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1. Introduction

We consider the Sturm-Liouville boundary value problems with Dirichlet and Neumann boundary conditions on a finite
interval [0, a]. By the Dirichlet-Dirichlet problem we mean the one with the Dirichlet conditions at both ends of the interval
(see problem (2.1), (2.2)), by Neumann-Dirichlet the problem with the Neumann condition at the left end and the Dirichlet
condition at the right end (see problem (2.1), (2.3)) and so on.

It is well known that the spectra of the Neumann-Dirichlet (or the Dirichlet-Neumann) and the Dirichlet-Dirichlet
boundary value problems generated by the same potential uniquely determine this potential in L, (0, a). Also it is known that
the spectra of two boundary value problems with the same Robin boundary condition at one of the ends and different Robin
conditions at the other end of the interval uniquely determine the potential and the constants in the boundary conditions.
These results are due to Borg [ 1] (see also [2-4]). If the boundary conditions are given data then the problem of recovering the
potential appears to be overdetermined (in the case of Robin conditions). One needs to know not all the eigenvalues of the
two spectra. This was shown in [5] and is sometimes called the ‘missing eigenvalue problem’ (see [6]). Further development
of this theory lies in the use of one spectrum together with the knowledge of a part of the potential [7,5,8,6,9].

Another direction of generalization of the above results is to use eigenvalues of more than two spectra to determine
the potential. In [10] it was shown that 2/3 part of the union of three spectra of boundary value problems with the same
boundary condition at one of the ends uniquely determine the potential. In [11] a similar but more general sufficient
condition of unique solvability was given for the case when the known eigenvalues were taken from n different spectra
(see [12] for a topical review).

In the present paper we consider real potentials from L, (0, a) which enables us to use interpolation in the Paley-Wiener
class using the results of [13,14]. We use eigenvalues of four boundary value problems, namely the Dirichlet-Dirichlet, the
Neumann-Dirichlet, the Dirichlet-Neumann and the Neumann-Neumann problem to recover the potential.

In Section 2 we describe some well known facts about interlacing properties of eigenvalues of the Dirichlet-Dirichlet,
the Neumann-Dirichlet, the Dirichlet-Neumann and the Neumann-Neumann problem and the eigenvalue asymptotics

E-mail address: v.pivovarchik@paco.net.

0022-247X/$ - see front matter © 2012 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2012.07.018


http://dx.doi.org/10.1016/j.jmaa.2012.07.018
http://www.elsevier.com/locate/jmaa
http://www.elsevier.com/locate/jmaa
mailto:v.pivovarchik@paco.net
http://dx.doi.org/10.1016/j.jmaa.2012.07.018

716 V. Pivovarchik / J. Math. Anal. Appl. 396 (2012) 715-723

of these problems. We reformulate known results of [4] in the form of a theorem on solvability and uniqueness of
solution of a functional equation. This theorem is used in Section 3 where we prove that certain parts of the spectra of
the Dirichlet-Dirichlet, the Neumann-Dirichlet, the Dirichlet-Neumann and the Neumann-Neumann problem uniquely
determine the potential. We also characterize the given data of such inverse problem, i.e. we give conditions necessary and
sufficient for four sequences of real numbers to be the squares of eigenvalues of certain parts of the spectra of the mentioned
problems and describe the procedure of recovering the potential. We use the method that was earlier used in [15] to solve
the three spectral inverse problem and in [16,17] to solve the inverse problem on a star graph.

2. Direct problems

Let us consider four boundary value problems with a real potential g € L,(0, a): the Dirichlet-Dirichlet problem

-y +qy =%, x€l0,a (2.1)
y(0) =y(a) =0, (2.2)
the spectrum of which we denote by {v}> 20 (Vo = =), the Neumann-Dirichlet problem

—y"+axy =2%, x€l0,a

y'(0) =y(a) =0, (2.3)
with the spectrum denoted by {x}>, k20 (_x = — k), the Dirichlet-Neumann problem

-y +q@y =%, x€l0,d

y(0) =y'(a) =0, (2.4)

with the spectrum which we denote by {x;}> £0 (k_x = —ky), and the Neumann-Neumann problem

-y +qxy =%y, x€[0,q

y(0)=y'(a) =0, (2.5)
with the spectrum which we denote by {4} ko Y {¢_0, ¢+0} ((—x = —&k). This way of enumeration appears to be
convenient. '

Let us denote by s;(A, x) the solution of the Sturm-Liouville equation (2.1) which satisfies the conditions s;(A, 0) =
s}(k, 0) — 1 = 0 and by ¢j(A, x) the solution which satisfies the conditions ¢j(A,0) — 1 = Cj’(k, 0) = 0. According to [4]

sin Ax X sin At
s(A,x) = + K (x, t)Tdt
0

y
_SIAX ) S5 +/X K (e, £) 252 e (2.6)
Y X T e T
where
K (x, )

K(x,t) =K, t) —Kx, —t), K, t)= o

and K (x, t) is the solution of the integral equation

X+t X+t

K(x,t) = %/ ’ q(s)ds+/Tda/Tq(a+ﬁ)k(a+ﬁ,a—ﬁ)d5.
0 0 0

The solution K(x, t) possesses partial derivatives of the first order each belonging to L, (0, a) as a function of each of its
variables. Moreover, K (x, 0) = 0 and

K(x,x) = %/ q(t)dt.
0

It is clear also that

, sinAa X sin At
s'"(A, x) = cos Aa + K(x, x) T + Ky (x, t) P (2.7)
0

X
c(A,x) = cosAx—i—/ B(x, t) cos Atdt
0

sin Ax X cos At
= cos Ax + B(x, x) Iy + B:(x, t) . dt, (2.8)
0
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X
c’(A, X) = —AsinAx + B(x, x) sin Ax + / B (x, t) cos Atdt, (2.9)
0
B(x,t) = K(x,t) + K(x, —t),

B(x, x) = %/x q(t)dt.
0

Using (2.6)-(2.9) we obtain
sin Aa K cosia  Yi(A)

s(A,a) =

A A2 Az2
sin Aa A
c(A,a) = cosra+ K + ¥a( ),
A A
sin Aa A
s'(A,a) =cosha+ K + %)f ),

c’(A,a) = —AsinAa + K cos Aa + y¥4(L),

where K o K(a,a),y; € £7( = 1,2, 3,4) and L is the Paley-Wiener class of entire functions of exponential type < a
which belong to L,(—oc0, 0o) for real A. Moreover, ¥1(0) = K, ¥,(0) = ¥3(0) = 0 otherwise s(A, a), s'(A, a) or c(A, a)
would have a pole at A = 0. By the Paley-Wiener theorem £°- functions are the Fourier images of all square summable
functions supported on [0, a]. It is clear that {v,}> k20 is the set of zeros of s(4, a), {1k} k£0 is the set of zeros of c(A, a),
{rr}>. k20 is the set of zeros of s'(A, a) and {6 %, ko Y {¢_0, C.0} is the set of zeros of ¢’(A, a). Let us mention one more
well known result (see, e.g. [4]). The eigenvalues of problems (2.1), (2.2); (2.1), (2.3); (2.1), (2.4) and (2.1), (2.5) behave
asymptotically as follows:

kK ol

W = 44— gk 2.10
“ et @ wk k ( )
w(k—1/2 K o
pe = k=12 K o (2.11)
k—+00 a wk k
rk—1/2) K o
Ky = —————+—+—, 2.12
e Too a wk k ( )
_ k K oz,g4) (2.13)
% I<%_+oo a k k’ .
where {a,?)},fil €l forj =1, 2, 3, 4. Also it is known that
—oo<u?<v]2<u§<v22<~-~ (2.14)
—c0 <k? <vi<ii<i<--. (2.15)
—oo<;’42_0<p€<§12<u%<-~ (2.16)
and
—oo<§i0</<12<;’12</<22<---. (2.17)

The following theorem is a reformulation of Theorem 3.4.1 in [4].

Theorem 2.1 ([4]). For two sequences {vi}™ k20 and {1}, k20 of numbers to be the spectra of Neumann-Dirichlet and
Dirichlet-Dirichlet problems generated by the same real potential ¢ € L,(0, a) it is necessary and sufficient that the following
conditions should be satisfied.

1 g = —pg, Vg = — V.
2. The sequences are interlaced as in (2.14).
3. Asymptotics (2.10) and (2.11) are true.

The following theorem is a direct consequence of Theorem 2.1.
Theorem 2.2. Let f; and g be real entire functions of exponential type a of the form

0) = sin Aa Kcos ra n V(L) (2.18)

&1 Y 22 22 '

sinia  Yn(R)
3 + L

fi(k) = cosra +K (2.19)
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where K is a constant, and v, and vr, belong to £°. Let the zeros {a,}>, k20 of fi be interlaced with the zeros of {b}> K20 of
g1 in the following way:
—c0<al<bl<a <bs<-- (a_g=—ay b= —hy).
Then equation
fiMg () —HL(Mgi(h) =1 (2.20)

possesses a unique solution (f,, g;) in the class of pairs of real entire functions of exponential type a which satisfy the condition

sin Aa n 1}3}5)\.)

g(A) =cosia+ K , (2.21)

where 5 € L0
Proof. According to [4, Lemma 3.4.2] Egs. (2.18) and (2.19) imply
wk K ,Bk
b = —+—+°5
k—+oo @ mk k

where {Bi};2, € b,

Tk—1/2 K o
Tk K
k—-+o0 a wk k
where {ay},2; € L This means the sequences {a,}>, ;o and {bi}= ., satisfy conditions of Theorem 2.1 and, therefore,
there exists a real function ¢ € L,(0, a) for which {bk}‘?oo’ k0 is the spectrum of the Dirichlet-Dirichlet problem and
{ak}i"w k0 is the spectrum of the Neumann-Dirichlet problem. The functions g; and f; are the corresponding characteristic
functions of these two problems, i.e. g¢(A) = s(A,a) and fi(A) = c(A, a). If we solve the Dirichlet-Neumann and

Neumann-Neumann problems with the obtained potential then the characteristic functions of these problems are s'(X, a)
and c¢’(A, a). The Lagrange identity is

ch, a)s' (A, a) —s(h, a)c’' (A, a) =1 =f(LM)s' (A, a) — g1 (M)’ (A, a).

This means that there exists a solution to (2.20). Let us show that it is unique. Suppose there exists another solution
(u, v) # (s'(A, a), ¢’(1, a)) to (2.20) and such that

sin Aa 1}3 A

u=cosaa+K + 3

’

where 3 € £% Then

)G (@) —u@) =g (', a) —v(r) =0
orif (c’(A,a) —v(A)) #0

g _ B

i) AR, a) —v()

where fm € £°% The last equation is false because g; is a sine-type function while 5 is not.
Let us recall that a function f is said to be of sine-type (see [13]), if its zeros are all distinct and there exist positive numbers
m, M and p such that

me\lm Ala < Lf()‘)| < Me\lm Ala

for Im A| > p.
Thus, (¢’(%, @) — v(A)) = 0 and, consequently, s'(A, a) — u(A) = 0. Theorem is proved. O

3. Inverse problems

Theorem 3.1. Let {kj}jea,cn, {Pj}jeayen, {Tidjeasen and {sj}jea,cn be sequences of natural numbers such that {kj}jca,cn N
{DiYjea,cn = 9B, {Ki}jea,on U Djljeayen = N, {1j}jeasen N {Sjljeasen = 0, {1j}jeasen U {Sj}jeascn = N
Let four sequences of real numbers {v,fj}, {g“pzj}, {,ufj} and {/cé} be given unions of which {2122, = {v,%j} U {g“pzj} and

{VEre, = {,ufj} U {/cé} being reenumerated monotonically are interlaced:

2 2 2 2
—00o < vy <& <vy <& <.
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and behave asymptotically as follows:

(1)
Tk A B

= — , k= —&), 3.1

e ad Tk P -k &) (3.1)
x(k—1 A 2)

U = M + =+, (v =-—w), (32)
k—+00 a wk k

where A is a real constant, {ﬁ,g)},fi] € I for j = 1, 2. Then there exists a unique real potential ¢ € L,(0, a) such that

{vkj} (vogy = —vy) are eigenvalues of problem (2.1), (2.2), {//Lrj} (u—ry = —pr) are eigenvalues of problem (2.1), (2.3),

{Ks;} (k—s; = —&s;) are eigenvalues of problem (2.1), (2.4) and {;1,21_} (§—p; = —&p;) are eigenvalues of problem (2.1), (2.5).

Proof. Let us notice that the sequences {&}> ., and {v}>, |, satisfy conditions of Theorem 2.1. Therefore, there
exists a real potential § € L;(0, a) for which {6} . & 20 1S the Dirichlet-Dirichlet spectrum and {v}> 40 1S the
Neumann-Dirichlet spectrum. We do not need to construct this potential but we need to find the Dirichlet-Neumann and
Neumann-Neumann spectra generated by .

For the sake of simplicity let us assume that 0 ¢ {£2}22, U {v2}2,. Otherwise, we can shift the spectral parameter
A=A+

Using {uk} > 4o We construct

oS 2
(2’()») = 1_[ (71_(1{0_1)) (U,? — )»2).

k=1 2
Then according to [4, Lemma 3.4.2] we have

sinia  T(A)

H()) = cosa + A
d() + . .

; (3.3)

where 7, € £% and the constant A can be found as

1
A=2i lim (17@(71(213—'—2)))
a p——+oo a

The function
o0
o def a2
Ao & aa (—) 2 _ ;2
w(X) g K (& )

is sine-type. To prove it we notice that according to Lemma 3.4.2 in [4] it is of the form

sin La cosra  T1(A)
—A + ,

s —
@) =— ¥ 2

(3.4)

where 7; € £ Then taking into account that @(0) # 0 we conclude that A@(1) is a sine-type function.
We choose {§,}% o U {0} as the nodes of interpolation for finding a Paley-Wiener function 73(1) and as the values at
the nodes we choose

#3(&0) = & (éf‘(&) — cos&a— AS”‘;W)

for all k # 0 and we set 73(0) = O for &, . Using (3.3) we obtain

T3(&) = & l - — cos&xa — ASirl i ) (3.5)
cos &a —I—A% + ngfk) &

To estimate asymptotics of 73(&;) we notice that (see Lemma 1.4.3 in [4])

(1280 }e2; € L. (3.6)
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Using (3.1) we arrive at

, (Aa 8
singga = (=1)"— + ——, (3.7)
wk k
2)
cosfra = (—1)"+ -, (38)
k
"> P
where |8 belong to [, forj =1, 2.
k=—00, k#0
Using (3.6)-(3.8) we obtain from (3.5):
{£3(60) %5 o € bo- (3.9)
Therefore, taking into account (3.9) we use Theorem A in [13] (see also [14]) and find
k=+o00 A
T
B =A00) Y — 36 . (3.10)
L~ dui@G) 3 —
k=—00 . ‘A " ( %-k)
=Sk

The series on the right hand side of (3.10) converges uniformly on any compact subdomain of C and in the norm of
L, (—00, +00) for real A to a function which belongs to .£°.

Let us notice that according to [13] the obtained 73(A) is the unique solution of the following interpolation problem:
given the nodes {£,}>, and the values {73(&)}>°, at these nodes, find 73.

Now, we can construct the function

sinia  T3(})
A + A

which pretends to be the characteristic function to problem (2.1), (2.4). Here fo q(x)dx = A.
Let $(X, x) be the solution of Eq. (2.1) with the potential § which satisfies conditions S(A, 0) = §(,0) — 1 = 0 and let
§'(X, a) be the value of its derivative at x = a. It is clear that

® (L) = cosra + A

, (3.11)

S, a) = o), (3.12)
$k.a)=0 (3.13)
and
sinia  73())
A

§(A,a) =cosha+A

, (3.14)

where 73 € L%
Let ¢(A, x) be the solution of Eq. (2.1) with the potential § which satisfies conditions ¢(A, 0) — 1 = ¢/(A, 0) = 0, Then
¢(A, a) = ¢()) and due to (3.12) and the Lagrange identity we have

¢, )8 (h, @) — SOn, @) (A, @) = dVS (A, @) — OW)E (A, a) = 1. (3.15)
Using (3.13) we obtain from (3.15)
$EDS (& a) = 1 (3.16)

and due to (3.16)

73(&) = & <¢71(§k) — coséra — ASHl;ka> ,

for all k # 0 and 75(0) = 0 since §'(A, a) is an entire function.
Thus, 75 is a solution of the same interpolation problem as 3, the problem having a unique solution (see Theorem A
in [13]). We conclude that 73 = 73 and, therefore

d() =5, a) (3.17)

where §'(A, a) is the characteristic function of the Dirichlet-Neumann problem with the potential §. We denote by
{1} %, k2o the zeros of §'(4, a). Then

00 2
b0 =[] (Mka_l)> (= 32).

k=1 2
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Then due to (2.13)

(k=1 A =
m = MJF TR (3.18)
k—+00 a wk k

where {y,fl)}‘f’oo’ k0 € l,. Now (3.15) implies

def PP () — A
FO) = T =c(, ), (3.19)

and, consequently,

F(A) = —AsinAa + Acos ha + 74(1) (3.20)
with %4 e L%
Denote by {e}> ko Y {e10, € 0} (e_x = —¢x fork = 40, 1, 2, 3, ...) the zeros of ¢’(A, a). Then due to (2.14) we have

Tk A @
@ = =4 g (3.21)
k—+oco @ Tk k

where {y< )} . kz0 € I, and due to (2.14)-(2.17):
—00 < €5y < min{v?, 77} < max{vi, n;} < min{e}, &7} < max({ef, £/} < min{vs, n3} < max{vy, n3} < -

Since each of the intervals (max{uvg, n¢}, min{ug, ;, 7z, ,}) (k = 1,2,...) contains exactly one element of the sequence
{£2)72, and exactly one element of the sequence {e?}7°, while the interval (—oo, min{v, n{}) contains only €2, we can
identify the elements of these sequences as follows:

e &y forke {pj} ok = —wp),
e &g fork e {k) U {0} (¢ i = —2).

Each of the intervals (max{e;, £}, min{eZ, , £2,;}) (k = 1,2,...) as well as the interval (eZ,, min{e, £7}) contains

exactly one element of the sequence {u,f};fozl and exactly one element of the sequence {r)k};f": Thus we can identify the
elements of these sequences as follows:

meE pe fork € {5} (o = —pu),
e ke fork € {1} (k_y = —kp).

Thus, we have two sequences {v,f};f:l and {Mﬁ},?il which satisfy the condition
—oo<,uf<vf<u§<v22<---.

Due to (3.1) and (3.21) the set {v;}> 50, k£0 satisfies the condition

Tk A ak(])
W = —+ —+——,
k=400 @ Tk k

while due to (3.2) and (3.18) {ui} >, k20 satisfies

nk-1) A o2
Mkk%_wtoo a +7Tk+ k-’
where{ok)} o0, k0 € L forj=1,2.

Thus, the sets {ve}>, £0 and {5, ¢ £0 satisfy the conditions of Theorem 2.1 and, therefore, there exists a unique real
function q(x) € L,(0, a) which generates Dirichlet-Dirichlet and Neumann-Dirichlet problems on [0, a] with the spectra
{5, ko AN {1k} o0 TESPECtiVEly.

We can find q via procedure [4] described below. Without loss of generality let us assume that pﬁ > 0, otherwise we
apply a shift of the spectral parameter. The function

e(l) = (1) + irw(L))e ™
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where

def = a 2 242
Aw(k)—kag(nk) (w2 — 22), (3.22)

0 2
o) =[] (n(ka_;)> (1} = 22, (3.23)

k=1
is the Jost-function of the corresponding prolonged Sturm-Liouville problem on the semi-axis:
-y +QMy =%, x€l0,00),
y(0)=0
with

0 forx € (a, 00).

Q) = {q(x) forx € [0, a]

Then we construct the S-function of the problem on the semi-axis:

A
= ei(—i)

and the function

1 o0 ;
Gx) = — f (1 —S(n))e*dx.
21 J_oo
Solving the Marchenko equation
[o¢]
Kx,t) +Gx+t)+ / K(x,s)G(s +t)ds =0
X

we find K (x, t) and the potential:

dK (x, x)
dx

which s a real function and belongs to L, (0, a).Ifs(, x) and c (A, x) are the corresponding solutions of (2.1) with the potential

q(x) thenc(X, a) = ¢(A) and s(A, a) = w(A). It means that s(v, a) = 0 for all k € {k;} and c(ux, @) = Oforall k € {r;}. It
remains to prove that s'(kx, a) = 0 for all k € {s;} and c’(¢, a) = O for all k € {p;}.

qx) =2 x € [0, a]

Denote
o0 a 2
FO) =a@ko - D[] (=) @ =,
Pl k
It is clear that
F(A) = —AsinAa 4+ Acos Aa + t4(A), (3.24)

where 14 € L£% We also consider the function

0 2
o) €] (ﬂ(ka_l)> (¢ =27

k=1 2

which admits the representation

sin Aa + 3(A)

d(A) =cosra+A . (3.25)
where 13 € L£°.
Setting £ 1o = —¢ o = €19 = —€_o we see that by the definitions {v2}22, U {22 o = {£2)2°, U {€2}2 , . That means

that the sets of zeros of the functions w(A)F(A) and cb(k)ﬁ (A) coincide. Using (3.4), (3.20), (3.24) and representation

@) sin Aa +Acos ra n T(A)
w =
A A2 A2



V. Pivovarchik / J. Math. Anal. Appl. 396 (2012) 715-723 723

which follows from (3.22) we obtain
w(WF() = dMWF(). (3.26)

By the definitions {u2}2°, U {k2}22, = (v}, U {n2)22,. Thus the sets of zeros of the functions ¢(%.)® (1) and ¢ (%) ® (1)

coincide. Using (3.3), (3.11), (3.25) and the representation

sinia ()
+ A

where 7, € £ which follows from (3.23) we conclude that

¢(A) =cosra+ A

)

PMP(L) = D). (3.27)
Substituting (3.17) and (3.19) into (3.15) and using (3.26) and (3.27) we obtain
PP (L) —w(AM)F(L) = 1.
On the other hand, the Lagrange identity is
oM (A, a) — w(X)c' (A, a) = 1.
According to Theorem 2.2 the equation
pMu) — o) =1

possesses a unique solution and therefore F(A) = ¢’(A, a) and @ (1) = s'(&, a). Therefore, ¢’ (¢, a) = 0 forall k € {p;} and
s'(kx, a) for all k € {s;}.

Uniqueness of the solution of our inverse problem follows from uniqueness of the choice of u; for k € {s;} and vy for
k € {p;} and uniqueness of the potential corresponding to {1, };>; and {v}2,. Theorem is proved. O

Remark. According to (2.10)-(2.17) the conditions of Theorem 3.1 are necessary and sufficient.
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