dτ ≤

≤ Ct2 sup
0≤τ≤t

(∫
Rd

∫
Rd

ψ2(τ, x, ζ)dζdx

)
×

× sup
0≤τ≤t

E∥u(τ − h)− v(τ − h)∥2L2(Rd) ≤

≤ Ct2 sup
0≤τ≤t

(∫
Rd

∫
Rd

ψ2(τ, x, ζ)dζdx

)
×

×
(

sup
−h≤τ≤0

E∥ϕ(τ)− ϕ(τ)∥2L2(Rd)+

+ sup
0≤τ≤t−h

E∥u(τ)− v(τ)∥2L2(Rd)

)
≤

≤ Ct2 sup
0≤τ≤t

(∫
Rd

∫
Rd

ψ2(τ, x, ζ)dζdx

)
×

× sup
0≤τ≤t

E∥u(τ)− v(τ)∥2L2(Rd), (23)

∥I3(s)(u)− I3(s)(v)∥2B2,t
=

= sup
0≤s≤t

E∥I3(s)(u)− I3(s)(v)∥2L2(Rd) =

= sup
0≤s≤t

E

∥∥∥∥
s∫

0

∫
Rd

K (s− τ, x− ξ)×

× f(τ, u(τ − h), ξ)dξdτ−

−
s∫

0

∫
Rd

K (s− τ, x− ξ)×

× f(τ, v(τ − h), ξ)dξdτ

∥∥∥∥2
L2(Rd)

=

= sup
0≤s≤t

E

∥∥∥∥
s∫

0

∫
Rd

K (s− τ, x− ξ)×

×
(
f(τ, u(τ − h), ξ)−
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− f(τ, v(τ − h), ξ)
)
dξdτ

∥∥∥∥2
L2(Rd)

≤

≤ L2ct2∥u− v∥2B2,t
, (24)

∥I4(s)(u)− I4(s)(v)∥2B2,t
=

= sup
0≤s≤t

E∥I4(s)(u)− I4(s)(v)∥2L2(Rd) =

= sup
0≤s≤t

E

∥∥∥∥
s∫

0

∞∑
n=1

√
λn

(∫
Rd

K (s− τ, x− ξ)×

× σ(τ, u(τ − h), ξ)en(ξ)dξ

)
dβn(τ)−

−
s∫

0

∞∑
n=1

√
λn

(∫
Rd

K (s− τ, x− ξ)×

× σ(τ, v(τ − h), ξ)en(ξ)dξ

)
dβn(τ)

∥∥∥∥2
L2(Rd)

=

= sup
0≤s≤t

E

∥∥∥∥∥
s∫

0

∞∑
n=1

√
λn×

×
(∫
Rd

K (s− τ, x− ξ)
(
σ(τ, u(τ − h), ξ)−

− σ(τ, v(τ − h), ξ)
)
en(ξ)dξ

)
dβn(τ)

∥∥∥∥∥
2

L2(Rd)

≤

≤ L2c

( ∞∑
n=1

λn

)
t∥u− v∥2B2,t

. (25)

Estimates (22) � (25) yield

∥Ψu−Ψv∥2B2,t
= sup

0≤s≤t
E

∥∥∥∥ 4∑
j=1

(
Ij(s)(u)−

− Ij(s)(v)
)∥∥∥∥2

L2(Rd)

≤

≤ 4 sup
0≤s≤t

E
4∑
j=1

∥Ij(s)(u)− Ij(s)(v)∥2L2(Rd) =

= 4 sup
0≤s≤t

4∑
j=1

E∥Ij(s)(u)− Ij(s)(v)∥2L2(Rd) ≤

≤ 4
4∑
j=1

sup
0≤s≤t

E∥Ij(s)(u)− Ij(s)(v)∥2L2(Rd) =

= 4
4∑
j=1

∥Ij(s)(u)− Ij(s)(v)∥2B2,t
≤

≤ 4

(
sup
0≤s≤t

∫
Rd

∫
Rd

b2(s, x, ξ)dξdx+

+ Ct2 sup
0≤τ≤t

∫
Rd

∫
Rd

ψ2(τ, x, ζ)dζdx+

+ L2ct2 + L2c

( ∞∑
n=1

λn

)
t

)
∥u− v∥2B2,t

=

= γ(t)∥u− v∥2B2,t
, {u, v} ⊂ B2,t.

Due to (15), the �rst term of γ is less, than
one. Therefore, by choosing small 0 ≤ t1 ≤
≤ T , one concludes that 0 ≤ γ(t1) ≤ 1.
It means that operator Ψ, de�ned in Banach
space B2,t1 , is contractive, and, according to
Banach theorem on a contractive mapping, has
a unique �xed point � mild solution u ∈ B2,t1

of (1) on the interval [0, t1]. This procedure
can be repeated �nitely many steps on other
su�ciently small intervals [t1, t2], [t2, t3], . . . ,
[tn−2, tn−1], [tn−1, T ], � components of the enti-
re interval [0, T ], � and, as a result, the soluti-
on is obtained as union of solutions on these
small intervals. Thus, the theorem is proved.
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Îäåñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi I.I. Ìå÷íèêîâà

ÀÑÈÌÏÒÎÒÈ×ÍI ÇÎÁÐÀÆÅÍÍß ÏÎÂIËÜÍÎ ÇÌIÍÍÈÕ ÐÎÇ'ßÇÊIÂ
ÄÂÎ×ËÅÍÍÈÕ ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ ÄÐÓÃÎÃÎ ÏÎÐßÄÊÓ Ç

ÍÅËIÍIÉÍÎÑÒßÌÈ ÐIÇÍÈÕ ÒÈÏIÂ

Ðîáîòó ïðèñâÿ÷åíî äîñëiäæåííþ äîñòàòíüî øèðîêîãî êëàñó ïîâiëüíî çìiííèõ ðîçâ'ÿçêiâ
äèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó ç ïðàâèëüíî òà øâèäêî çìiííèìè íåëiíiéíîñòÿìè.
Îòðèìàíî íåîáõiäíi i äîñòàòíi óìîâè iñíóâàííÿ, à òàêîæ àñèìïòîòè÷íi çîáðàæåííÿ òàêèõ
ðîçâ'ÿçêiâ òà ¨õ ïîõiäíèõ ïåðøîãî ïîðÿäêó ïðè ïðÿìóâàííi àðãóìåíòó äî îñîáëèâî¨ òî÷êè.

The work is devoted to researching of the su�ciently wide class of slowly varying solutions
of the second order di�erential equations with regularly and rapidly varying nonlinearities. We
have The necessary and su�cient conditions of the existence of such solutions were obtained. The
representations for such solutions and their derivatives of the �rst order as the argument tends to
the singulary point were also found.

Ðîçãëÿäà¹òüñÿ äèôåðåíöiàëüíå ðiâíÿííÿ

y′′ = α0p(t)φ0(y)φ1(y
′), (1)

ó ÿêîìó α0 ∈ {−1; 1}, p : [a, ω[→]0,+∞[
(−∞ < a < ω ≤ +∞) � íåïåðâíî äèôå-
ðåíöiéîâíà ôóíêöiÿ, φi : ∆Yi →]0,+∞[ � íå-
ïåðåðâíi ôóíêöi¨ (i ∈ {0, 1}), Yi ∈ {0,±∞},
∆Yi � àáî ïðîìiæîê [y0i , Yi[, àáî � ]Yi, y

0
i ]. Ïðè

Yi = +∞ (Yi = −∞) ââàæà¹ìî, ùî y0i > 0
(y0i < 0) âiäïîâiäíî.

Êðiì òîãî, áóäåìî ââàæàòè, ùî ôóíêöiÿ
φ1 ¹ ïðàâèëüíî çìiííîþ (äèâ.,íàïðêëàä,
[1,2]) ïðè z → Y1(z ∈ ∆Y1) ïîðÿäêó σ1, à
ôóíêöiÿ φ0 äâi÷è íåïåðåðâíî äèôåðåíöiéîâ-
íà, ìîíîòîííà íà ∆Y0 i òàêà, ùî:

lim
z→Y0
z∈∆Y0

φ0(z) ∈ {0,+∞} (2)

òà

lim
z→Y0
z∈∆Y0

φ0(z)φ
′′
0(z)

(φ′
0(z))

2 = 1. (3)

Ðîçâ'ÿçîê y ðiâíÿííÿ (1) áóäåìî íàçèâàòè
Pω(Y0, Y1, λ0)-ðîçâ'ÿçêîì (−∞ ≤ λ0 ≤ +∞),
ÿêùî âií âèçíà÷åíèé íà [t0, ω[⊂ [a, ω[ òà ïðè
êîæíîìó i ∈ {0, 1} âèêîíóþòüñÿ óìîâè

lim
t↑ω

y(i)(t) = Yi, (4)

lim
t↑ω

(y′(t))2

y′′(t)y(t)
= λ0. (5)

Ó äàíié ðîáîòi ðîãëÿäàþòüñÿ îñîáëèâi
ðîçâ'ÿçêè, äëÿ ÿêèõ λ0 = 0. Çà âëàñòèâîñòÿ-
ìè òàêèõ ðîçâ'ÿçêiâ (äèâ., íàïðèêëàä, [3])
ìà¹ìî, ùî êîæåí ç íèõ ¹ ïîâiëüíî çìií-
íîþ ôóíêöi¹þ ïðè t ↑ ω. Çà ðàõóíîê öüîãî
âèïàäîê λ0 = 0 ¹ îäíèì ç íàéñêëàäíiøèõ
äëÿ âèâ÷åííÿ. Íàðàçi çàäà÷à äîñëiäæåííÿ
Pω(Y0, Y1, 0)-ðîçâ'ÿçêiâ äëÿ ðiâíÿíü ç øâèä-
êî çìiííîþ íåëiíiéíiñòþ óñêëàäíåíà òèì,
ùî êîìïîçèöiÿ øâèäêî òà ïîâiëüíî çìiííèõ
ôóíêöié ìîæå áóòè øâèäêî, ïðàâèëüíî, àáî
ïîâiëüíî çìiííîþ ïðè ïðÿìóâàííi àðãóìåí-
òó äî îñîáëèâî¨ òî÷êè.

Ââåäåìî íåîáõiäíi íàäàëi îçíà÷åííÿ.

Íåõàé Y ∈ {0,±∞}, ∆Y � äåÿêèé îäíî-
ái÷íèé îêië Y . Íåïåðåðâíî äèôåðåíöiéîâ-
íà ôóíêöiÿ L : ∆Y →]0; +∞[ íàçèâàåòüñÿ
íîðìàëiçîâàíîþ ïîâiëüíî çìiííîþ ôóíêöi¹þ
(äèâ., íàïðèêëàä,[2]) ïðè z → Y (z ∈ ∆Y ),
ÿêùî

lim
z→Y1
z∈∆Yi

zL′(z)

L(z)
= 0.

Ãîâîðÿòü, ùî ïîâiëüíî çìiííà ïðè
z → Y (z ∈ ∆Y ) ôóíêöiÿ θ : ∆Y →]0; +∞[
çàäîâiëüíÿ¹ óìîâó S, ÿêùî äëÿ áóäü-ÿêî¨
íîðìàëiçîâàíî¨ ïîâiëüíî çìiííî¨ ïðè z →
Y (z ∈ ∆Y ) ôóíêöi¨ L : ∆Y → ]0; +∞[ ìà¹
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ìiñöå ñïiââiäíîøåííÿ ïðè z → Y (z ∈ ∆Y ):

θ(zL(z)) = θ(z)[1 + o(1)].

Ââåäåìî íàñòóïíi ïîçíà÷åííÿ:

πω(t) =

 t, ÿêùî ω = +∞,

t− ω, ÿêùî ω < +∞.

θ1(z) = φ1(z)|z|−σ1 ,

I(t) = sign(y01)×

×
t∫

B0
ω

∣∣∣∣πω(τ)p(τ)θ1(sign(y01)

|πω(τ)|

)∣∣∣∣ 1
1−σ1

dτ,

B0
ω = b, ÿêùî

ω∫
b

∣∣∣∣πω(τ)p(τ)θ1(sign(y01)

|πω(τ)|

)∣∣∣∣ 1
1−σ1

dτ = +∞,

òà B0
ω = ω, ÿêùî

ω∫
b

∣∣∣∣πω(τ)p(τ)θ1(sign(y01)

|πω(τ)|

)∣∣∣∣ 1
1−σ1

dτ < +∞,

Φ0(z) =

z∫
A0

ω

|φ0(y)|
1

σ1−1dy,

A0
ω =


y00, ÿêùî

∫ Y0
y00

|φ0(y)|
1

σ1−1dy = +∞,

Y0, ÿêùî
∫ Y0
y00

|φ0(y)|
1

σ1−1dy < +∞,

q1 = lim
z→Y0
z∈∆Y0

Φ(z).

Çàóâàæåííÿ 1. Ñïðàâåäëèâèì ¹ òâåð-
äæåííÿ

Φ(z) = (σ1 − 1)
φ

σ1
σ1−1

0 (y)

φ′
0(y)

[1 + o(1)]

ïðè z → Y0 (z ∈ ∆Y0), çâiäêè, ïðè z ∈ ∆Y0

sign(φ′
0(z)Φ(z)) =

σ1
σ1 − 1

.

Çàóâàæåííÿ 2. Ç óìîâ (2) òà (3) íà ôóí-
êöiþ φ0 âèïëèâà¹, ùî q1 ∈ {0,+∞} òà

lim
z→Y0
z∈∆Y0

Φ′′(z) · Φ(z)
(Φ′(z))2

= 1.

Îòðèìàíà íàñòóïíà òåîðåìà.
Òåîðåìà. Íåõàé σ1 ̸= 1, êîíñòàíòà γ0

òàêà, ùî (γ0 + 1) < 0, ïðè Y0 = 0, òà
(γ0 + 1) > 0 ó iíøîìó âèïàäêó, ôóíêöiÿ
θ1 çàäîâîëüíÿ¹ óìîâó S òà iñíó¹ ñêií÷åííà

÷è íåñêií÷åííà ãðàíèöÿ lim
t↑ω

πω(t)I
′(t)

I(t)
. Òîäi

äëÿ iñíóâàííÿ ó ðiâíÿííÿ (1) Pω(Y0, Y1, 0)-
ðîçâ'ÿçêiâ òàêèõ, ùî iñíó¹ ñêií÷åííà ÷è íå-

ñêií÷åííà ãðàíèöÿ lim
t↑ω

πω(t)y
′′(t)

y′(t)
, íåîáõiäíî

âèêîíàííÿ óìîâ

α0πω(t)y
0
1 < 0 ïðè t ∈ [a;ω[, (6)

lim
t↑ω

y01
|πω(t)|

= Y1, (7)

lim
t↑ω

I(t) = q1, lim
t↑ω

Φ−1(I(t)) = Y0, (8)

lim
t↑ω

I ′(t)πω(t)

Φ′ (Φ−1(I(t))) Φ−1(I(t))
= 0. (9)

ßêùî ôóíêöiÿ πω(t) · I
′(t)

I(t)
¹ íîðìàëiçîâàíîþ

ïîâiëüíî çìiííîþ ôóíêöi¹þ ïðè t ↑ ω ôóí-
êöiÿ

(
Φ′(z)
Φ(z)

)
¹ ïðàâèëüíî çìiííîþ ïîðÿäêó γ0

ïðè z → Y0 (z ∈ ∆Y0) òà àáî

lim
t↑ω

∣∣∣∣πω(t)I ′(t)I(t)

∣∣∣∣ < +∞, (10)

àáî ìà¹ ìiñöå íàñòóïíà óìîâà ïðè t ∈ [a, ω[

πω(t) · I(t) · I ′(t)(1− σ1) > 0, (11)

òî (6) � (9) ¹ äîñòàòíiìè óìîâàìè äëÿ
iñíóâàííÿ ó ðiâíÿííÿ (1) òàêèõ ðîçâ'ÿç-
êiâ. Áiëüøå òîãî, äëÿ êîæíîãî Pω(Y0, Y1, 0)-
ðîçâ'ÿçêó ìàþòü ìiñöå ïðè t ↑ ω àñèìïòî-
òè÷íi çîáðàæåííÿ

Φ(y(t)) = I(t)[1 + o(1)], (12)

y′(t)Φ′(y(t))

Φ(y(t))
=
I ′(t)

I(t)
[1 + o(1)]. (13)
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Äîâåäåííÿ. Íåîáõiäíiñòü. Íåõàé y :
[t0, ω[→ ∆Y0 ¹ Pω(Y0, Y1, 0)-ðîçâ'ÿçêîì ðiâíÿ-
ííÿ (1), äëÿ ÿêîãî iñíó¹ ñêií÷åííà ÷è íåñêií-

÷åííà ãðàíèöÿ lim
t↑ω

πω(t)y
′′(t)

y′(t)
. Çà âëàñòèâî-

ñòÿìè òàêèõ ðîçâ'ÿçêiâ (äèâ., íàïðèêëàä, [4],
ëåìà 1.4), ìà¹ìî

lim
t↑ω

πω(t)y
′(t)

y(t)
= 0, (14)

lim
t↑ω

πω(t)y
′′(t)

y′(t)
= −1, (15)

çâiäêè âèïëèâà¹ óìîâà (6).
Ç (15) òàêîæ ìà¹ìî, ùî ôóíêöiÿ y′(t) ¹

ïðàâèëüíî çìiííîþ ôóíêöi¹þ ïîðÿäêó (-1)
ïðè t ↑ ω, òîáòî, ìîæå áóòè ïîäàíà ó âè-
ãëÿäi y′(t) = |πω(t)|−1L1(t) ([2]), äå L1(t) �
ïîâiëüíî çìiííà ïðè t ↑ ω ôóíêöiÿ. Çâiäñè,
ç óðàõóâàííÿì âëàñòèâîñòåé ïîâiëüíî çìií-
íèõ ôóíêöié [2], îòðèìó¹ìî ñïðàâåäëèâiñòü
óìîâè (7).

Ç (1) òà (15) âèïëèâà¹ ïðè t ↑ ω

α0πω(t)p(t)φ0(y(t))φ1(y
′(t))

y′(t)
= −[1+o(1)].(16)

Îñêiëüêè ôóíêöiÿ L1 ¹ ïîâiëüíî çìiííîþ,
òî é ôóíêöiÿ L1(Z(t)), äå ôóíêöiÿ Z ¹ îáåð-

íåíîþ äî ôóíêöi¨ sign(y
0
1)

|πω(t)|
, ¹ ïîâiëüíî çìií-

íîþ ïðè t ↑ ω ÿê êîìïîçèöiÿ ïîâiëüíî òà
ïðàâèëüíî çìiííî¨ ôóíêöi¨ [1] , à òîìó â ñèëó
óìîâè S, ÿêié çàäîâîëüíÿ¹ ôóíêöiÿ θ1, ìî-
æåìî ïåðåïèñàòè (16) ó íàñòóïíîìó âèãëÿäi
ïðè t ↑ ω:

y′(t)

|φ0(y(t))|
1

1−σ1

= sign(y01)×

×
∣∣∣πω(t)θ1(sign(y01)

|πω(t)|

)
p(t)

∣∣∣ 1
1−σ1 [1 + o(1)]. (17)

Ç (17) ó âèïàäêó, êîëè

ω∫
B0

ω

|πω(τ)θ1
(
sign(y01)

|πω(t)|

)
p(τ)|

1
1−σ1 dτ = +∞,

ìà¹ìî ïðè t ↑ ω

Φ(y(t)) = I(t)[1 + o(1)]. (18)

ßêùî
ω∫

B0
ω

∣∣∣∣πω(τ)θ1(sign(y01)

|πω(t)|

)
p(τ)

∣∣∣∣ 1
1−σ1

dτ < +∞,

îòðèìà¹ìî àáî (18), àáî

lim
t↑ω

Φ(y(t)) = const ̸= 0,

ùî íå ìîæå ìàòè ìiñöå, áî ç óðàõóâàííÿì
çàóâàæåííÿ 2:

lim
t↑ω

Φ0(y(t)) ∈ {0;+∞}.

Òàêèì ÷èíîì, (18) ìà¹ ìiñöå â îáîõ âèïàä-
êàõ, à îòæå, ìà¹ ìiñöå (12) òà ïåðøà ç óìîâ
(8).

Ç (17) òà (18) ìà¹ìî

y′(t)Φ′(y(t))

Φ(y(t))
=
I ′(t)

I(t)
[1 + o(1)] ïðè t ↑ ω,

òîáòî ñïðàâåäëèâå àñèìïòîòè÷íå çîáðàæåí-
íÿ (13).

Çàóâàæèìî, ùî ôóíêöiÿ Φ−1(z) ¹ ïîâiëü-
íî çìiííîþ z → q1, ÿê îáåðíåíà äî øâèäêî
çìiííî¨ ôóíêöi¨ Φ(y) ïðè y → Y0 (Y0 ∈ ∆Y0).
Ç óðàõóâàííÿì öüîãî òà (17), âèêîðèñòîâó-
þ÷è âëàñòèâîñòi ïîâiëüíî çìiííèõ ôóíêöié,
îòðèìà¹ìî ïðè t ↑ ω

y(t) = Φ−1(I(t))[1 + o(1)],

çâiäêè âèïëèâà¹ äðóãà ç óìîâ (8).
Ðîçãëÿíåìî ðiâíiñòü

lim
z→q1

Φ′′(Φ−1(z))z

(Φ′(Φ−1(z)))2
=

= lim
z→q1

Φ1(r)=z

Φ′′(Φ−1(Φ1(r)))Φ1(r)

(Φ′(Φ−1(Φ1(r))))
2 =

= lim
z→q1

Φ1(r)=z

Φ′′(r)Φ1(r)

Φ′(r)
= 1.

Ç óðàõóâàííÿì öi¹¨ ðiâíîñòi, ïîçíà÷èâøè

ψ(y) =
Φ′(y)

Φ(y)
,

ìà¹ìî

lim
z→q1

z · (ψ(Φ−1(z)))′

ψ(Φ−1(z))
=
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= lim
z→q1

z ·
(
Φ′(Φ−1(z))
Φ(Φ−1(z))

)′

Φ′(Φ−1(z))
Φ(Φ−1(z))

=

= lim
z→q1

z ·
(
Φ′(Φ−1(z))

z

)′

Φ′(Φ−1(z))
z

=

= lim
z→q1

Φ′′(Φ−1(z))z

(Φ′(Φ−1(z)))2
− 1 = 0.

Ç îñòàííüîãî âèïëèâà¹, ùî ôóíêöiÿ ψ(Φ−1
1 )

¹ ïîâiëüíî çìiííîþ z → q1.
Ç óðàõóâàííÿì (13) òà (14), îòðèìà¹ìî

ïðè t ↑ ω

lim
t↑ω

πω(t)y
′(t)

y(t)
· I ′(t)Φ(y(t))

y′(t)I(t)Φ′(y(t))
= 0.

Ç öüîãî ñïiââiäíîøåííÿ (13), (18) òà òîãî, ùî
ôóíêöiÿ ψ(Φ−1

1 ) ¹ ïîâiëüíî çìiííîþ z → q1
ìà¹ìî

lim
t↑ω

πω(t)I
′(t)

Φ−1(I(t))Φ′(Φ−1(I(t)))
= 0.

Òàêèì ÷èíîì äîâåäåíî âèêîíàííÿ óìîâè (9).
Äîñòàòíiñòü. Íåõàé ôóíêöiÿ

πω(t) · I ′(t)
I(t)

¹ íîðìàëiçîâàíîþ ïîâiëüíî

çìiííîþ ôóíêöi¹þ ïðè t ↑ ω, ôóíêöiÿ(
Φ′(z)
Φ(z)

)
¹ ïðàâèëüíî çìiííîþ ïîðÿäêó γ0 ïðè

z → Y0 (z ∈ ∆Y0), òà âèêîíóþòüñÿ óìîâè
(6) � (9) òà (10) àáî (11).

Äî ðiâíÿííÿ (1) çàñòîñó¹ìî ïåðåòâîðåííÿ

Φ(y(t)) = I(t)[1 + z1(x)], (19)

y′(t)Φ′(y(t))

Φ(y(t))
=
I ′(t)

I(t)
[1 + z2(x)], (20)

äå

x = β ln |I0(t)|, β =


1, lim

t↑ω
I0(t) = ∞,

−1, lim
t↑ω

I0(t) = 0,

(21)

I0(t) =

 I(t), ïðè lim
t↑ω

πω(t)I′(t)
I(t)

= ∞,

πω(t), ïðè lim
t↑ω

πω(t)I′(t)
I(t)

<∞,

Ïðèâåäåìî ñèñòåìó (19)-(21) äî ñèñòåìè
äèôåðåíöiàëüíèõ ðiâíÿíü

z′1 = βG1(t(x)) [z2 + z1z2] ;
z′2 = βG2(t(x)) · [1 + z2](N(t(x), z1, z2)×

×(1 + z1)
σ1−1 · (1 + z2)

σ1−1 +M(t(x), z1)×
× · (1+z2)πω(t(x))I′(t(x))

Φ′
1(Φ

−1
1 (I(t(x))))Φ−1

1 (I(t(x)))
+Q(t(x))),

(22)
ó ÿêié

G1(t) =

=

 1, ïðè lim
t↑ω

πω(t)I′(t)
I(t)

= ∞,

πω(t)I′(t)
I(t)

, ïðè lim
t↑ω

πω(t)I′(t)
I(t)

<∞,

G2(t) =

=


I(t)

πω(t)I′(t)
, ïðè lim

t↑ω
πω(t)I′(t)

I(t)
= ∞,

1, ïðè lim
t↑ω

πω(t)I′(t)
I(t)

<∞,

Q(t(x)) =

πω(t(x)) ·
(
I(t(x))

I ′(t(x))

)′

I(t(x))

I ′(t(x))

,

N(t, z1, z2) =

= −
θ1

(
I ′(t(x))Φ (Y (t, z1)) (1 + z2)

I(t)Φ′ (Y (t, z1))

)
θ1 (|πω(t)|−1sign(y01))

,

Y (t(x), z1) = Φ−1(I(t(x))[1 + z1]),

ψ(z) =
Φ′(z)

Φ(z)
,

M(t(x), z1) =
ψ(Y (t, z1))

ψ(Φ−1(I(t(x)))
×

× Φ−1(I(t(x))

Φ−1(Y (t, z1))
.

Îñêiëüêè ôóíêöiÿ πω(t) · I ′(t)
I(t)

¹ íîðìà-

ëiçîâàíîþ ïîâiëüíî çìiííîþ ôóíêöè¹þ ïðè
t ↑ ω, òî

lim
t↑ω

πω(t)

(
πω(t) · I ′(t)

I(t)

)′

πω(t) · I ′(t)
I(t)

= 0. (23)
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Ç iíøîãî áîêó,

lim
t↑ω

πω(t)

(
πω(t) · I ′(t)

I(t)

)′

πω(t) · I ′(t)
I(t)

=

= 1 + lim
t↑ω

πω(t)

(
I ′(t)

I(t)

)′

I ′(t)

I(t)

.

Ç öi¹¨ ðiâíîñòi âðàõîâóþ÷è (23) ìà¹ìî:

lim
t↑ω

Q(t) = 1. (24)

Çà ðàõóíîê òîãî, ùî ôóíêöiÿ Φ−1
1 ¹ ïî-

âiëüíî çìiííîþ ïðè z → q1, ç óðàõóâàííÿì
äðóãî¨ ç óìîâ (8) ìà¹ìî lim

t↑ω
Y (t, z1) = Y0 ðiâ-

íîìiðíî ïî |z1| < 1
2
, |z2| < 1

2
.

Îñêiëüêè ψ(z) � ïðàâèëüíî çìiííà ôóí-
êöiÿ ïîðÿäêó γ0 ïðè z → Y0 (z ∈ ∆Y0),
à Φ−1(z) � ïîâiëüíî çìiííà ïðè z → Y0
(z ∈ ∆Y0), òî ôóíêöiÿ ψ(Φ−1(z)) ¹ ïîâiëü-
íî çìiííîþ ïðè z → q1, à òîìó, i ôóíêöiÿ
Φ−1(z)ψ(Φ−1(z)) ¹ ïîâiëüíî çìiííîþ ïðè
z → q1 ÿê äîáóòîê ïîâiëüíî çìiííèõ ôóí-
êöié. Òàêèì ÷èíîì,

lim
t↑ω

M(t, z1) = 1 (25)

ðiâíîìiðíî ïî z1 : |z1| < 1
2 .

Äëÿ äîñëiäæåííÿ ïîâåäiíêè ôóíêöi¨
N(t, z1, z2) âèâ÷èìî âiäíîøåííÿ àðãóìåíòiâ
ôóíêöi¨ θ1. Ïîçíà÷èìî

N1(t, z1, z2) =

=
I ′(t)Φ (Y (t, z1)) · |πω(t)|sign(y01)

I(t)Φ′ (Y (t, z1))
(1 + z2).

Ðîçãëÿíåìî ðiâíiñòü

πω(t) (N1(t, z1, z2))
′
t

N1(t, z1, z2)
=

=

πω(t)

(
I ′(t)|πω(t)|
I(t)sign(y01)

ψ (Φ−1(I(t)[1 + z1])

)′

t

I ′(t)|πω(t)|
I(t)

ψ(Φ−1(I(t)[1 + z1])sign(y01)
=

=

πω(t)

(
I ′(t) · |πω(t)|

I(t)

)′

I ′(t) · |πω(t)|
I(t)

+

+
Φ−1(I(t)[1 + z1])ψ

′(Φ−1(I(t)[1 + z1]))

ψ(Φ−1(I(t)[1 + z1]))
×

× πω(t)I
′(t)

Φ−1(I(t)[1 + z1])Φ′(Φ−1(I(t)[1 + z1]))
.

Ç öi¹¨ ðiâíîñòi ç óðàõóâàííÿì (23), (25), óìî-
âè (9) òà ïîâiëüíî¨ çìiíè òà iíøèõ âëàñòèâî-
ñòåé ôóíêöi¨ ψ âèïëèâà¹, ùî

lim
t↑ω

πω(t) (N1(t, z1, z2))
′
t

N1(t, z1, z2)
= 0

ðiâíîìiðíî ïî |z1| < 1
2
. Çâiäñè ìà¹ìî, ùî

ôóíêöiÿ N1(t, z1, z2) ¹ íîðìàëiçîâàíîþ ïî-
âiëüíî çìiííîþ ôóíêöi¹þ ïðè t ↑ ω ðiâíî-
ìiðíî ïî |z1| < 1

2
, |z2| < 1

2
. Òîìó, îñêiëüêè

ôóíêöiÿ θ1 çàäîâîëüíÿ¹ óìîâó S, ìà¹ìî

lim
t↑ω

N(t, z1, z2) = −1 (26)

ðiâíîìiðíî ïî |z1| < 1
2
, |z2| < 1

2
.

Ó ñèëó äðóãî¨ ç óìîâ (8) ç óðàõóâàííÿì
òîãî, ùî ôóíêöiÿ Φ−1 ¹ ïîâiëüíî çìiííîþ,
iñíó¹ t0 ∈ [a, ω[ òàêå, ùî

Φ−1(I(t)(1 + z1)) ∈ ∆Y0

ïðè t ∈ [t0, ω[, |z1| ≤
1

2
.

Ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâ-
íÿíü (22) íà ìíîæèíi

Ω = [x0,+∞[×D, ãäå x0 = β ln |πω(t0)|,

D =

{
(z1, z2) : |zi| ≤

1

2
, i = 1, 2

}
.

Ïåðåïèøåìî ñèñòåìó (22)
ó âèäi

z′1 = βG1(t(x)) [z2 + z1z2] , (28)

z′2 = βG2(t(x))[A21z1 + A22(x)z2+

+R1(x, z1, z2) +R2(x, z1, z2)], (29)

â ÿêié

A21 = 1− σ1, A22 = 1− σ1;
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R1(x, z1, z2) = (1+ z2)

[
N(t(x), z1, z2)+Q(t)+

+M(t(x), z1)·
πω(t(x))I

′(t(x))

Φ′
1(Φ

−1(I(t(x))))Φ−1(I(t(x)))

]
+

+(N(t(x), z1, z2) + 1) · (σ1 − 1)(z1 + z2)+

+z2·M(t(x), z1)·
πω(t(x))I

′(t(x))

Φ′(Φ−1(I(t(x))))Φ−1(I(t(x)))
;

R2(x, z1, z2) = N(t(x), z1, z2) · (σ1 − 1)×
×(z1 · z2 + z22) +M(t(x), z1) · z22×

× πω(t(x))I
′(t(x))

Φ′(Φ−1(I(t(x))))Φ−1(I(t(x)))
+

+(1 + z2) ·N(t(x), z1, z2) · (((1 + z2)
σ1−1 − 1

−(σ1 − 1) · z2) + (σ1 − 1)2 · z1 · z2 + (σ1 − 1)×
×z1 · ((1 + z2)

σ1−1 − 1− (σ1 − 1) · z2)+
+(1+ z2)

σ1−1 · ((1+ z1)σ1−1−1− (σ1−1) · z1));
Ç (24) � (27) âèïëèâà¹, ùî

lim
|z1|+|z2|→0

R2(x, z1, z2)

|z1|+ |z2|
= 0 (30)

ðiâíîìiðíî ïî x ∈ [x0,+∞[,

lim
x→+∞

R1(x, z1, z2) = 0 (31)

ðiâíîìiðíî ïî z1, z2 : (z1, z2) ∈ D.

Îñêiëüêè σ1 ̸= 1 ç âèäó ñèñòåìè (28)-(29) âè-

ïëèâà¹, ùî ó âèïàäêó, êîëè lim
t↑ω

πω(t)I
′(t)

I(t)
= 0

âèêîíàíî óìîâè òåîðåìè 2.6 ç [4]. Âiäïîâiä-
íî äî öi¹¨ òåîðåìè ñèñòåìà (28)-(29) ìà¹ õî-
÷à á îäèí ðîçâ'ÿçîê {zi}2i=1 : [x1,+∞[−→
R2 (x1 ≥ x0), ÿêèé ïðÿìó¹ äî íóëÿ ïðè
x → +∞, ïðè÷îìó òàêèõ ðîçâ'ÿçêiâ iñíó¹
ïðèíàéìíi îäíîïàðàìåòðè÷íå ñiìåéñòâî.

Ó âèïàäêó, êîëè

lim
t↑ω

πω(t)I
′(t)

I(t)
= c ∈ R \ {0}

ïåðåïèøåìî ñèñòåìó (28)-(29) ó âèãëÿäi

z′1 = β [z2 + z1z2 + (G1(t(x))− c)(z2 + z1z2)] ,

z′2 = β[A21z1 + A22(x)z2+

+R1(x, z1, z2) +R2(x, z1, z2)].

Îñêiëüêè â öüîìó âèïàäêó

lim
x→∞

G1(t(x)) = c,

òî ç âèäó ñèñòåìè (27)-(28) âèïëèâà¹, ùî äëÿ
íå¨ âèêîíàíî óìîâè òåîðåìè 2.2 ç [4]. Äiéñíî,
íàðàçi ìàòðèöÿ êîåôiéi¹íòiâ ëiíiéíî¨ ÷àñòè-
íè ñèñòåìè ìà¹ âèãëÿä(

0 c
1− σ1 1− σ1

)
,

õàðàêòåðèñòè÷íå ðiâíÿííÿ

µ2 − (1− σ1)µ− c(1− σ1) = 0

íå ìà¹ êîðåíiâ ç íóëüîâîþ äiéñíîþ ÷àñòè-
íîþ, çà ðàõóíîê òîãî, ùî σ1 ̸= 1, à òàêîæ
âèêîíóþòüñÿ óìîâè (30) òà (31). Âiäïîâiä-
íî äî òåîðåìè 2.2 ç [4] ñèñòåìà (28)-(29) ìà¹
õî÷à á îäèí ðîçâ'ÿçîê {zi}2i=1 : [x1,+∞[−→
R2 (x1 ≥ x0), ÿêèé ïðÿìó¹ äî íóëÿ ïðè
x → +∞, ïðè÷îìó òàêèõ ðîçâ'ÿçêiâ iñíó¹
ïðèíàéìíi îäíîïàðàìåòðè÷íå ñiìåéñòâî.

Ó âèïàäêó, êîëè lim
t↑ω

πω(t)I′(t)
I(t)

= ∞, çàñòî-

ñó¹ìî äî ñèñòåìè (28)-(29) ïåðåòâîðåííÿ

z1 = w1, z2 =
√
|G2(x)|w2.

Îòðèìà¹ìî ñèñòåìó

w′
1 = β

√
|G2(t(x))| [w2 + V1(x;w1; |G2(x)|w2)] ,

(32)

w′
2 = βsign(G2(t(x)))

√
|G2(t(x))|(A21(x)w1+

+R1(x,w1,
√
|G2(x)|w2)+

+V2(x,w1,
√

|G2(x)|w2)); (33)

äå
V1(x;w1;w2) = w1 · w2;

V2(x,w1, w2) =
√

|G2(x)|(A22−

−Ñ(x)
√
|G2(x)|)w2 +R2(x,w1,

√
|G2(x)|w2),

lim
|w1|+|w2|→0

Vi(x,w1, w2)

|w1|+ |w2|
= 0, i = 1, 2

ðiâíîìiðíî ïî x ∈ [x0,+∞[,

lim
x→+∞

R1(x,w1, w2) = 0

ðiâíîìiðíî ïî w1, w2 : (w1, w2) ∈ D.
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Çàóâàæèìî, ùî

lim
t↑ω

Ñ(t) =

= lim
t↑ω

sign(G2(x(t)))G
′
2(x(t))I(x(t))

2G2
2(x(t))I

′(x(t))
=

= k

( I(t)

πω(t)I
′(t)

)′
πω(t)

2
( I(t)

πω(t)I ′(t)

) =

= lim
x→∞

sign(G2(x(t)))

2

(πω(t)( 1

πω(t)

)′
I(t)

I ′(t)

I(t)
πω(t)I

′(t)

+

+

πω(t)

(
I(t(x))

I ′(t(x))

)′

I(t(x))

I ′(t(x))

)
=

= sign(G2(x(t))) lim
t↑ω

1

2
(−1 +Q(t)) = 0.

Ðîçãëÿíåìî iíòåãðàë
∞∫
x0

G2(x)dx. Ç óðàõó-

âàííÿì çîáðàæåííÿ G2(x) =
I(t(x))

πω(t(x))I
′(t(x))

ìà¹ìî

∞∫
x0

G2(x)dx =

∞∫
x0

I(t(x))

πω(t(x))I
′(t(x))

dx =

=

∞∫
t(x0)

I(t)

πω(t)I
′(t)

I ′(t)

I(t)
dt = ∞.

Îñêiëüêè ó îêîëi íóëÿ âèêîíó¹òüñÿ
∞∫
x0

√
|G2(x)|dx ≥

∞∫
x0

|G2(x)|dx. Òàêèì ÷èíîì,

∞∫
x0

√
|G2(x)|dx→ ∞.

Êðiì òîãî, ìàòðèöÿ êîåôiöi¹íòiâ ëiíiéíî¨
÷àñòèíè ñèñòåìè (32)-(33) ìà¹ âèãëÿä:(

0 β
sign(G2(x))(1− σ1) 0

)
.

Â ñèëó (11) õàðàêòåðèñòè÷íîãî ðiâíÿííÿ

µ2 − sign(G2(x))(1− σ1) = 0.

íåìà¹ êîðåíiâ ç íóëüîâîþ äiéñíîþ ÷àñòèíîþ.
Îòðèìó¹ìî, ùî äëÿ ñèñòåìè äèôåðåíöi-

àëüíèõ ðiâíÿíü (34)-(35) âèêîíàíi âñi óìîâè
òåîðåìè 2.2 ç [4]. Âiäïîâiäíî äî öi¹¨ òåîðåìè
ñèñòåìà (34)-(35) ìà¹ õî÷à á îäèí ðîçâ'ÿçîê
{zi}2i=1 : [x1,+∞[−→ R2 (x1 ≥ x0), ÿêèé ïðÿ-
ìó¹ äî íóëÿ ïðè x → +∞, ïðè÷îìó òàêèõ
ðîçâ'ÿçêiâ iñíó¹ ïðèíàéìíi îäíîïàðàìåòðè-
÷íå ñiìåéñòâî. Îòæå, òàêi ðîçâ'ÿçêè iñíóþòü
â áóäü-ÿêîìó âèïàäêó, êîëè iñíó¹ ñêií÷åííà

÷è íåñêií÷åííà ãðàíèöÿ lim
t↑ω

πω(t)I
′(t)

I(t)
. �ì ó

ñèëó çàìií âiäïîâiäàþòü ðîçâ'ÿçêè y ðiâíÿí-
íÿ (1), ùî äîïóñêàþòü ïðè t ↑ ω àñèìïòîòè-
÷íi çîáðàæåííÿ (12)-(13).

Ç âèãëÿäó öèõ çîáðàæåíü âèïëèâà¹, ùî
îòðèìàíi ðîçâ'ÿçêè y ¹ Pω(Y0, Y1, 0)- ðîçâ'ÿç-
êàìè. Òåîðåìó ïîâíiñòþ äîâåäåíî.
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