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1. OcHOBHI NOHATTSH
3BuuyaliHuM JudepeHIliaIbHUM PIBHSHHAM HA3WBAE€ThCSA PIBHICTH, WIO

MICTUTh HE3aJIEXKHY 3MiHHY X, HEBiZIOMY QYHKIIIO Y Ta ii moxigwi v,y ... y™:

FCx,y,y,y, ..,y®™) =0 (1.1)

O3nauvenns. [Topsaok cTapioi moXiAHOT, [0 BXOJAUTH 10 CKiiaay piBHSHHSA (1),

Ha3WBACTLHCA MMOPAIKOM IBOTO piBHHHHﬂ.

Os3nauenns. JludepeHUIlabHUM PIBHSAHHSAM 1-TO TOPSIAKY BIJHOCHO

¢Gyukuii y = y(x) nHasuBaetscss Bupas Buriasay F(x,y,y) = 0 abo

y = fxy) (1.2)

SKIIO BiH PO3B’s13aHU BiIHOCHO MMOXIqHOI y = ¥,
dx

O3nauenns. 3aradbHUM PO3B’A3KOM AudepeHiianbHoro piBHsAHHS (1.2)
Ha3uBaeThes QyHkuias y = ¢@(x, C), sxa npu Oyab-axoMy 3HaueHHi ctanoi C €

PO3B’SI3KOM ILOTO PIBHSIHHS.

O3nauennsi. YaCTUHHUM PO3B’SI3KOM JUQPEPEHIIAILHOTO PIBHAHHS 1-TO
TIOPSIIKY Ha3MBA€EThCs Oy b -sika QyHKIit Y = @(x, Co), OTprMaHa i3 3arajJbHOro

PO3B’SI3Ky MPU MEBHOMY 3HaY€HHI 10BUIbHOI cTanoi C = Co.
O3nauenns. I'padik Oyab-sSKOTo po3B’si3Ky AU(EpPEHIIalbHOTO PIBHSIHHS
N — ro Ha IIOUIHHI (X, ) HA3UBAETHCS IHMESPAIbHON KPUBOIO.

Os3nauennsi. llpomiec 3HAXOMKEHHS PO3B’SI3KYy  JIU(PEPEHIIATBHOTO
PDIBHSIHHS HA3UBA€TbCS IHTETPYBAHHSAM PIBHAHHS. 3A80aHHA IHMe2pYBaAHMHA
ougepenyiarbHo20 PIBHAHHA NOJIAAE Y 3HAXOONCEHHI BCIX PO38 'SA3Ki8 Yb0O2o

PIBHAHHA Ma BUGYEHHI IX 81ACMUBOCE.

3aoaua Kowi. Cepen ycix po3B's3KiB TU(PEPEHIIATIBHOTO PIBHSIHHS



2 = f(x,) (1.2)
3HAWTH PIllICHHS
y =y (1.3)
110 33JI0BOJIbHSIE YMOBAM:
Y = Yo IPU X = Xo (1.4)

Je 3a/laHl 4yuclia, TOOTO mIykaeTbcsi Taki po3B’sizku (1.3), sikomy (dyHKIIA
npuiiMae 3ajjaHe 3HAYCHHS Yo, SIKIIO HE3aJIEXKHY 3MIHHY X 3aMIHUTH 3aJaHUM

3HAYEHHAM Xo TaK 1o Y (xo) = Yo.

l'eomempuuno e 03HayYae, MO MIYKAETHCS 1HTErpalibHa KPUBA, sIKa MPOXOJIUTh

gyepes 3agany To9Ky Mo(xo, yo).
YmoBu (1.4) Ha3MBaIOTHCSA MOYATKOBUMH YMOBaMHu po3B’ 3Ky (1.3).

Baz[aqa 3HAXO/PKCHHA  4YaCTHHHOI'O PO3B ’ A3KY, AKC 3a1aBOJIbHAEC

novyaTkoBUM ymoBaM (1.4), HazuBaercs 3adaueu Kowu.

Osnauenns. Touku, y SKUX MNOPYWIYIOTbCd YMOBH 3amgaun Ko,

Ha3UBAIOTHCS 0COOIUBUMU MOYKAMU.

Yepes Taki Touku ab0 B3araii HE MPOXOJAUTH JKOJHA IHTETpajibHa KPUBA,

a00 MPOXOJIUTh KIJIbKA IHTETpaIbHUX KPUBUX.

O3nauennsi. Po3B’SI30K, y KOXHIN TOYIl SIKOTO MOPYIIYEThCSS €AHICTh

po3B’s13Ky 3anaui Ko, Ha3uBalOThCS 0COOIUBUMU.

Oco06nuBuUi po3B’ 130K HE MOKE OyTH OTPUMAHUM 13 3arajibHOrO PO3BESI3KY
IpU KOAHOMY 3HaueHH1 JOBUIbHOI ctanoi C. OcoOnuBiI pO3B’SI3KM MOXKYTh
3’SIBUTUCSI Cepell PO3B’SI3KIB, 3aryOJICeHUX B pe3ysibTaTl MEPETBOPEHb JTAHOTO

PIBHSIHHSA B IPOLIEC] 1OT0O 1HTETpyBaHHS.

KonTponbHi 3anuTanHs



. Slke pIBHSIHHS HAa3UBAETHCS NUPEPEHIIATBHUM?

[Ilo HazuBaeThCA po36 ‘sa3xom nudepeHIiaTbHUM PIBHIHHIM?

. Slke pIBHSIHHA HA3MBAETHCS AUPEPECHINIATBHUM PIBHSHHIM 1-T0
opSaKy?

[Ilo Ha3UBAETBHCS 3a2ANbHUM PO38 AZKOM MA 3A2ANbHUM [HMEZPaLoM

nudepeHIiaTbHUM PIBHSHHSAM?

[I1o Ha3UBA€THCA YACMUHHUM PO38 AZKOM MA YACMUHHUM [HIME2PaiIoM

nudepeHIiaTbHUM PIBHSHHSAM?

[Ilo Ha3MBa€TBCA HOUAMKOB0IO YMOGOK NI AUEpPEeHLIATBHOTO
piBHSHHSA 1-r0 MOpsAAKY SAKUM € FeOMETPUYHUMN 3MICT TOYATKOBOI YMOB
Ju1st AudepeHIianbHOTO PIBHSIHHS 1-T0 opsiaKy?

Chopmymroiite meopemy icHyeamHs ma €OHOCMI pO38°SA3KY 3a0aui
Kowi nudepeHiianbHOro piBHSIHHSA 1-ro NOpAAKy? AaTH TEOMETPUUHY
IHTEpIpETAIIO 1I€T TeOpeMu?

. SIK1 po3B’sI3KM HA3UBAIOTHCS 0COONUBUMU?

2. IndepeHuianbHi piBHAHHA NepLIOro NOPsAAKY. PiBHSIHHS 3

BIIOKPEeMJIIOBAHMMH 3MiHHUMMU

1. PisHsanHsA 3 8i00OKpeMIeHUMU SMIHHUMU

Skmo nudepeHiriaabHe pIBHIHHS Ma€ BUTTIS;

X(x)dx +Y(y)dy =0, (2.1)

7ie KoeilieHT Tpu dX 3aJeXKUTh TUTBKH Bif X, a KoeirieHT npu dy TiIbKA Bif

Y, TO KaXyTh, 10 Y HhOMY 3MiHHI BIIOKpEMJIEH1. 3arajbHUM 1HTErPaioM TaKOTO

piBHSIHHS OyJie

[X(X)dx + [Y(y)dy =C (2.2)



" X()dx + [T Y(y)dy = C (2.3)

X0 Yo

0COOJIMBUX PO3B’SI3KIB HEMAE.

Sxmo X(xo) 1 Y(yo) He HOPIBHIOIOTH HYJIO OJHOYACHO, TO PO3B’SI30K 3
[IOYaTKOBUMHU YMOBaMH Xo, Yo MOKHa 3HaWTH 3BUYAWHHM CIOCOOOM 3a
3arajibHUM 1HTErpayioM (2.2) abo, 1e MpoCTIlIe, 3a 3arajibHUM 1HTerpaioMm (2.3),

nokyaBmu B Hbomy C = 0:

[ X()dx + [ Y(y)dy =0 (2.4)

X0 Yo

Axio x X (xo) = Y(yo) = 0, To po3B’SI30K 3 MOYATKOBUMH JaHUMHU Xo,

Yo MO’K€ HE ICHYBaTH a0o 11€ PO3B’SI30K MOXKE OYyTH HE €TUHUM.

2. Pisnsannsam 3 8100Kkpemaio8aHuMu 3MIHHUMU.
HudepenianbHe piBHSIHHS

mQ)n(y)dx + mi(x)ni(y)dy = 0 (2.5)

HA3UBAETHCS PIBHSHHIM 3 8i00Kpematosanumu 3minHumu. IToMHOKyr0un 00U IB1

YaCTUHU PIBHSIHHA (2.5) Ha 1 oTpuUMy€eEMO PiBHSHHS 3
mi(x)n(y)

BIJIOKPEMJICHUMHU 3MIHHUMH:

m®) dx + 0 dy = 0 (mi(x) = 0,n(y) = 0?)
mi(x) n(y)

(2.6)
3araJibHUM 1HTErpaJIOM I[bOTO PIBHIHHSA, a OTKe 1 piBHAHHS (5), Oyne
[ m® dx + [ dy =C (2.7)
my (x) n(y)
a0o
I m@® 4 + [ m®») _ (2.8)

X0 ml(x) yo n(y)

ne mi(xo) # 0, n(yo) # 0



PosrasiHemo piBastHEsS m1(xo) = 0, n(yo) = 0 3a3Haveni y popmym (2.6) y

TTy’KKax.

SIK1110 BOHM MalOTh TIMCHI pO3B’S3KH BULy X =@, ¥ = b, TO
x=a(y+b), y=b(x+a) Oyxyrb po3B’s3kaMu piBHIHHA (2.5).
i po3B’s13KU € OCOOTUBUMU.

P03B’5I30K 3 MOYaTKOBUMH JaHUMHU Xo, Yo 3a yMOBH, o0 mi(xo) # 0,

n(yo) # 0, a mi(xo) i n1(yo) He piBHI OAHOYACHO HYJIIO, JAETHCS (HOPMYIIOIO

x m@ gy m(y) _ (2.9)
f X0 m1(x) f dy 0
SIkmo m(xo) = ni(yo) = 0, TO HEe TapaHTYeThCS Hi ICHYBaHHS, Hi

€IMHICTb PO3B’SI3KY.

SIkio movyatkoBa Touka (Xo; Yo) JEKUTH Ha OJHOMY 3 3a3HAYCHHUX BHUIIE
po3B’si3kiB Buay X = a (y # b), y = b (x # a), npuuomMy Ii¢ po3B’s3Ki €

YaCTHHUM, IHIIUX PO3B’SI3KiB, 1[0 IPOXOIATH Yepe3 TouKy (Xo; Vo), HE iCHYE.

SIKIO K 11€ pO3B 30K 0COOIMBE, BOHO CTOCYETHCS TOUIl (X0; Vo) dEAKOI
IHTErpaJIbHOI KPHUBOI, 1[0 MICTUTHCA y 3arallbHOMY 1HTErpalii 3a BiAMOBIAHOTO

3HaueHHusa C.

SJkmo xo = a, yo = b, To mome B mouatkosiii Touni (a, b) He

BHU3HAYCHE.
J10 1€l TOYKH MPUMHUKAIOTE po3B’s3kix = a (y # b), vy = b (x # a).
Hpuknan 1. 3naiiTy 3aranpHuil IHTErpai JU(epeHIliaTbHOrO PIBHSAHHS
xdx+ (y+1)dy =0
1 BUIITNTH IHTETpaIbHy KPHUBY, 10 MPOXOIUTh Yepe3 Touky (0; 0).

Po3zs’s3anns. 3rigHo 3 popmyoro (2), 3aranbHui iHTErpal piBHSIHHS Oye



2 2
[xdx+ [(y+1)dy =0 abo T4y +y=cC
2 2

BBaxkaroun B HboMy x=0,y=0, 3nHaxomumo, mo C =0. Ilykanoi

IHTEeTpaJIbHOI KPUBO1 Oy/1e
x2+y2+2y=0

1o x iIHTETpaIbHY KPUBY MU MOKEMO OTPUMATH 1 3HAXOJIUU 3arajibHOTO

1HTErpayia, a KOpUucTyr4uch popmynoro (4). Maemo:

[Txdx+ [Py +1Ddy=0, x2+y2+2y=0

X0 Yo

Hpuxaan 2. Po3rinsaemo piBHSIHHS
xdx +ydy =0
y touli x = 0,y = 0 moJyie HEe BU3HAYEHE.
Po3s’si3anns.  3aranbHUM IHTETPAIOM PIBHSIHHS Oy/1e
x2 + y2 = (2
Ha nodaTtok KoOpJIMHAT HE MPUMUKAE KOHA IHTErpaJibHA KPUBA.
Hpuxnan 3. Hexaii naHo piBHSHHS
xdy +ydx =0
Ha MIOYaTKy KOOPJIMHAT I0JIe HE BU3HAYCHE.
Po3z6’s3anns. Po3ainsioun 3MiHHI Ta IHTETPYIOUU, OTPUMYEMO:

d dx
Y 2o (y=0, x=0?), In|y|+Inlx| = In|C|

y X
x=0(y+0),y=0(x=0).
lxy| = [C|, xy =+C, xy=~C(1 (C1 = +0).

Ipuxnan 4. 3HaiiTi 3aranbHUM iHTErpast AU EepeHIiaIbHOTO PIBHIHHS

10



(y—xy)dx+ (x +xy)dy =0
Po3z¢’a3anns. BuHeceMo ciiibHI MHOKHUKH B 000X JTy’KKax:
y(1—x)dx +x(1+y)dy =0

OTpuMaHne piBHSIHHSA € PIBHSAHHSM 3 BIAOKPEMIIOBaHUMHU 3MIHHUMU. [loainnmo

Horo nowieHHo Ha xy # 0 1 oTpUMaeMO PIBHSHHS 3 BIIOKPEMJICHUMHU

3MIHHUMU:
1—x 1+y
dx + dy =0
X y
BukoHnaeMo iHTErpyBaHHS:
1—x 1+y
0 dx+ 0 dy = C,
x y

Inlx| —-x+Inlyl|+y==C
In|xy| + lnev—* = In|C|

OcKUIbKH CTalIa IHTErPYBaHHS — IOBUIbHA, TO JIJIsl CIIPOIIEHHS BUPa3y Ipu

HACTYITHHUX MEPETBOPEHHAX il MOKHa 3amucat y BUrisiai [n|C|. Tomi:
lxyler—= = ||

3BiJICH 3HAXOJUMO 3arajibHUN 1HTETrpa PIBHIAHHS:

xyey* =+C xyey™ = (1 (C1==x0)

[Ipu po3B’si3anHl piBHSAHHA Oyno mpunymieHo, x # 0,y # 0. IIpore dyHkuii
x = 0 tay = 0 Takox € po3B’A3KaMU BUXIJHOTO PIBHSHHS, IO JIETKO
nepeBiputy  0€3MOCepeHHOI0 MiJICTAHOBKOI. 3 IHIIOTO OOKYy iX MOXHA
oTpuMarH 13 3arajapHoro inrerpananpu C = 0. Omke,x = 0 i y = 0 — yacTuHHI

PO3B’SI3KU PIBHSHHSI.

3asoanns 0na camocmitinotl pobomu

11



1. 3naiimu 3azanvHuil po3e’a30kK:

1. Incosydx + xtgxdy = 0.
2. (x+2x3)dx + (y + 2y3)dy = 0.
3. xY1 + y%dx + yV1 + x2dy = 0.
4. %d_y 2 ydx =

=2 +m 0.

5. (Yxy — \/;)dx + (Yxy + Yy)dy = 0.
2. 3Haiimu yacmuHHUIl po36°A30K, W0 3A00601bHAE NOUAMKOBY YMOGY:

1. W+er=0; y(1)=0.

X

2. ydx — (4 + x¥)Iny =0; y(2)=1.

3. 3extgydx + (1 + e¥)sectydy = 0; y(0) ==z
4

4. (1 + e¥)y2dy = exdx; y(0) = 0.

5.y = 2%, y(—3) = —5.

KonTpoJibHi 3aniuTaHHA

1. Jlatu o3HaueHHs AU(EPEHIIaTbHOTO PIBHSHHS 3 BIJOKPEMIIIOBAHUMU
3MIHHUMH 1 CHOPMYIIIOBATH METOJI MOTO 1HTErPyBaHHSI.

2. ki icuHytorb ¢dopMmHu 3anucy JU(EpeHLIATbHOIO  pIBHSHHS 3
B1JJOKPEMITIOBAaHWMH 3MIHHUMU 1 SIK BOHU M1 COOOIO MOB’s13aH1?

3. Sk MOXyThb 3 SBUTHCS OCOOJUBI PO3B’A3KH Ml AUGEPEHIIATbHOTO

PIBHSIHHSA 3 BIJIOKPEMJIFOBAHUMU 3MIHHUMMU?

12



3. OnHopiaHi (udepeHniaabHI PIBHAHHSA MEPLIOTO NOPSIAKY Ta PiBHAHHS,
1[0 /10 HUX 3BOASTHCH
Osnauennsn. @yakuis  f(x,y) Ha3UBAETHCA OJHOPITHOIO (PYHKITIEIO 7 BUMIDY,

AKIIO MPU OYb -IKOMY ¢ BUKOHYETHCS TOTOXKHICTD:

f(tx, ty) = t*f(x,y) (3.1

Hanpukian, yukiis f(x, y) = x2 — yZ 4+ 2xy € oXHOPIAHOIO (YHKII€0 2-T0

BUMIPY, OCKUIbKU
flx, ty) = (tx)? — (ty)* + 2tx - ty = t2(x2 — y* + 2xy) = t>f(x,y)

[Toxnagaroum B (4.1) t = 1, orpumaemo
X

f2 = Lf(xy),tomi f(x,y) = x"f (1,2

xn

OnunopiaHy (QYHKIIIEIO N-TO BUMIPY MOHA MOJIaTH Y BUTJISAI
fCuy) =xre & 3.2)
Osnauenns. PIBHIHHSA
M(x,y)dx + N(x,y)dy = 0. (3.3)

B skomy M(x,y) wu N(x,y) - 00HOpioHi ¢hyuKyii 00HAK0B02O GUMIDY,

HA3UBAEMbCSL OOHOPIOHUM DIGHAHHSM.

[le piBHSIHHS 3aBXAU MOK€ OyTH MPUBEACHO /10 BUTIISTY:

&y =@ (3.4)

dx x

OpnuHopifHe PIBHSHHS 3BOJUTHCS A0 PIBHSAHHS 3 BIJIOKPEMIIIOBAHUMU

3MIHHMH, 3a JOTOMOTrOI0 IMJACTAaHOBKH ¥ =z, n¢ z = z(Xx) —HOBa IIyKaHa
X
byHKIIIs.

Tomi
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y = zXx y=zx+z (3.5)
ITigcraBisiroun y Ta y B piBHSHHES (3.3), oTpMaeMo

Zx +z = ¢@(z) abo xgxz p(z) — z,
X

3BIIKU

dx
du 77, o(z) # z

o(z)—z x
[HTerpyroun, 3Haxo0JMMO 3arajibHUNA PO3B’ 30K BITHOCHO (PYHKIIIT Z:

dx
0 dz =0__+C
¢(2) =z x
[lifcTaBisitoun micis IHTETPYyBaHHS 3aMICTh Z BITHOIIEHHS L, OTPUMAEMO
X

3arajibHUI PO3B’SI30K JAHOTO OJIHOPITHOTO PIBHSHHS.

3aysaxcenns. 1lpu po3B’sa3aHHI OJHOPIIHUX PIBHAHL HE 00OB’S3KOBO

3BOJAMTH iX 110 BUTJsAY (3.4). MokHa 3pa3y poOUTH MiACTAHOBKY Y = ZX.
Hpuxnan 1. 3naliTy 3aranbHU IHTETPaAJ PIBHIHHS
(x%2 + 2xy)dx + xydy = 0.

Pose’szanna. M(x,y) = x% + 2xy, N(x,y) =xy. lle omHopigHe
PIBHSIHHS IPyTOTO TOPSIKY. BBeemMo miacTaHOBKY Y = ZX, 3Biacu dy =

xdz + zdx. Topi piBHIHHS Ma€ BUTJIS
(x% + 2x2z)dx + zx(xdz + zdx) = 0
AGo.  (x2 + 2x%2z + z2x2)dx + zx3dz = 0

dx_l_ zdz _0 de+0 zdz _c
x  (z+1)? x (z+ 12

1
In|lx| + Inlz+ 1] + —C
z+1
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Binmnosins: Inlx+yl+ 2 =
x+y

Hpuxnan 2. [IpoinTerpyBaTu piBHSIHHS
(x2 4+ 2xy —y2)dx + (y2 + 2xy — x2)dy = 0
1 BUJUTUTHU IHTETPpaIbHY KPUBY, sIKa IPOXOUTH YEPE3 TOUKHU:
a) (2;2); 6) (1, -1); ) (06;0).
Po3zeé’azanns. 3pobumo 3aminy y = zx, Tomi dy = xdz + zdx, Tak mo
(x? + 2zx? — z2x?)dx + (z°x? + 2x%z — x?)(xdz + zdx) = 0
CkopoTtumo Ha x?2 i306epeMo wieHnu mpu dx 1 dz:
(ZB+z2+z+Ddx+ (z22+2z2—1)xdz =0

Po3auistroun 3MiHHI, Mae€Mo:

dx z2+2z—-1

T @+ e+ D"

z=0 (z+1=0?)

[nTerpyroun, oTpumyemo:

In|x| — In|z + 1| + In(z2 + 1) = [n|C4]

abo D =

z+1

c (=C)
1

3aMIHMBIIN TYT Z HA ¥ [[oTpUMa€eMoO 3araJibHAN IHTETPaJI PIBHSHHS Y BUIJISII
X

x2+ 2
y:C

x+y
Ile € ciMeHCTBO KIIT:
X2 +y2 = C(x + ). *)

3 IKUX MOTPIOHO BUKIIFOYUTH MOYATOK KOOPAUHAT Ta HAMIBIPSAMI
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x+y=0 ")
3anucaBiiy CiMeHCTBO (*) y BUTIISIL

( g\z g‘z CZ
-ty =3 %

[entpu Bcix ki (**) nexxaTh HA IPSAMIH 1 1110 HA TOYATKY KOOPAMHAT BC1 BOHU

CTOCYIOTBCS IPSIMOL..

a) Bpaxarouu B (*) x=2, y=2  3Haxomaumo C =2 TaK MO IyKaHUM

PO3B’sI3KOM Oyie
x2+y2=2(x+Yy)
a0o
k-1 + (- 12 =
Po3B’s130Kk (*) HE TpOXOASTH Uyepe3 Touky (2; 2)

0) XKoxna 3 kin (**) e mpoxoauth yepe3 Touky (1; —1). [Ipuuomy HamiBmpsiMa

Y = —X NPOXOJUTb Yepe3 IO TOUKY Ta Ja€ PO3B’A30K.

B) Jlo mouaTky KOOpJMHAT MPUMHKAIOTh yC1 IHTETpaibH1 KpuBl. Ha BiAMiHY BiJ

BUMAJIKIB «a» Ta «0» TyT po3B's3anHs 3a1a4l Kot He enuHe.

Hugpepenuianovni pienanns aKi 3600a4movcsa 00 00HOPIOHUX

ai1x+bi1y+cis
f ( ax+by+c (36)

ne ai, az, b1, bz, c1, c2 —craii.

Axmo B piBHAHHI (4.6) c1 = c2 = 0, TO OTPUMAEMO OJHOPIJHE PIBHIHHS

BUrJsiny (4.3)

1. k1o BU3HAYHUK

(21 bip 3.7)
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TO I1€ PIBHSHHS 32 JJOITOMOTOIO IT1ICTAHOBKH

gx=€+a,
y=n+p

(3.8)

ne € m 71 -HOBI3MIiHHI, a @ W [ - AesAKi MOCTiHI YKCIIa, SAKi 3HAXOIATHCS 3

CHUCTCMH

aia + b1 +c1 =0,
& aa + bf +c = 0.

HABOJIUTHCS J10 OJTHOPIAHOTO PIBHSIHHS

dn = f (alf+bln
dt af+bn

2. SIKII0 BU3HAYHUK

(1 big
a b

TO piBHSAHHA (3.6) HaOyBae BUTIISIAY:

dy — f (klax+bz)+c1‘ — fl(ax + by)
dx ax+by+c

BBaXKAIOYH,
zZ =ax + by
MPUNAIEMO J10 PIBHSIHHSI3 BITOKPEMIIIOBAHUMU 3MIHHAMH.

Hpuxnan 3. 3HaliTy 3aranbHU IHTETPaAJ PIBHSIHHS

2x+y+1Ddx+x+2y—1)dy=0

Po36’s13anns. PIBHSIHHS MOXHa NIEPENUCATU TaK

o 2x+y+1
Y= x+2y—1

(3.9)

(3.10)

3.11)

(3.12)

(3.13)
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2 L3290
1 2

3HaX0JIUMO TOUKY HepeTuny npsimux 2x +y+1=01x+ 2y —1 = 0;

Maemo x=a=-1;, y=[=1.
[IpoBoaMMO y pIBHSHHI 3aMiHYy 3MIHHUX, BBOKAIOUH
x=¢+a=¢8—1, y=n+B=n+1;dx =ddy =dn
PiBHSAHHS TEPETBOPIOETHCS HA BUTIISA]L
(2§ +md¢ + (§ + 2n)dn = 0
B oTpumanoMy oHOpiTHOMY PiBHSHHI MOKIaneMo 1) = £t, 3BiAKU
dn = &édt + td& nmpuiinemo 10 piBHSIHHS 3 BiJJOKPEMITFOBAHUMH 3MiHAMH
22+t + 1)é&déE+ (E+2t)dt =0
3araibHUM 1HTErpall IKOTO € f\/ 2+t + 1 = C micnst 3aMifu ¢ MaeMo:
§PH+n+nt=C?
[ToBepTatrouncey 1o 3miHHUX X 1y (€ =x+ 1,n =y — 1) micns mepeTBOPEHb
3HaXOJIMMO 3arajibHUI 1HTErpasl pIBHSHHS
xX2+y2+xy+x—y=C, Ci1=C>—-1.
Ipuukaan 4. 3HailT 3araJIbHUMN 1HTErpal PIBHSHHSI.

(x+vy+2)dx+ 2x+ 2y —1)dy = 0.

11
2 2

[Toxkmamemo TOoMy y+x=t, dy=dt—dx. Jlane piBHAHHA HaOyBae

Po36’a3anuns. PIBHAHHS HaNEXUTh A0 APYroro THUILY, OCKUIBKH f- "f=0.

BUITIANY:
(t+2)dx+ (2t —1)(dt —dx) =0,

abo
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(3—t)dx + (2t — 1)dt = 0.

OTpuManu piBHSHHS 3 B1IOKPEMIIIOBAHUMU 3MIHHUMU. B11oKpeMIioroun 3MiHH1

Ta IHTETPYIOUYH, OJICPKUMO:

Po3ainsitoun 3MiHHI Ta IHTETPYIOUU, MAEMO

fzsf—ldt + [dx =C, —2t — 5In|t — 3| + x = —C.
—t

[ToBepTarouuch A0 cTapux 3MIHHUX (t = X + V), OTpUMAEMO BIANOBIIb:
x+2y+5nx+y-3|=C
3asoanns 0na camocmilinot pobomu
3naimu 3a2anbHUIL PO36°A30K:

l. xy' sin(¥+ x = ysin (¥
X X

2. xy+y%2=(2x%+ xy)y
3. xylIn(X =x+yln(@
X X

4. xyy = y%+ 2x2

5. xy —y=xtg (@;y(1) ="
x 2

6. (x2+ y2)dx — xydy =0

—
7. 01 + p~_—1qdx — 2ydy =0

X
8. 2(x+y)dy+ (3x+ 3y —1)dx = 0.
9. (x—=2y+3)dy+(2x+y—1)dx =0.
10.(x—y+4)dy+ (x+y—2)dx =0.

KoHTpoJibHi 3aniMTaHHA

1. Jlatu oO3HA4YEHHS OJHOPITHOTO AU(PEPEHINATBHOTO PIBHSAHHA 1-TO

MOPSAKY.
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2. Bkazatu MeTol 3HAXO/PKEHHS 3arajibHOTO PO3B'S3KY  OJHOPIIHOIO
nudepeHIiaITbHOro PIBHSIHHS 1-T0 NOPSAIKY.

3. JludepenuianbHe piBHIHHS 3alUCaHE Y BUTTISAL
P(x,y)dx + Q(x,y)dy = 0:

a) 3a SIKO1 YMOBU e PIBHSHHS oyne OJTHOPITHUM?

0) y IKOMY BUIAJKy BOHO € PIBHSHHSM 3 B1JIOKPEMIIIOBAHUMU 3MIHHUMU?

4. Ski nudepenitiaabHi piBHSIHHS 3BOASITHCA 10 OJHOPIAHUX? BKazaTu MeTo

IXHBOTO PO3B’SI3yBaHHS.

4. JIiHiiiHi pIBHSIHHS IEPUIOT0 MOPSAKY

PiBHsHHS BUTY

y+px)y=qXx) (4.1)

HA3UBAIOTHCA JHIUHUMY TOMY, 0 (PYHKIS Yy 1 11 MOXigHA y' BXOASTh B HUX B

NEPIIOMY CTYIIEHI.
Oynkuii p(x) 1 q(X) BU3HAYEHI 1 HENEPEPBHI y MPOMIKKY (a, b).

SAxmo npaBa yactuHa (1) — pyskiis g(x) = 0 mpu BCiX 3HAYCHHSIX 3

(a, b), TO pIBHSAHHS IPHUBIT BUTIIA

y+p)y=0 (4.2)

1 HA3MBAETHCA y pa3l JIHIMHUM OJHOPIAHUM AU(PEPEHIIATBHUM PIBHIHHIM
nepuioro nopsaky. JliHiiiHe pIBHSHHSA € PIBHSHHSIM 3 B1JIOKPEMIIIOBAHUMU

3MIHHUMH

dy=—P(x)dx;, [ =—[P(x)dx;, Iny=—[Px)dx+ InC;
y y
y = Ce~JP(@dx (4.3)

C-noBiJbpHA IOCTIIHA
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3arajibHe pO3B’SI30K JIHIMHOTO HEOTHOPIAHOTO piBHSAHHS (5.1) MOXXHA OTpUMATH

MeTonoM bepHymii abo MeTo0M Bapiailii AOBUIBHOT cTanoi (MeTon Jlarpanxa).
Memoo eapiayii dosinbroi cmanoi (memoo Jlazpanoica).

Meron Jlarpanka mossirae B TOMY, 110 3arajibHe PO3B’SI30K JIIHIAHOIO
HEOAHOPIAHOTO piBHAHHS (5.1) MOXXHA 3HAWTU BUXOJAYM 13 3arajibHOTO
pO3B’si3Ka BIAMOBIJHOIO OJHOPITHOIO PIBHSHHS, B SIKOMY CTally BBa)KalOTh

(GyHKLI€LO.
y(x) = C(aye~ ] PO (4.4)
C(x)- mesika, 10 MiAJIsra€ BUSHAYCHHIO, QYHKIIIS, M0 AU(EPEHIIIFOETHCS BifT X.

s 3uaxomkenns C(x) motpiOHO migcTaBuTH B piBHSHHS (4.1), mo

MPU3BOIUTH JI0 PIBHSIHHS
C'(x)e- IPO™ = (),
C(x) = [ Q(x) e/ Pdx + (C,
ne C — moBlIbHA CTalIa.

[MincraBistiroun 3HadiaeHy ¢ynkiito C(x) y Bupa3 (4.4) mictaemo

3arajibHUI pO3B’ 30K JIHIKHOTO HEOJHOPIIHOTO PIBHSAHHSA (5.1) Mae BUrIsig
y = (J‘ Q(X) ef P(x)dx + C)e—fP(X)dx.

3aysaosicennsi. 3aradbHUM PO3B’SI30K HEOAHOPIAHOTrO piBHSHHS (4.1)
JIOPIBHIOE CYyMi 3arajibHOTO PO3B’SI3KY Yso BIAMOBIJHOTO OJHOPITHOTO PIBHHHS
(42) 1 YacTMHHOTO PO3B’A3KY VYuy JAHOTO HEOJHOPIAHOTO PIBHSIHHS:

y3H=y30+y‘{H
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Memoo Etinepa

3arajgpHe PO3B’SA30K HEOTHOPITHOTO PIBHSHHSA MOYKHA 3HAWTH TaKOX 3

JIOTIOMOTOI0 TaK 3BAHOT'0 IHTETPYIOUOr0 MHOKHUKA (Memoo Etinepa).
[ToMHOX)y€eEMO 00M1B1 YaCTUHU PI1BHAHHA (5.1) HA QyHKLIIIO P = e/ Pedx
y - ef POdx 4 p(x)y - ef PO = Q(x) - e/ PRI
abo
by el PGIdx.. — Q(x) - e PeOx

OTtxe,
y - el Pdx — Q(x) - el P()dx +C

Memoo Bepwyni

Merton bepuyii nosisirae B ToMy, 110 pO3B’sI30K piBHSAHHSA (4.1) mmykaeMo

y BUTJIS1 JOOYTKY JBOX (DYHKITIH
y = u(x) - v(x)
Jie U Ta ¥ - AB1 HEB1IoMI1 (DYHKIII1, OJIHA 3 KKUX JOBLIbHA, aJIie¢ HE PiBHA HYJIIO.
I[TixcTaBnsroun BUpasu y Tay B piBHAHHA (4.1), OTprEMaEMo:
uv+uv + P(x)uv = Q(x),
abo
ulv' + P(x)v] + uv = Q(x)

Kopuctyrouncs noBinbpHICTIO y BuOOpi GyHKIii v(x), migdepeMo ii Tak, Mmoo

BHUpa3 y Iy’KKaX JOPIBHIOBAB HYJIIO, TOOTO

v+ P(x)v=0.
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3HaXOI[I/IMO 3arajbHHUI PO3B’SI30K:
Y
— —J P(x)dx
v=_Ce J P&

B cuny noBinbHOCTI BHOOPY (YHKIII v, BUOEpEMO 3 IbOr0 3arajibHOTO

PO3B’SI3KY SIKU- HEOYb YACTUHHUM PO3B’SI30K, MOKIaBIIM, Hanpukiaa, C1 = 1.
TOJI1

vu = Q(x) u = E® = Q(x)efp(x)dx
u=C+0Q(x)e P
y=uv = efP(x)dx[C +0 Q(x)efP(x)dx]

Hpuxnan 1. 3HaiiTu 3araabHUNA PO3B’A30K PIBHSHHS

, 1
y —yctgx =

sinx
Po3zs’s3anns. Jlane piBHsiHHS Ma€ BUTIIA (5.1), TOOTO BOHO € JIIHIHHUM BITHOCHO

mrykanol GpyHKii y Ta ii moximuoi y', npu mbomy P(x) = ctgx, Q(x) =_1 .
sinx

Jlns ioro po3’si3aHHs 3acTocyemMo Metoi bepHyii, ToOTO 3arainbHUi

PO3B’SI30K IIYKATUMEMO y BUTIISIL

y = u(x) - v(x)
3Biacu

y =uv+uv

ITigcTaBiasieMo y Tay B PiBHSHHS
: : 1
uv+uv —uvctgx =
sinx
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uv+u(v —vctgx) =
sin x

Jlns BusHaueHHs HeBimomux QyHkmin u(x) i v(x) po3id’emo oTpumanHe

PIBHSIHHSA HA JIBa PIBHSIHHSL:

v —vctgx = 0,
gl

¢

uv =
sinx

Po3B’s13yeMo mepiie piBHSHHS CUCTEMH, SIK PIBHSHHS 3 BIJOKPEMIIIOBAHUMU

3MIHHHMU:
dv dv _
=vctgx > 0 = 0ctgxdx = In|v| = In|sinx| + In|C |
dx dx 1
3BiaKH

v=_Csinx, peC=+C

OCKUIBKM B IaHOMY PIBHSIHHI JOCUThH 3HAUTH SIKUM — HEOY1b YACTUHHUHN

PO3B’SI30K, TO, JJI CHPOIICHHS NOAAIBIIOr0 Po3B’si3aHHs, mokiagemo C = 1.

(Hagani, mpu po3B’sA3aHHI NEPIIOTO PIBHAHHS CUCTEMU, IOCTIHHY IHTETPYyBaHHS
3amucyBatu He OyAemMo, 3pa3y IIyKal4u KHOro HAWMPOCTIIUNA YaCTUHHUU

PO3B’SI30K, SIKWH, SIK MPaBUII0, MOXHA oTpuMatu ipu C = 1 a6o C = 0).
Tom v = sinx

[MizcraBasiemo QyHkiio v(x) = Sinx y apyre piBHSAHHSA CHCTEMH i
3HaiimeMo dynkitiro u(x):

du 1
__sinx = = u(x) = —ctgx + C.
dx sinx

OT1xe, 3araibHUN PO3B’ 30K 33JJAHOTO PIBHSHHS
y = u(x) - v(x) = (—ctgx + C)sinx = —cosx + Csinx.

Ipuknan 2. 3HalTH YaCTUHHUN PO3B’A30K PIBHSHHS
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y + y - cosx = sinx - cosx, o 3a0BOJIbHSE 09aTKOBY yMoBYy y(0) = 0.

Po3zs’saz3anns. JIng po3B’si3aHHs 3acTocyeMo MeToJ bepHyuti, TOOTO 3arajabHuUiA

PO3B’SI30K IIYKATUMEMO y BUTIISIL
y = u(x) - v(x)
[TopiBHIOIOUM 3a7aHe PiBHSAHHA 3 (4.1) oTpuMaemo, 110

P(x) = cosx; — [ P(x)dx = —sinx . Tomy MHOkHUK e~/ PX)dx = g=sinx,
a T1JICTAHOBKA 3aIUIIEThCS TaK

y — 'U(.'X,') . e—sinx
[TigcTaBisitoun 11€ 3HAYEHHS 3aJlaHe PIBHAHHS, OTPUMAEMO:

y’ — v’ s e—sinx — p . e—Sinxcosx
COSX Yy = COSX 'V * e~Sinx
sin xcosx = v' e=sinx

Buitnuio piBHAHHS 3 BIJOKPEMITIOBAHUMU 3MIHHUMHU

dv , ]
___reTSin¥ = §inx coSX
dx

[ToMHOXyI0UM HOTO OOMABI YACTUHU Ha €S, OTPUMAEMO

dv = esinx - sinx cosxdx,

a

v = [ esinx - sinx cosxdx = esinx - sinx — [ esinx cosxdx = esinx - sinx —

_esinx + C
[TincTaBnsrouu e 3HAYECHHS V, 3HANIEMO

y = (esinx - sinx — esinx + C)e—sinx
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Tenep 3HaIIEMO YaCTUHHUIM PO3B’SI30K.
P it p
1ICTaBIISIEM rajJbHUMN B’SA30K II0YaTKOB1 yMOBU X = 0;y = 0;
IlincraBisiemo vy 3ara 03B’ 30K IMOYaTKOBI YMOBH X = 0 0
=C—-1; =1. TAHHUH B’ 130K 3aITHIIETHCS TAK:
0=C—-1; C =1.Yac 03B’ 30K 3a €ThCS Ta
y =es™ +sinx — 1

Ipuxaax 3. 3HalTH YaCTHHHUHN PO3B’A30K PIBHAHHSA Y COSZx + y = tgx, 10

3a7I0BOJIbHSIE MTOYaTKOBY MOBY (3amada Korri) y(0) =0

Po3zs’s3anns. 3actocyemo MeTOJ Bapiallii JOBUIbHOI cTanoi (Metoy Jlarpanxa).
CnouaTky 3HaifieMo 3arajbHUM PO3B’S30K OJHOPIAHOTO PIBHSHHS, MIO

BI/IMOBIJA€ 3aJJAHOMY HEOJHOPIAHOMY PIBHSHHIO.

[HTErpy€eMo BiNOBIIHE OAHOPIIHE PIBHSHHSA
ycosix +y =0

[le piBHSIHHS 3 BIIOKPEMJIFOBAHUMU 3MIHHUMU:

4y +_dx =0, Iny+tgx=InC, y=Ce &

y  cos’x
[IIykxaeMo po3B’ 130K HEOTHOPITHOTO PIBHSHHSA y BUTIISAL Y = C(x)e~t8
C(x)- neBimoma ¢yskiis. [linctaBnstoun By 3amane piBHsSHHA Y = C(x)e~18*

uy =C(x)eter —C(x)etexr _1_

COSZX

MPUUIEMO 10 PIBHSIHHS

cos?xC'(x)e~t8r — C(x)e~tex ———cos?x + C(x)e & = tgx

cos“Xx

abo C'(x)cos?xe~t&* = tgx

tgx
3Bigku C(x) = f—eﬂdx = et (tgx — 1)+ C

cos?x
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TakuM 4YMHOM, OTPUMYEMO 3arajJibHUMl PO3B’SI30K  HEOJAHOPITHOTO

JHIMHOTO PIBHAHHS:

y3H=y30+y‘{H

y=tgx—1+ Ce &

BukopucroBytoun nouarkoBy ymoBy y(0) = 0 orpumyemo 0 = —1 + C,

3Biaku C = 1

OT1xe, po3B’si3koM 3aaaui Komri € pynkmis y = tgx — 1 + e=18*

3asoanns 0na camocmilnot pobomu

3naimu 3a2anbHUIl PO36°A30K:

8.

9.

. Xy —y = x%cosx

y + 2xy = xe=*2

2

y ——> =xlnx; y(e) =<
xlnx 2

dy ¥ —e?V*=0

dx /x

. y'cosx — ysinx = cos’x

4y cos?x +y = tgx
dx

(¥?2 + 1) &+ 2xy = 2y?
dy

’

— 1 =42 . 1) = —
y oy =X +4x+5; y(-1)=-1,5

ydx — (x + y2siny)dy = 0

10.tdx + (x — tsint)dt = 0

KoHTpoJibHI 3aniMTaHHA
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—
.

SIke piBHSIHHS Ha3UBAETHCS JIIHIMHUM TU(epeHIliaTbHUM PIBHIHHSIM 1-T0

opsaKy?

2. SIxe pi1BHSHHS Ha3UBAETHCS JIHIHHUM HEOTHOPITHUM Iu(epeHITiaTbHIM
PIBHSIHHAM 1-ro nopsaaky?

3. Slke piBHSIHHSI HA3UBAETHCSA JTTHIMHUM OJTHOPIAHUM, IO BIAMOBIAAE TAHOMY
HEOJHOPINHOMY TU(depeHIiaTbHUM PIBHSHHSIM 1-r0 mopsaky?

4. Omnucatu Meto bepHyii po3B’si3aHHs JIIHIHHUX AU(PEpEHIIATTbHIM
PIBHSIHHAM 1-ro MOpsJIIKY.

5. Y yomy nmoJisirae CyTh METOAY Bapiailii AOBUIbHOI cTanoi (Metos Jlarpanika)
PO3B’sI3aHHS JTIHIMHUX AU(EpeHIiaTbHUM PIBHSIHHAM 1-ro nopsaky?

6. Slkoro € cTpyKTypa 3arajabHOTO PO3B'SI3KY JIHIMHOTO TU(PEPEHIIATBHOTO

piBHSIHHA 1-TO mopsaky?

S. PiBusinus bepuyJuii
O3nauenns. PiBHsSHHAM bepHyiul Ha3uBaeThes qudepeHiiiaibHe piBHIHHSA 1-T0

MOPSAJKY BUTJISIY

Y +p(x)y = q(x)y (5.1)

Hen € R n+#0,n+ 1,ap(x) i q(x) —Bu3HaUeHi i HEMEPEPBHi HA ICAKOMY

NPOMIKKY (PYHKIII].

Axmo n = 0, To piBHsAHHA (5.1) € NIHIKHUM HEOJHOPITHUM PIBHSIHHSM,
akio n = 1, To piBHsAHHS (5.1) € NIHITHUM OAHOPITHUM PIBHSHHAM. [ 1HIIMX
JMIACHUX 3HAYEHb MTOKA3HUKA 11 PIBHSAHHS bepHyIl MOKHA 3BECTH JI0 JIIHIHHOTO

nudepeHIiaaIbHOro PiBHSIHHS, 33 JOIIOMOT'OI0 BBEIEHHS HOBOT QYHKIT Zz = Z(X).

[Ticnst MHOKEHHS HOTO 000X YaCTWH HAa Y™™ Ta MJICTAHOBKU Y1~ = z .ne z -

HOBA IlIyKaHa (yHKIIs, BOHO HABOJUTHCS JI0 JIIHIHHOTO.
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Ilnan po3s'sasanns. IleperBopeHHs piBHsIHHS bepHyJi B JliHIHE TPOBOAUTHCS B

TaKii MOCI1OBHOCTI:
1) MOMHOXMMO OOH/IB1 YACTUHU PIBHSHHS HA Y™

2) BBemeMoO TMIACTaHOBKY Yyl =z OOuaBi 4YacTUHW 1€l PIBHOCTI

npoaudepeniyemo: (1 —n)y "y’ =z'; yy' :Iz’_
—Z

3) oTpuMaHe piBHSAHHS IPOIHTETPYEMO SIK JIIHIHHE 32 JOMOMOTOIO0 M1JICTAHOBKU
y = uv = el P@Wdxy(x) y sxiit samicts y TpeGa mucaty z;
4) moBepHEMOCS JI0 TITyKaHOi PYHKITi, 3aMiHIOI0UH Z Ha Y1~ .
Ipuxnax 1. Po3s's3atu piBHAHHS V' + L= x2y*,
X
Po3zs’sizanns. 1le — piBasiuug bepnyini. [IpoinTerpyeMo ioro MeTo1oM Bapiaiii

JMOBUIbHOI MOCTiMHOI. JIJIsi 1bOrOo 1HTErpyeMO CHOYATKy BIJMOBIAHE JiHIAHE

OJIHOP1JIHE PIBHSIHHS

y +¥=0, pimenns skoroy = C .
X X
[[Iykaemo BupileHHs: BUX1JHOTO piBHAHHS bepuymmi. [Tpunyctumo

y=f@ L _fw @

x x x2

[TincTaBnstoun y Ta y' y BUXIJHE PIBHSHHS J1a€:

C(x) C(x) Ck) C(x) *
———t—F=x%d a
X X X X
C'(x) C(x) *
X X

[HTErpYyeEMo oTpuMaHe piBHSHHS:

dCx) = dx, — 1 =Inx—-InC. C(x) =3

Co  x 3P P3m®
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TakuM UMHOM, 3arajibHe PIIIEHHS BUX1IHOTO PIBHSIHHS

C 1
y = SCX)Z S

xV3in()

Hpuxaan 2. IpoiaterpypaTy piBHSHHA Y — 2 _ = 4 _y
P p Py p y T T arctgx.

Po3zs’saizanns. 1le Takox piBHsHHS bepuymmi. [IpoinTerpyemo ioro meroaom

bepnymnni, HaBimo nokinaaeMo IlifcraBistoun BUXiAHE PIBHAHHS Y = UV,

y = u'v + uv', 3srpynyeMo 4iIeHH, 0 MICTATh Y TIEPLIOMY CTYIEHI:

- - 2xv Niri
WO =) =4 arctga
[IpuiiMemo 3a v sikech MPUBATHE PIILICHHS PIBHSHHS
, 2xv
i
Po3ninisitoun y HbOMy 3MiHH1, 3HAX0JIUMO
v = 2xdx; Imv=In(1+x?) v=1+x?

v 142

JI1s molryKy MaeMo piBHSIHHS

, N1
uv=4______ arctgx,

V1 + x?

a60 (ockinmpku v = 1 + x2)

' 4\/1_1arctgx
Uu=—""—">-5"
1+ x?

Po3xiasemo 3MiHHI Ta iHTErpyeMo 4 — 297Ctex
2
2vu 1+x

Vu = arctg?x + C

Takum guaom, u = (arctg?x + €)>  y=uv = (1+ x2)(arctg*x + C)?

3arajibHe PIillICHHS BUXITHOTO PIBHSHHSL.
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3asoanns 0na camocmilinot pobomu
3HaNTH pO3B’ 30K PIBHIHHS:

l. y+1ly=2mxy2

X X
2.y —Lly=—y?
X

3. y +1—’i-%=ny

4. xy' —ylnx+y =0

5. (x2—4)y' — 4y = —(x + 2)y?
6. 4xy + 3y = —exx*tys
7

2
Ly + 3’?:/1: yZ(x3 + 1)sinx; y(0)=1
X

8. y+2y= 2y

x cos?x
9. ydx + (x + x2y?)dy = 0
10.y +y=edYy; y(0) =2
4

KonTpoJibHI 3aniuTaHHA

1. Slke piBHSIHHS Ha3UBA€ETHCS PIBHSAHHIM bepHyi?

2. Omnucatu MeTOJ| po3B’si3aHHS piBHAHHS bepHyi?

3. Yum Bizpi3HsA€eTbCs piBHSAHHS bepHyIUI Bl A1HIHHOTO HEOTHOPIIHOTO
nudepeHIiaibHOTO PiBHIHHA 1-TO mopsaky?

4. Yu MoxHa po3B’sA3yBaTu piBHSIHHS bepHysuti 0e3nocepeAHLO METOI0M

Bepnymi, He 3BoAsIuM MOTO 10 JIHIMHOTO PIBHAHHS?

6. PiBHsiHHA Yy NOBHMX aHdepeHiagax

SIK110 p1BHSHHS

M(x,y)dx + N(x,y)dy = 0 (6.1)
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Bomomie THM BIIACTHBICTIO THM BJIACTHBICTIO, IIO MOTO JIiBa YacTHHA €
NOBHUM  gudepeHiiagsoM  Jeskoi  (QyHKIii  JBOX  3MIHHUX,  TOOTO

N(x,y)dx + N(x,y)dy = dU(x,y)
11 TaKe PIBHSIHHS HA3UBAETHCS PIBHSAHHIM Y TOBHUX AUdepeHIianax.

PiBHsHHS y moBHEX audepenmianax 3apxau y surasai dU(x,y) =0, a

TOMY MOT0 IHTETpall €

U(x,y) =C.
Hpuxaan 1 . laHo piBHIHHSA
x?dx +ydy =0
MOro MOKHA 3aMCaTH TaK:
d(U(x,y)) =0

JliBa yacTrHA JaHOTO PIBHAHHS Ma€ MOBHUM AudepeHuian GyHKIIii

Ulx,y) = < + Y
3 2
TOMY 3araJibHUM 1HTErpal PIBHSIHHS €
B3y
3tz =¢

Icnye ymoBa, sika 1a€ MOXJIUBICTh Y KO)KHOMY BUIIQJIKy BCTAHOBUTH, YU

OyJle 1aHe PIBHSHHS PIBHSHHSIM y MOBHUX AUdeEpeHIiaiaxX Yy Hi.

Ski110 J1iBa YaCTUHA PIBHAHHS € TOBHUM JU(EPEHIIaIOM NIEBHOI (DYHKIIII,
TO
oU(x, oU(x,
(x,¥) dx + (x,¥) dy
0x dy

M(x,y)dx + N(x,y)dy =

TOOTO
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M(x,y) = UGy | N(x,y) =2V
ox ay

[Mpunyctumo, mo M(x,y) Mae OesnepepBHY NMPUBATHY MOXiTHY 1O Y, a

N(x,y) — mo x; Toxi

oM _ 9%U oN _ 9%U

dy oxdy °’ 0x  dydx
3BiJICH BUILIUBAE, 1110 WM = N
ay ox

TakuM YMHOM, SIKILIO PIBHSIHHS € PIBHSIHHSAM Y MMOBHUX AU(epeHIlianax, To

oM _ ON (*)

9y  ox
OTpumanu HEOOXiIHY YMOBY TOTO, 1110 PIBHSHHS € PIBHSHHSIM Yy MOBHHUX

nudepeHiianax .

JloBenemMo, 1o 1 yMOBa € TaK0XK JOCTaTHbOX0. Hexall BUKOHy€eThCA yMOBa
(*). 3naiimemMo (QyHKIII0O MOBHUM IudepeHIian aKoi JOPIBHIOE JiBIM YacTUHI

PIBHSIHHSL.

TaK sK

aU(x,y)

=M ,
9% )

To Bci Qynkmii  U(x,y) Taki, 10 3aJ0BOJIBHSIIOTH IIbOMY CITiBBiIHOIIIEHHIO,

3a1a10ThCsl POPMYJIIOIO
Ulx,y) = 0M(x,y)dx + C

ne C e yHkiis Bix y:
C =C>y).

[MToxaxkemo, mo C(y) 3aBKIu MOKHA BUOPATH TaK, MO0
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Wy o

Cnpasni, Hexai
0 o
a—ao M(x,y)dx + C(y)a = N(x,y)
X
TOMl
, 0
C(y) =N(xy) — =0 M(x, y)dx
X

C(y) MOXHa 3HAWTU TOMi, KOJW TpaBa YaCTUHA OCTAHHHOTO BUPAKCHHS

3aJICKUTH JIUIIIE BIJ Yy, TOOTO, KOJIU

0 (Nex ) — ° _
a[ (x, y)] a—yOM(x,y)dX]—O

3BicK BUIUIMBAE, 1O (*) BUKOHYETHCS, SKIIO BUKOHAHO YMOBY, IIIO

MOTPIOHO TOBECTH.

Jloka3 1O0CTaTHOCTI YMOBHU Ja€ MPAKTUYHUN OPUIOM JJIs BUPILICHHS

PIBHSIHb Y TOBHUX Au(epeHIlianax.

Ipuknan 1. Po3B’s13aTu piBHSAHHA

(V2—x)y —y+x2=0.

Q
=3

M =-1, N

o = -1
ay ox

Po3zs’azanns.

Ile nane piBHSIHHS € PIBHSIHHS B OBHUX JU(epeHIiaiax.

3HaxX0IUMO

U(x,y) = O(=y + x2)dx + C(y)
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3
X
Ulx,y) = —xy + EY c).

3
W=—x+C)=y>—x, Cy=y* CO)=»+C
ay 3 !

—xy +x"3/3+y"3/3 =C.
3araibHUM IHTErPall [IbOTO PIBHSIHHS.
Ipukaan 2. Po3p’ssaru pisasuas (x2 — 1)y + 2xy — cosx = 0.
Po3zs’sz3anns. e € piBHAHHS B MOBHUX JU(epeHIlianax, BAKOHY€ETbCS:

oM ON
= = 2X.

dy Ox

3HaxX0IUMO
U(x,y) = 0(x2 — 1)dy + C(x),
U(x,y) = x2y —y + C(x),

a_ax [x2y —y + C(x)] = 2xy — cosx,
2xy + C'(x) = 2xy — cosx,
C'(x) = —cosx, C(y) = —sinx + C1
BignoBinge: x2y —y — sinx = C
Memooom inmezpyiouo20 MHONCHUKA

YacTo piBHSIHHS, AJI IKUX YMOBA (*) HE BUKOHYEThCS, IIIIXOM MHOXXEHHS
Ha creliagbHO 00paHy (QYHKIIII0 MOXe OyTH MEPETBOPEHO HA PIBHSIHHSA Y TOBHUX

nudepenIianax.
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s y Takuii cnoci® migiOpaHa (yHKIIS HA3UBAETHCA IHTETPYIOUUM

MHOXHUKOM. A 3BEICHHS PIBHSHHS JO PIBHSHHA y MOBHUX AudepeHiaiax

Ha3MBA€TbHCA MCTOAOM iHTery}O‘IOFO MHOXXHHKaA.

[HTerpyrounii MHOXHUK MOXHA 3HAWTU 1l piBHSHB BUAY (6.1), K10

Horo KoeQilieHTH 3aJ0BOIBHSAIOTH YMOBaM
M(x,y) = p1(0)f1(y)
M(x,y) = @2(0)f2(y)
P1()f1(y)dx + p2(x) f2(y)dy = 0
[UISIXOM MHOKEHHSI 000X YaCTUH HOTO HA MHOKHUK
p2(x) = 0 f1(y) #0
OTPUMAEMO PIBHSIHHS

210 gy 4 20 dy = 0
@2(x) f1)

AK€ € PIBHSHHSM Y TOBHUX AudepeHItianax.

Taxkum unHOM, —L— Gyne iHTErpyIOYNM MHOKHUKOM PiBHSHHS.

P2()f1(y)
3arajgpHUM 1HTErpaa TAKOT0 PIBHSHHS Ta€THCS (POPMYIIOIO.

Ocpl(x) dx+0fz(y) dy =
@2(x) f1(y)

C

Hpuxnan 3. 3HaliTy 3aranbHU IHTETPaAJ PIBHSIHHS

ye~oS*dx +

Po3zs’siz3anns. TlomHOKYyeEMO 0OMIB1 YACTUHU PIBHSHHS HA

. Iny
ye—cosxgsinxdx + ___dy =10
y

(6.2)

(6.3)

p(x,y) = sine

y
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3BIJCH IHTETPYBAHHS OTPUMYEMO 3arajJbHUN IHTETPaJ
e—cosx + %lnzy = C.
Hexaii nano piBHSHHS
M(x,y)dx + N(x,y)dy =0

SIkmio ymoBa 8M £ 9N He BUKOHYETHCS, TO TpeOa 3HAWTH IHTETPUPYIOYHIA
ay ox

MHOXXHUK.

SKI1110 y JaHOTO PIBHSAHHS ICHY€E IHTETPUPYIOUUN MHOXKHUK, KIH 3aJI€KITh

TUIBKH BIJl X, TO BiH 3HAXOAUTHCS 32 (OPMYIIOIO

u= ef(p(x)' e (p(x) = _u

SKI1110 y JaHOTO PIBHSAHHS ICHY€E IHTETPUPYIOUUN MHOXKHUK, KIH 3aJI€KITh

TUIBKH BiJT Y, TO BiH 3HaXOAUTHCS 32 HOPMYJIOIO

dM 0N

dy — 0x
u=elv®, e ) = *
Ipuxnan 4. Po3B’s13aTu piBHSHHS

(xy — x2)dy + (y2 — 3xy — 2x2)dx = 0

Poszé’sazanua. M = 2y — 3x

N =y—2x oM 3 N
ay 0x dy ox
3HaX0IMMO
oM ON
dy — ox 2y —3x—y+2x 1
= = — = X
N -0 —x oW
dx

u=elx, u=nx
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[ToMHOXYyI0UM pO3B'A3yBaHE PIBHAHHS HA X
x(xy — x2)dy + x(y? — 3xy — 2x2)dx = 0

OTpuMyeMo piBHSIHHS y TOBHUX Au(epeHiiianax. Bupiiryemo ioro:
2,2
UCay) = [y = 2)dy + (), Uxy) =2 _=xy + (),

xy? — 3x2y + @'(x) = xy? — 3x%2y — 2x3

4

@'(x) = —2x5, o(x) = —x?

24,2 4
~X _¥y-T=¢
2 2

- IIyKaHUH 3arajlbHUM 1IHTErpal
Mpukaan 5. Poss’sokite pisasaas (2xy? — y)dx + (y2 + x + y)dy = 0.

Poseé’azanna. M =4xy—1, N =1 M 3N

ay Ox ady ox
3HaxX0UMO
dM oN
dy —ox “Axy—1-1 2(2xy — 1) 2

-M 2xy2 —y __y(ny—l):_;,:(p(y)

2
— [=d _
efyy H—%

H =
[ToMHOXy€eMO PO3B'sI3yBaHE PIBHSIHHSA Ha

pw=__
y2

1 x 1
2x——)dx+(1+—=+-)dy =0
(2x=2) A+a+)dy

OcraHHE pIBHSIHHS — PIBHSHHA y NOBHUX Audepeniiianax. Bupimryemo iforo
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1
U(x,y) =0 (2x —;) dx + o), U(x,y) = x? —§+ o)

2+ ()=1+2x+L o) =1+"1 py)=y+iny + (i
y2 y: oy y

BigmoBinp: x2 —x*4+y + Iny = C.
y

3asoanns 0na camocmitinot pobomu

1. (x + siny)dx + (xcosy + siny)dy = 0

. (y + exsiny)dx + (x + e*cosy)dy = 0

. (xy + siny)dx + (0,5x2 4+ xcosy)dy = 0

2+ y24+y)dxe+ Q2xy+x+e¥)dy=0; y(0)=0
. (2xye*?2 + Iny)dx + (ex2 + i‘dy =0; y0)=1

. (x% + siny)dx + (1 + xcosy)dy = 0

yexdx + (y + e)dy = 0
. (B3x%y + sinx)dx + (x3 — cosy)dy = 0

. (tgy — ycosec?x)dx + (ctgx + xsec?y)dy = 0
10. (arcsinx + 2xy)dx + (x> + 1 + arctgy)dy = 0

KonTponpHi 3anuTanHs

—

. SIke pIBHSIHHSI HA3UBAETHCS PIBHAHHAM B TOBHUX AU(epeHIiianax?

[\

. Ka yMOBa NMOBMHHA BUKOHYBATHCS, JJISl TOTO 00 PIBHSHHS OYJIO B

MOBHUX AudepeHIiamax?

[98)

. 3a K010 (OpMYJIOI0 3HAXOAATh IHTETPYIOUUN MHOKHUK MPU YMOBI, IO

BIH 3QJIEKUTH TUIBKHU Bl X7

N

. 3a ko010 (OpMYJIOI0 3HAXOAATh IHTETPYIOYUN MHOKHUK MPU YMOBI, IO

BiH 3QJIC)KUTH TUIBKH BIJ Y
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Po3moaiu 0aJiiB, AKi OTPUMYIOTH CTYJI€HTH 32 pe3yJbTaTaMU
MOTOYHOIO i MiACYMKOBOI0 KOHTPOJI0

3micToBui MoayJb 1

Tema 1. ludepenniianbHi piBHSIHHS NEPIIOTO MOPSIAKY, PO3B’si3aHI CTOCOBHO

MMOX1IHOT
Temu bamn Pazom
3arayibH1 MOHSTTS Ta O3HAYCHHS 0-4
PiBHSAHHS 3 BIHOKPEMIIOBAHUMHU 3MIHHUMU. . . 0-5
Onnopiani nudepeHIiaabHi pIBHIHHS MEPILIOTO 0-5
MOPSIAKY Ta PIBHSIHHS, IO 0 HUX 3BOJSATHCS 35
JliniitHi tudepeHIianbHi pIBHSIHHS MEPIIOTro 0-10
MOPSIIKY
PiBusanns bepnaysmi 0-6
PiBHsAHHS y TOBHUX AU(EpeHITianax 0-5
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