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ASYMPTOTIC REPRESENTATIONS OF REGULARLY VARYING

P, (Yo, Y1,A0)-SOLUTIONS OF A DIFFERENTIAL EQUATION OF THE SECOND
ORDER CONTAINING THE PRODUCT OF DIFFERENT TYPES OF NONLINEARITIES
OF THE UNKNOWN FUNCTION AND ITS DERIVATIVE

0. 0. Chepok UDC 517.925

We establish necessary and sufficient conditions for the existence of regularly varying solutions of the
second-order differential equations whose right-hand sides contain the product of a regularly varying
nonlinearity of the unknown function and a rapidly varying nonlinearity of the derivative of the unknown
function as the arguments tend either to zero or to infinity. Asymptotic representations of these solutions
and their first-order derivatives are also found.

1. Statement of the Problem

Consider a differential equation

V' =aop@®)e1(»)po(y'). (1.1)

where ag € {—1;1}, p:[a,w[—]0,4+00[ (w00 < a < w < +00) is a semicontinuous function, ¢1: Ay, —
10, +o0[ is a regularly varying [1, p. 17] function of order o as the argument tends to Yy, and ¢o: Ay, — ]0, +-00[
is a function twice continuously differentiable on Ay, and such that

1
lim @o(y) € {0,400}, ¢p(y) #0 for y € Ay,, lim M%(Zy) =1 (1.2)
y—=Yq y—=Y] (¢/ (y))
yeAYl yeAyl 0
Moreover, Y; € {0, o0}, Ay, is either the interval [y?, Yi[or]Yi,y?], i €{0,1}.ForY; = +o0 (¥; = —00),
we assume that y? >0 (y? < 0).

Definition 1.1. A solution y of Eq. (1.1) defined on [ty, o[ C [a, w]is called a P, (Y, Y1, Ag)-solution —oo <
Ao < 400 if

' ®)? _

oy Oy "

yO: 0. 0[— Ay, nTmy("’(t)=Y,-, i =01,
Tw

The aim of the present paper is to establish necessary and sufficient conditions for the existence of
P, (Yo, Y1, Ao)-solutions of Eq. (1.1) and asymptotic representations of these solutions and their first-order deriva-
tives as t T w for Lo € R\{0, 1}.
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According to the a priori asymptotic properties, these solutions are regularly varying functions of order 7 0 7
0 —

and their first-order derivatives are regularly varying functions of order 7 1 ast 1 o [2].

0—
2. Main Notation and Definitions

We introduce the following notation necessary in what follows:

t for o = +o0,

T () = 61(y) =1 (M)y
t—ow for w< +oo,

=,

V4

; ds
cbo(z):/m, q>1(z)=/<1>o(s>ds,
Aw

Aw

y?  for /Yl ds = +o00
! y? 5|10 (s) ,

g ds
Y; for / ————— = const,
9 5|91 o (s)

1

Aa):

Z()= lim (D()(Z), 7z, = lim @1(2),
z—Yq z—Y]

ZeAyl ZEAYI

OIHO
&7 (11(1) @ (@7 (11(1)

F@) =

In the case where

1
y? lim |7y (7)[F07T = Y1,
ttw
we denote
Ao — 1|7 ; o
I(t) = ozoyg p / |70 (7)|°! p(7)61 (|er(r)|/\o1 yg) dr,
0
BO

w A
b for / |70 ()% p(1)01 (Imo(r)l*o21 yS) dt = +oo,
b
B? =

w A
o for / |70 (D) p(0)6) (|nw(r)|w9'y8)dr<+oo,
b
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©I(0)P (I(x) ,
e /tl(t)cbal(l(r))dt 5! b for /b (ko—l)nw(r)df_ioo’
BZ ] o= Dre(m) 0 T T ® .
B}, (o 7o (®) w for / wdr<+oo,
b (Ao — Drmep(7)

where b € [a; w[ is chosen such that

1
yP lim |77, (7)| %01 € Ay,
ttw

fort € [b; w].

and

Remark 2.1. Tn view of conditions (1.2) imposed on the function ¢, we conclude that Zy, Z; € {0, 400}

Op(2)Po(z) | Di(2)P1(z)

e @2.1)
(%) SUCID)

Remark 2.2. The following statements are true:

T (2)

o1—1

%o

——— [l +o(l)]asz — Y1 (y € Ay,). This yields
?o(2)

(i) Po(z) = (o1 —1)
sign (906(2)@0(2)) =sign(o; —1) for z e Ay,.

P3(2)

(i) P1(z) = v, (2)

[l +o(1)]as z — Y1 z € Ay,. This yields

sign (®1(z)) = yg for z € Ay,.

(iii)) The functions @51 and <I>1_1 exist and are slowly varying as inverse functions for rapidly varying functions
as the arguments tend to Y7.

(iv) The function @} (®7"') is a regularly varying function of order 1 as the argument tends to Y;. Indeed, in
view of (2.1), the following relation is true:

L@erte) s L 9 (9@):
z—>Z (D/l (CDI_I(Z)) z—>Z ((I)/l (@1—1(2)) 2

Y (@71 (@1(y)) @1 (y) i 2TW®10)

=1

= lim -
SN (@) (7N @1()* N (@4(y)

(v) The function d>1_1 (2)

) (P72
M is slowly varying as z — Zj.
z
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Definition 2.1. Let Y € {0,+o0} and let Ay be a certain one-sided neighborhood of Y. A continuously
differentiable function L: Ay —]0; 400 is called a normalized slowly varying function as y — Y, y € Ay

[2, pp. 2-3] if

yL'(y)
im =0
vy L)

YEAyY
Definition 2.2. A slowly varying, as y — Y, y € Ay, function 8: Ay — ]0; +o0[ satisfies the condition

S as the argument tends to Y (see, e.g., [2]) if, for any normalized function L: Ay — ]0; +oo[ slowly varying as
y =Y,y € Ay, the following relation is true:

O(yL(y) =0()(A+o() as y—>Y, yeAy.
Condition S is satisfied by functions of the form In|y/[, | In|y||*, u € R, Inln|y|, and many other functions.

3. Main Results
We prove the following theorem:
Theorem 3.1. Suppose that 61 € R\{1} and a function 0 satisfies the condition S. Then, for the existence

of Py (Yo, Y1, Ao)-solutions, where Ay € R\{0, 1}, of Eq. (1.1), it is necessary and if the following condition is
satisfied:

QrAog—1+0)RAo—1)<0 for te]b,ow| 3.
and a finite or infinite limit
7o ()11 (1)
I (¢
In |11 Er; oY

exists, then it is also sufficient that the following conditions be satisfied:

o)y yIro(ho — 1) > 0, yap(ho — Drw(t) >0 for t€[a;ol, (3.3)
A 1
yo lim |nw(t)|)‘09‘ =Y, YV lim|ny(t)|*0"T =Yy, limlI(t) = Z1, (3.4)
ttw ttw ttw
I () 1 (1)
) 1. 3.5
o (1[(0)? G
I'(t)11(1)  Do(7' (11(1)) .
— =1, 1 =1, limF() = : 3.6
o 1(O1() P 1) lm PO = 307 (36

Moreover, for each solution of this kind, the following asymptotic representations are true ast ?  :
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(Ao — DOTH(1(1)) 70 (1)
Ao

Y@y = o7 L) + o], y() = [1+o(D)]. (3.7

Proof. Necessity. Let a function y: [to, o[— Ay, be a P, (Yo, Y1, Ag)-solution of Eq. (1.1) for which A¢ €
R\{0, 1}. Then, according to properties of these solutions established by Evtukhov (see, e.g., [2]), we get

y'() Ao y'(t)
70~ Go= o T S T G = D)

[1+0(1)] as t 7 o. (3.8)

This yields (3.3).

Relation (3.8) also implies that y(¢) is a regularly varying function of order ast 1 w. Hence [3], it can

0—
be represented in the form

y(t)=|7rw(t)|A3721L1(t) as t 1w, (3.9)

where Li1: Ay, — ]0, +-o00[ is a function slowly varying as t 1 w. Thus, by using properties of regularly varying
functions [3], we establish the first condition in (3.4). In a similar way, we show that the second condition in (3.4)
is also satisfied.

Ast 1 w, it follows from (1.1) and (3.8) that

1

®o(y’)

= aopO)01(yO) Iy p(O[1 + o(D)],

and, in view of (3.9), we get

14

Y
®o(y’)

— aop(t)6) (|nw(t)|w91 le) YOP L+ o(D)]. (3.10)

Since the function Lj in (3.9) is slowly varying as the argument tends to Y;, according to the condition S
satisfied for the function 61, in view of relation (3.10) as ¢t 1 w, we conclude that

4 A

——— =aop(t)bh (lﬂw(l)wgl) |y ()] 1 4 o(1)]. (3.11)
®o(y’)

Taking into account the first condition in (3.8) as f 1 w, we obtain

o]

// ) [Go= Dm0 a12)

y _ F
m = aop(1)0: (|7Tw(l)| o

Integrating this relation from o to ¢, as ¢t 1 w, we find

(@) ;
L (AO — 1) o1 % o
@o(2)|z]1 o [P(T)Ql ('”w(f)l )Inw(r)l [1+o(1)] dx.

¥’ (to) fo
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By using the last equality, in view of the fact that y" — Y7, Y1 € Ay,, and the choice of 4,, we conclude that

Po(y'(1) = IM[1 +o()] as 11 o.

By the properties of the function ®¢, we get

Y'(@) = 5 IO +o(1)] as 11w
It follows from this relation and (3.8) that

@5 (1(1))

VO = F S Dre®

[1+o0(1)] as 11 w.

Further, in view of (3.13) and (3.14), we get

1)@y (1))

V00 = G = e 0)

As in the case of relation (3.13), we can write

Q1Y) =L@)[L+o()] as 1o

In view of the properties of the function ®;, we obtain

Y(t) = TN I ) +o(D)] as 1 .

[14+0(1)] as 1 .

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

Thus, the first relation in (3.7) and the third condition in (3.4) are true. By virtue of (3.8) and (3.17), we obtain

the second relation in (3.7).
Further, by using (3.12) and (3.13), we get

Y')('®) _ 1I'()
Do(y'(2)) 1(1)

It follows from (3.8) and (3.18) that

[14+0(1)] as 1 .

V') (@) Y OPG'®) _ mu(®)I'()
y'(t) Do (y'(1)) 1(r)

[14+o0(1)] as

Since the function ®g satisfies Remarks 2.1 and 2.2, we get

. T ()I'(t)
Iim ———= =

+
tto (1) o°

Similarly, by using (3.15) and (3.16), we obtain

YO0 _ 1)
P1(y"(1) I(1)

[1T+o(1)] as 1 w.

(3.18)

(3.19)
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This yields
NI (t
lim M = 400,
ttw 11(¢)
and
(L)
lim ————— =

it (11(1))?

Hence, condition (3.5) is satisfied.
By using (3.18) and (3.19), we find

roh@ _ . 2%0'O)*10'0) . *E)e1)

Mo TOI0) ~ 1o S0/ OIO00) =% (010

i.e., the first condition of the theorem in (3.6) is satisfied.

Since @ (CID ) is a regularly varying function of order 1 as the argument tends to Y7 [see Remark 2.2 and
(3.13)], the second condition of the theorem in (3.6) is satisfied.

By using (3.8) and (3.19), we get

Y' 7 @) Y ORG'@) _ me@)I{()
y'(t) D1 (y'(1) I (1)

[14+0(1)] as t1w.

— . o 21(PT@)
By using this result, relation (3.17), and the fact that the function &7 (z) ————=
z

z — Z1 (see Remark 2.2), we arrive at the third condition of the theorem in (3.6).

is slowly varying as

Sufficiency. Assume that conditions (3.1)—(3.6) of the theorem are satisfied.
Applying the transformation

Q1(y'(@) = LiO[1 + vi(x)],

y/(t) 20 (3.20)
Y do—1x ( y [+ 2l

where

1 for lim/1(z) = o0
ttw

x=pBmhn|L{®)], B=
—1 for 1lim/;(t) =0,
ttw

to Eq. (1.1), we get

Y'(@) = o7 (L1t ()1 + vi(x)]),
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(Ao = DOT U1 (1 (x)[1 + vi(X)]) 7w (?)
Aoll + va(x)] .

y(t) =

We now reduce system (3.20) to the following system:

R GAC))

Iy (2(x)
3.21)
1 +vy = (Ao = DY (t(x)) 70 (1)
Aoy (t(x)) '
This yields
r DL (Y (1)1 (2)y" (¢)
vy = B[l + vq] [ SIOIRG — 1]. (3.22)

It follows from (1.1) that

POV (@)y" (1)
(Y ()1 (1)

_ P00V )

= B OO0 aop)e1(»)po(y")

_ PO 1)

= W aop)01(M)|y ()| po (')

_ 2P 'L ((Ao — DO (L)1 + v1(X)])7Tw(t))

(Y ()] (1) Ao[l + v2(x)]
Ao —1 a1
8 ‘( OAO )ﬂw(t) Y (O 1+ v2] " o ()

_ (@rew))  rone
(Y (. v1) @1 (Y (2, v1) T{()I(0)

Q(t) N(t,v1,v2) My(t, v1)[1 + v2] 7' [1 + vq] 7!

= W(t,v1,v2)[1 + v2] O [1 4+ vy] 7,

where

I'(1)11(1)
HONON

W(t,v1,v2) = M1(t(x), v1)M(t(x), v1,v2) N(t, v1,v2) Q1)

(Ao — 1)Y(t,v1)7fw(t))

Ao[l + v3]

o, (
N(t,v1,v2) = Y(t,v1) = 7L (0] + vi)),

Ao
6 (m ()% sign yg)
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O (1) @) (P71 (1(1))) Do (P71 (11(2)))

Mo == erewny - 29T 10
Do (P71 (@) [1 + 1] (P wy)?
Miltv) = =g Faoy MOV = Gy o e (v o)

Thus, relation (3.22) takes the form

v’l =8 [W(l, vy, v2)[1 + v2] 77 —[1 + Ul]].

We also get

o = to—1 AL [y”(t)nw(t) L YO (y’(t))znw(t)}

PR H () y(1) (1) y2(1)

= B0l + vl | 20RO 20|
where
L@
N OTHO)

Note that

y//(t)nw(t)=|:y//([)q)/1(y([vvl))11([):| O1(Y(t,v1)  7u(t)I{(t)
y'(1) Oy (Y(t,v1))1{(2) Y ()P (Y(t,v1)  1i(2)

o (1) 11(1)

= W(t,v1,v2)[1 + v2] 7'l + v1] ST (1)), (@7 (11(2)))

" 1 (Y(t,v1) DT (11(1)) @) (BT (11(1)))
Y (2, v1) @ (Y (2, v1))P1 (D7 (11(2)))

= W(t,v1, v2)[1 + v2] O [1 + vi] T F () V (2, v1, v2),

where

(P71 (11(1))
()

(D7 (Y (2. v1))
Y(l, U1)

o7 (11(1))

V(t,vi,v2) =

(Y (2, v1))
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Thus, system (3.21) is reduced to the following system:

vy = BW(t,vi,v2)[l + v2] 7% —[1 4 vq]],

v, = BGO)[1 + Uz]|:W(f, v V) V(T v1,v2) F(O[1 4+ v1] 71 4 v2] (3.23)

+1 A [1+ v2]
— va] |-

ho—1 2
We consider this system of differential equations on the following set:

Q = [xg, +oo[xD, where x¢ = fIn]|my(to)l,

1
D = {(U1,02)1|Ui| = 57 i = 172} .

In view of the properties of the function ®; (see Remark 2.2), the following relations are true:

liTm Ni(t,v1) =1 uniformlyin vy, vs:(v1,v2) € D, (3.24)
o
liTm Mi(t,v1) =1 uniformlyin vy, vz:(v1,v2) € D,
tw
liTm M(t,v1,v2) =1 uniformlyin vy, vs:(vy,v2) € D,
o

liTrn V(t,v1,v2) =1 uniformly in vy, vs3: (vy,v2) € D.
o

By using conditions (3.6), we obtain

I'(1)I1(2) . 1 ,
o 1[(0)1(1) ImF@) =37 Hmow

It follows from condition (3.5) that

lim G(¢t) = 0. (3.25)
ttw
We prove that
. : 1 1
lim N(¢,v1,v2) = 1 uniformly for |vi] < =, |vz| < =. (3.26)
ttw 2 2

Note that
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( 21! (1(1) ) )
lim I”‘”(Z)_'f?l — lim F(OM(t.v)) — ——— =0
to o711 (1)) 1tw (Ao —1)
(1) 70T
Hence, the function
( o7 (11(1)) )
0o (1) 0T

is a normalized slowly varying function as ¢ 1 w. Thus, in view of the facts that the function <1>1_1 is slowly varying
as the argument tends to Z; and the function 0; satisfies the condition S, we obtain (3.26).
We now rewrite system (3.23) in the form

vy = BA11(H)v1 + A12(t)va + Ri(x,v1,v2) + Ra(x, v1,v2)],

(3.27)
v’2 = ﬁG(t) [A21U1 + Azvy + R3(l, V1, v2) + R4(l‘, V1, vz)],

where
A =1, An() = —o1,
Ri(t,v1,v2) = (W(t,v1,v2) — (1 —01v2),

Ry (t.v1,v2) = W(t,v1,02) ([1 4+ v2] 7% = 1 4 01v2),

R3(l, v, v2) = (V(l, V1, Uz)W(l, V1, vz)F(Z) — ﬁ) (1 —v1 + (1 — 0'1)U2),

Ao,

1 _ _
Ra(t,v1,v2) = iUt o (14 o)™ ([1+ 2] = 1 —va(1 — 1))

1
Py [(T+v) T =T+ v ][l + 0] ™%

1
Ao —1

X ([1 + vl]_l[l + 1)2]1_01 —14+v1—-(0- 01)1)2).

+

+ (V(t, v, V)W (t, vy, v2)F(t) —
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In view of (3.24) and (3.25), for k € {2, 4}, we get

Ryt v1,v2)

i =0 uniformly in ¢ € [tp, ®[
vl +v2—>0 V1] 4 |vz]

and, for k € {1, 3},

liTm Ry (t,v1,v2) =0 uniformly in vy, vz:(vy,v2) € D.
tTw

Since condition (3.2) of the theorem is satisfied, the following finite or infinite limit exists:

G (1)
lim ————.
e /|G(@)]

We now prove that

im & O7® _
o /|G|

According to the condition (3.2) of the theorem, the following finite or infinite limit exists:

o G (1)
Iim ————=

ito /IG()]

Assume the contrary. Let

G'()m(t) _

GOl q1(t)  and }ingéh(f) # 0. (3.28)

Thus, we get

G'®t) _ q1()

IG(1)| 7o)
Integrating this equality from 7o to ¢, we obtain
t
21601 - 2v[GGw) = [ D 4 (3.29)
; T (T)
0

" q1(0)
e (T

It follows from (3.25) and (3.29) that the integral / d T must converge but this is possible only in the case

to
where

limg;(¢) = 0,
ttw
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which contradicts (3.28).
Note that the characteristic equation of the matrix of system (3.27)

—1 —01

—1 —10—0’1
Ao—1  Ap—1

has the form

20—1+4+0 o
2 0 1 _ 1 _
W= =1 P a1

0. (3.30)

According to condition (3.1), this equation does not have roots with zero real part. Consider the integral
oo

G(t(x))dx. By using the representation

)
GO = NI )
we obtain
i T new) [ Lo Ko, 0
J Gucnax= [ oG a0 & = / o I1() T = e ®ldy = o0
X0 X0 t(x0)
ast — w.

In view of the fact that the inequality
o0 oo
[ VIGEGdx = sign G [ G
X0 X0

holds in a neighborhood of zero, we get
o0
/ VIG(t(x))|dx = +o0.
x0

Thus, all conditions of Theorem 2.6 in [4] are satisfied for the system of differential equations (3.27). By
virtue of this theorem and conditions (3.1), system (3.27) has at least one solution {w,-}izzlz [x1, +00[ — RZ,
X1 > Xo, approaching zero as x — +o00. In view of (3.20), this solution corresponds to the solutions y of Eq. (1.1)
admitting the asymptotic representations (3.7) as t 1 w.

In view of the form of these representations and (3.1), it is clear that the obtained solution is a P, (Y, Y1, A0)-
solution.

The theorem is proved.
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Conclusions

In the present paper, for the classes of second-order differential equations (1.1) whose right-hand sides contain
the product of a regularly varying nonlinearity of the unknown function and a rapidly varying nonlinearity of
the derivative of unknown function as its arguments tend either to zero or to infinity, we establish necessary and
sufficient conditions for the existence of regularly varying P, (Yo, Y1, Ao)-solutions with A¢g € R\{0, 1}. We also
constructed the asymptotic representations of these solutions and their first-order derivatives. Note that, under
the additional conditions imposed on the coefficients of the characteristic equation (3.30), there exists either a
one-parameter or a two-parameter family of these P, (Yo, Y1, Ao)-solutions of Eq. (1.1).

In [5], similar results were obtained in analyzing equations of the second order whose right-hand sides contain
the product of a rapidly varying nonlinearity of the unknown function and a regularly varying nonlinearity of the
derivative of the unknown function as its arguments tend either to zero or to infinity.

For Eq. (1.1), the accumulated results are new.

REFERENCES

1. N. H. Bingham, C. M. Goldie, and J. L. Teugels, Regular Variation. Encyclopedia of Mathematics and Its Applications, Cambridge
Univ. Press, Cambridge (1987).

2. V.M. Evtukhov, Asymptotic Representations of Solutions of Nonautonomous Ordinary Differential Equations [in Russian] Doctoral-
Degree Thesis (Physics and Mathematics), Kiev (1998).

3. V. Maric, Regular Variation and Differential Equations, Springer (2000).

4. V. M. Evtukhov and A. M. Samoilenko, “Conditions for the existence of solutions of real nonautonomous systems of quasilinear
differential equations vanishing at a singular point,” Ukr. Mat. Zh., 62, No. 1, 52-80 (2010); English translation: Ukr. Math. J., 62,
No. 1, 56-86 (2010).

5. 0. 0. Chepok, “Asymptotic representations of a class of regularly varying solutions of differential equations of the second order with
rapidly and regularly varying nonlinearities,” Mem. Different. Equat. Math. Phys., 74, 79-92 (2018).



	Abstract
	1. Statement of the Problem
	2. Main Notation and Definitions
	3. Main Results
	Conclusions
	REFERENCES



