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ASYMPTOTIC REPRESENTATIONS OF REGULARLY VARYING
P!.Y0; Y1;�0/-SOLUTIONS OF A DIFFERENTIAL EQUATION OF THE SECOND
ORDER CONTAINING THE PRODUCT OF DIFFERENT TYPES OF NONLINEARITIES
OF THE UNKNOWN FUNCTION AND ITS DERIVATIVE

O. O. Chepok UDC 517.925

We establish necessary and sufficient conditions for the existence of regularly varying solutions of the
second-order differential equations whose right-hand sides contain the product of a regularly varying
nonlinearity of the unknown function and a rapidly varying nonlinearity of the derivative of the unknown
function as the arguments tend either to zero or to infinity. Asymptotic representations of these solutions
and their first-order derivatives are also found.

1. Statement of the Problem

Consider a differential equation
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According to the a priori asymptotic properties, these solutions are regularly varying functions of order
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2. Main Notation and Definitions

We introduce the following notation necessary in what follows:
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Moreover, for each solution of this kind, the following asymptotic representations are true as t " ! W



146 O. O. CHEPOK

y

0
.t/ D ˆ

�1

1

.I

1

.t//Œ1C o.1/ç; y.t/ D .�

0

� 1/ˆ

�1

1

.I

1

.t//⇡

!

.t/

�

0

Œ1C o.1/ç: (3.7)

Proof. Necessity. Let a function yW Œt
0

; !Œ! Å

Y0
be a P

!

.Y

0

; Y

1

;�

0

/-solution of Eq. (1.1) for which �

0

2
Rnf0; 1g: Then, according to properties of these solutions established by Evtukhov (see, e.g., [2]), we get

y

0
.t/

y.t/

D �

0

.�

0

� 1/⇡

!

.t/

Œ1C o.1/ç;

y

00
.t/

y

0
.t/

D 1

.�

0

� 1/⇡

!

.t/

Œ1C o.1/ç as t " !: (3.8)

This yields (3.3).

Relation (3.8) also implies that y.t/ is a regularly varying function of order
�

0

�

0

� 1

as t " !: Hence [3], it can

be represented in the form

y.t/ D j⇡
!

.t/j
�0

�0�1
L

1

.t/ as t " !; (3.9)

where L
1

WÅ
Y0

! ç0;C1Œ is a function slowly varying as t " !: Thus, by using properties of regularly varying
functions [3], we establish the first condition in (3.4). In a similar way, we show that the second condition in (3.4)
is also satisfied.

As t " !; it follows from (1.1) and (3.8) that

y

00

'

0

.y

0
/

D ˛

0

p.t/✓

1

.y.t//jy.t/j�1
p.t/Œ1C o.1/ç;

and, in view of (3.9), we get

y

00

'

0

.y

0
/

D ˛

0

p.t/✓

1

✓
j⇡

!

.t/j
�0

�0�1
L

1

.t/

◆
jy.t/j�1

Œ1C o.1/ç: (3.10)

Since the function L

1

in (3.9) is slowly varying as the argument tends to Y

1

; according to the condition S

satisfied for the function ✓
1

; in view of relation (3.10) as t " !; we conclude that

y

00

'

0

.y

0
/

D ˛

0

p.t/✓

1

✓
j⇡

!

.t/j
�0

�0�1

◆
jy.t/j�1

Œ1C o.1/ç: (3.11)

Taking into account the first condition in (3.8) as t " !; we obtain

y

00

'

0

.y

0
/jy0

.t/j�1
D ˛

0

p.t/✓

1

✓
j⇡

!

.t/j
�0

�0�1

◆ ˇ̌
ˇ̌.�0

� 1/⇡

!

.t/

�

0

ˇ̌
ˇ̌
�1

Œ1C o.1/ç: (3.12)

Integrating this relation from t

0

to t; as t " !; we find

y

0
.t/Z

y

0
.t0/

dz

'

0

.z/jzj�1
D ˛

0

ˇ̌
ˇ̌.�0

� 1/

�

0

ˇ̌
ˇ̌
�1

tZ

t0

p.⌧/✓

1

✓
j⇡

!

.⌧/j
�0

�0�1

◆
j⇡

!

.⌧/j�1
Œ1C o.1/ç d⌧:



ASYMPTOTIC REPRESENTATIONS OF REGULARLY VARYING P!.Y0; Y1;�0/-SOLUTIONS 147
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ˆ

0
1

.y

0
.t//I

1

.t/y

00
.t/

ˆ

0
1

.y

0
.t//I

0
1

.t/

D ˆ

0
1

.y

0
.t//I

1

.t/

ˆ

0
1

.y

0
.t//I

0
1

.t/

˛

0

p.t/'

1

.y/'

0

.y

0
/

D ˆ

0
1

.y

0
.t//I

1

.t/

ˆ

0
1

.y

0
.t//I

0
1

.t/

˛

0

p.t/✓

1

.y/jy.t/j�1
'

0

.y

0
/

D ˛

0

p.t/ˆ

0
1

.y

0
.t//I

1

.t/

ˆ

0
1

.y

0
.t//I

0
1

.t/

✓

1

 
.�

0

� 1/ˆ

�1

1

.I

1

.t.x//Œ1C v

1

.x/ç/⇡

!

.t/

�

0

Œ1C v

2

.x/ç

!

⇥
ˇ̌
ˇ̌.�0

� 1/

�

0

⇡

!

.t/

ˇ̌
ˇ̌
�1

jy0
.t/j�1

Œ1C v

2

ç

��1
'

0

.y

0
/

D
�
ˆ

0
1

.Y.t; v

1

//

�
2

ˆ

00
1

.Y.t; v

1

//ˆ

1

.Y.t; v

1

//

I

0
.t/I

1

.t/

I

0
1

.t/I.t/

Q.t/N.t; v

1

; v

2

/M

1

.t; v

1

/Œ1C v

2

ç

��1
Œ1C v

1

ç

�1

D W.t; v

1

; v

2

/Œ1C v

2

ç

��1
Œ1C v

1

ç

�1

;

where

W.t; v

1

; v

2

/ D M

1

.t.x/; v

1

/M.t.x/; v

1

; v

2

/N.t; v

1

; v

2

/Q.t/

I

0
.t/I

1

.t/

I

0
1

.t/I.t/

;

N.t; v

1

; v

2

/ D
✓

1

✓
.�

0

� 1/Y.t; v

1

/⇡

!

.t/

�

0

Œ1C v

2

ç

◆

✓

1

✓
j⇡

!

.t/j
�0

�0�1 signy0

0

◆
; Y.t; v

1

/ D ˆ

�1

1

.I

1

.t/Œ1C v

1

ç/;
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N

1

.t; v

1

/ D ˆ

�1

1

.I

1

.t//ˆ

0
1

�
ˆ

�1

1

.I

1

.t//

�

Y.t; v

1

/ˆ

0
1

.Y.t; v

1

//

; Q.t/ D ˆ

0

�
ˆ

�1

1

.I

1

.t//

�

I.t/

;

M

1

.t; v

1

/ D ˆ

0

�
ˆ

�1

1

.I

1

.t//

�
Œ1C v

1

ç

ˆ

0

.Y.t; v

1

//

; M.t; v

1

; v

2

/ D
�
ˆ

0
1

.Y.t; v

1

//

�
2

ˆ

00
1

.Y.t; v

1

//ˆ

1

.Y.t; v

1

//

:

Thus, relation (3.22) takes the form

v

0
1

D ˇ

⇥
W.t; v

1

; v

2

/Œ1C v

2

ç

��1 � Œ1C v

1

ç

⇤
:

We also get

v

0
2

D �

0

� 1

�

0

ˇI

1

.t/

I

0
1

.t/


y

00
.t/⇡

!

.t/

y.t/

C y

0
.t/⇡

!

.t/

y.t/

� .y

0
.t//

2

⇡

!

.t/

y

2

.t/

�

D ˇG.t/Œ1C v

2

ç


y

00
.t/⇡

!

.t/

y

0
.t/

C 1 � �

0

�

0

� 1

Œ1C v

2

ç

�
;

where

G.t/ D I

1

.t/

⇡

!

.t/I

0
1

.t/

:

Note that

y

00
.t/⇡

!

.t/

y

0
.t/

D

y

00
.t/ˆ

0
1

.Y.t; v

1

//I

1

.t/

ˆ

1

.Y.t; v

1

//I

0
1

.t/

�
ˆ

1

.Y.t; v

1

//

y

0
.t/ˆ

0
1

.Y.t; v

1

//

⇡

!

.t/I

0
1

.t/

I

1

.t/

D W.t; v

1

; v

2

/Œ1C v

2

ç

��1
Œ1C v

1

ç

�1

⇡

!

.t/I

0
1

.t/

ˆ

�1

1

.I

1

.t//ˆ

0
1

.ˆ

�1

1

.I

1

.t///

⇥ ˆ

1

.Y.t; v

1

//ˆ

�1

1

.I

1

.t//ˆ

0
1

�
ˆ

�1

1

.I

1

.t//

�

Y.t; v

1

/ˆ

0
1

.Y.t; v

1

//ˆ

1

.ˆ

�1

1

.I

1

.t///

D W.t; v

1

; v

2

/Œ1C v

2

ç

��1
Œ1C v

1

ç

�1

F.t/V .t; v

1

; v

2

/;

where

V.t; v

1

; v

2

/ D
ˆ

�1

1

.I

1

.t//

ˆ

0
1

.ˆ

�1

1

.I

1

.t///

I

1

.t/

ˆ

�1

1

.Y.t; v

1

//

ˆ

0
1

.ˆ

�1

1

.Y.t; v

1

///

Y.t; v

1

/

:
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Thus, system (3.21) is reduced to the following system:

8
ˆ̂̂
ˆ̂̂
ˆ̂̂
<

ˆ̂̂
ˆ̂̂
ˆ̂̂
:

v

0
1

D ˇ ŒW.t; v

1

; v

2

/Œ1C v

2

ç

��1 � Œ1C v

1

çç;

v

0
2

D ˇG.t/Œ1C v

2

ç

"
W.t; v

1

; v

2

/V .t; v

1

; v

2

/F.t/Œ1C v

1

ç

�1

Œ1C v

2

ç

��1

C1 � �

0

�

0

� 1

Œ1C v

2

ç

#
:

(3.23)

We consider this system of differential equations on the following set:

� D Œx

0

;C1Œ⇥D; where x

0

D ˇ ln j⇡
!

.t

0

/j;

D D
º
.v

1

; v

2

/W jv
i

j  1

2

; i D 1; 2

»
:

In view of the properties of the function ˆ
1

(see Remark 2.2), the following relations are true:

lim
t"!

N

1

.t; v

1

/ D 1 uniformly in v

1

; v

2

W .v
1

; v

2

/ 2 D; (3.24)

lim
t"!

M

1

.t; v

1

/ D 1 uniformly in v

1

; v

2

W .v
1

; v

2

/ 2 D;

lim
t"!

M.t; v

1

; v

2

/ D 1 uniformly in v

1

; v

2

W .v
1

; v

2

/ 2 D;

lim
t"!

V.t; v

1

; v

2

/ D 1 uniformly in v

1

; v

2

W .v
1

; v

2

/ 2 D:

By using conditions (3.6), we obtain

lim
t"!

I

0
.t/I

1

.t/

I

0
1

.t/I.t/

D 1; lim
t"!

F.t/ D 1

�

0

� 1

; lim
t"!

Q.t/ D 1:

It follows from condition (3.5) that

lim
t"!

G.t/ D 0: (3.25)

We prove that

lim
t"!

N.t; v

1

; v

2

/ D 1 uniformly for jv
1

j < 1

2

; jv
2

j < 1

2

: (3.26)

Note that
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lim
t"!

 
ˆ

�1

1

.I

1

.t//

j⇡
!

.t/j
1

�0�1

!0
⇡

!

.t/

ˆ

�1

1

.I

1

.t//

j⇡
!

.t/j
1

�0�1

D lim
t"!

F.t/M.t; v

1

/ � 1

.�

0

� 1/

D 0:

Hence, the function
 
ˆ

�1

1

.I

1

.t//

j⇡
!

.t/j
1

�0�1

!

is a normalized slowly varying function as t " !: Thus, in view of the facts that the functionˆ�1

1

is slowly varying
as the argument tends to Z

1

and the function ✓
1

satisfies the condition S; we obtain (3.26).
We now rewrite system (3.23) in the form

8
<̂

:̂

v

0
1

D ˇ ŒA

11

.t/v

1

C A

12

.t/v

2

CR

1

.x; v

1

; v

2

/CR

2

.x; v

1

; v

2

/ç;

v

0
2

D ˇG.t/ ŒA

21

v

1

C A

22

v

2

CR

3

.t; v

1

; v

2

/CR

4

.t; v

1

; v

2

/ç;

(3.27)

where

A

11

D 1; A

12

.t/ D ��
1

;

R

1

.t; v

1

; v

2

/ D .W.t; v

1

; v

2

/ � 1/.1 � �

1

v

2

/;

R

2

.t; v

1

; v

2

/ D W.t; v

1

; v

2

/

�
Œ1C v

2

ç

��1 � 1C �

1

v

2

�
;

A

21

D �1; A

22

D ��
0

C �

1

�

0

� 1

;

R

3

.t; v

1

; v

2

/ D
✓
V.t; v

1

; v

2

/W.t; v

1

; v

2

/F.t/ � 1

�

0

� 1

◆
.1 � v

1

C .1 � �

1

/v

2

/;

R

4

.t; v

1

; v

2

/ D � �

0

�

0

� 1

v

2

2

C 1

�

0

� 1

.1C v

1

/

�1

�
Œ1C v

2

ç

1��1 � 1 � v

2

.1 � �

1

/

�

C 1

�

0

� 1

⇥
.1C v

1

/

�1 � 1C v

1

⇤
Œ1C v

2

ç

1��1

C
✓
V.t; v

1

; v

2

/W.t; v

1

; v

2

/F.t/ � 1

�

0

� 1

◆

⇥
�
Œ1C v

1

ç

�1

Œ1C v

2

ç

1��1 � 1C v

1

� .1 � �

1

/v

2

�
:
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In view of (3.24) and (3.25), for k 2 f2; 4g; we get

lim
jv1jCjv2j!0

R

k

.t; v

1

; v

2

/

jv
1

j C jv
2

j D 0 uniformly in t 2 Œt

0

; !Œ

and, for k 2 f1; 3g;

lim
t"!

R

k

.t; v

1

; v

2

/ D 0 uniformly in v

1

; v

2

W .v
1

; v

2

/ 2 D:

Since condition (3.2) of the theorem is satisfied, the following finite or infinite limit exists:

lim
t"!

G

0
.t/⇡

!

.t/

p
jG.t/j

:

We now prove that

lim
t"!

G

0
.t/⇡

!

.t/

p
jG.t/j

D 0:

According to the condition (3.2) of the theorem, the following finite or infinite limit exists:

lim
t"!

G

0
.t/⇡

!

.t/

p
jG.t/j

:

Assume the contrary. Let

G

0
.t/⇡

!

.t/

p
jG.t/j

D q

1

.t/ and lim
t"!

q

1

.t/ ¤ 0: (3.28)

Thus, we get

G

0
.t/

p
jG.t/j

D q

1

.t/

⇡

!

.t/

:

Integrating this equality from t

0

to t; we obtain

2

p
jG.t/j � 2

p
jG.t

0

/j D
tZ

t0

q

1

.⌧/

⇡

!

.⌧/

d⌧: (3.29)

It follows from (3.25) and (3.29) that the integral
Z

t

t0

q

1

.⌧/

⇡

!

.⌧/

d⌧ must converge but this is possible only in the case

where

lim
t"!

q

1

.t/ D 0;
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which contradicts (3.28).
Note that the characteristic equation of the matrix of system (3.27)

0

B@
�1 ��

1

�1
�

0

� 1

��
0

� �

1

�

0

� 1

1

CA

has the form

�

2 C 2�

0

� 1C �

1

�

0

� 1

� � �

1

�

0

� 1

D 0: (3.30)

According to condition (3.1), this equation does not have roots with zero real part. Consider the integralZ 1

x0

G.t.x//dx: By using the representation

G.t.x// D I.t.x//

⇡

!

.t.x//I

0
.t.x//

;

we obtain

1Z

x0

G.t.x//dx D
1Z

x0

I

1

.t.x//

⇡

!

.t.x//I

0
1

.t.x//

dx D
!Z

t.x0/

I

1

.t/

⇡

!

.t/I

0
1

.t/

I

0
1

.t/

I

1

.t/

dt D ln j⇡
!

.t/j!
d1

! 1

as t ! !:

In view of the fact that the inequality

1Z

x0

p
jG.t.x//jdx � sign .G.t.x///

1Z

x0

G.t.x//dx

holds in a neighborhood of zero, we get

1Z

x0

p
jG.t.x//jdx D C1:

Thus, all conditions of Theorem 2.6 in [4] are satisfied for the system of differential equations (3.27). By
virtue of this theorem and conditions (3.1), system (3.27) has at least one solution f!

i

g2
iD1

W Œx
1

;C1Œ �! R2

;

x

1

� x

0

; approaching zero as x ! C1: In view of (3.20), this solution corresponds to the solutions y of Eq. (1.1)
admitting the asymptotic representations (3.7) as t " !:

In view of the form of these representations and (3.1), it is clear that the obtained solution is a P
!

.Y

0

; Y

1

;�

0

/-
solution.

The theorem is proved.
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Conclusions

In the present paper, for the classes of second-order differential equations (1.1) whose right-hand sides contain
the product of a regularly varying nonlinearity of the unknown function and a rapidly varying nonlinearity of
the derivative of unknown function as its arguments tend either to zero or to infinity, we establish necessary and
sufficient conditions for the existence of regularly varying P

!

.Y

0

; Y

1

;�

0

/-solutions with �

0

2 Rnf0; 1g: We also
constructed the asymptotic representations of these solutions and their first-order derivatives. Note that, under
the additional conditions imposed on the coefficients of the characteristic equation (3.30), there exists either a
one-parameter or a two-parameter family of these P

!

.Y

0

; Y

1

;�

0

/-solutions of Eq. (1.1).
In [5], similar results were obtained in analyzing equations of the second order whose right-hand sides contain

the product of a rapidly varying nonlinearity of the unknown function and a regularly varying nonlinearity of the
derivative of the unknown function as its arguments tend either to zero or to infinity.

For Eq. (1.1), the accumulated results are new.
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