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1. 'paHuIs YMCI0BOI MOCTITOBHOCTI

1.1 O3HadeHHs TPaHMIl YUCIOBOI MOCIIIIOBHOCTI

[Toznaunmo uepe3 N — MHOXKHHY HaTypaJIbHUX YUcel, uepe3 Q — MHOXKHMHY palliOHAIbHIX
qucen, yepe3 R — MHOXKMHY JiHCHHUX YHCEL.
SIkio Ko)KHOMY HaTtypainbHOMY 4nciy N€ N 1o JeskoMy BiJIOMOMY IPaBHILY TOCTABUTH
y BIOMNOBLAHICTB AilicHE 4nucio a, € R, To KaxyTsb, 110 3a/1aHa YUCIIOBA MOCIIJOBHICTD a,,.
Yucna a,,a,,...,a,,...HA3UBAIOTh WICHAMH MOCIIJOBHOCTI, IPU LIbOMY, d,Ha3UBAIOTh

3arajbHUM YWICHOM IIOCIITOBHOCTI.

Osnauenna. Yuceno a € R Ha3uBaeThCs IPaHUIICIO YUCIOBOI MOCIIIOBHOCTI a, , AKIIO
JUIsL KO>KHOTO AificHOTOo yncna & >0 icHye HarypanbHe uncio N, Take, mo s 0yab-IKOoro
HaTypalbHOro urciaa N> N, BUKOHYETbCS HEPIBHICTb | a,-a | <¢g

ITo3nauenHs

Jist 3amicy bOTO O3HAYEHHS PUIHATO BUKOPHUCTOBYBATH HACTYITHI CHMBOJIIYHI TO3HAYCHHS:

V - « 17151 KOYKHOTO » a00 « 17151 Oy1-SIKOTO »,

3- «icHye» a00 «3HaiineThCs,

KOTp1 Ha3UBaIOThCS, BIANOBITHO, KBAHTOPAMHU CHUIBHOCTI Ta KBAHTOPaMH 1CHYBaHHS.
3a 101moMOror0 UX MO3HAYEHb 03HAYEHHS TPAHUIIl YHMCIIOBOI MOCTIJOBHOCTI MOYKHA

3anucaTH Tak:

Yucno a € R Ha3uBaeThCs IPAHULICIO YUCIOBOI MOCTIIOBHOCTI @, SKILO
VvV £>03 N, € Ntake, mo VN> N, BUKOHYETbCS HEPIBHICTb | a,-a | <g.

Toit daxT, 1110 4KCII0 @ € TPAaHULIECIO d, TIO3HAYAETBCS  TaK

VY 1poMy BUNIAJIKY KaXKyTh, 1110 TIOCHIIJJOBHICTh @, 30iraeTscst abo mpsiMye 710 a .
SIxmo a =0, To MOCHiJOBHICTh a, HA3UBAETHCS HECKIHICHHO MAJIOO

3aysaoicenns. 3 0O3HAUCHHS TPAHMUIII TIOCITIIOBHOCTI BUILJIMBAE, 1110, SKIIO YUCIIO D HE € rpaHuliero

4UCII0BOI MOCHioBHOCTL, To £, >0, mo0 V Ny, eN In, > N, take, mo | a, — b | >c.



1.2 O3HaueHHs TpaHUIIl YUCIOBOI MOCTIIOBHOCTI 3a JOTIOMOTOIO TIOHATTS OKia

TOYKH

Hexait o, f €R, Ta a<f, Tonai intepBasiom ( «, ) HA3UBAETHCSI MHOKMHA JIIHCHUX YUCET

X c R Takux, mo V Xe X BUKOHY€ETbCSI HEPIBHICTh o <X< 3, TOOTO

(a,p)={xeX | a<x<p; a,p €R}.

Sk BiOMO, AiiiCHI Yrclia MOXHA 300pakaT TOYKaMHU Ha YMCIIOBIH oci. ToMy IpHItHITO
30epiraTu «reOMETpUYHY MOBY» Ta Ha3UBATH JIMCHI YHMCIIa TOUKAMU MHOKHHH R
Osnauenns. OKIIOM TOUKH @ € R Ha3uBaeTbCs OyIb-SKUi IHTEPBAJL, 1110 MICTUTh TOUKY d .
IMosnauaerses U (a)

Skmo &>0, o intepBan U, (a)=( a- &;a+ &) Ha3UBAETBCS & -OKIJIOM TOUKH d , IPH LIOMY,

a Ha3UBA€THCA HCHTPOM OKijJa Ta & Ha3UBA€ThCSA paI[iYCOM OKiJja.

3 BIacTUBOCTEN MOYJIsSI BUIIJIMBAE, 1110 HEPIBHICTh | a,-a | <& MOXKHA TOAATH y BUTIISAL
a-e<a,<a+g 10010 a,e(a-&,ate)abo a, e U, (a). Tomy o3HaYCHHS IPaHHULII YHCIOBOT

MOCITIJOBHOCTI MOYKHA C(POPMYJITIOBATH 32 JJOTIOMOTOFO OKiJia:

Yucno a Ha3MBaEeThCs MPAHMIICIO YUCIOBOI MOCIAOBHOCTI @, SIKIIO
vV &>0 3 N, take, mo VN> Ng, a,eU,.
Takum uMHOM, SIKIIO @ - TPAHUILIA TTOCIITOBHOCTI @, , TO WIEHH MTOCIiIOBHOCTI
Ay, » d yys---0008’13k0BO Hanexkath U, (a); B el oKl MOXKYTh HE MOTPANUTH JIUIIE YIIEHH
MOCIIOBHOCTI @y, dy,...,dy, - TOMY B £ - OKLJI TOYKH @ MYCUTBH IIOTPAITUTH HECKIHYCHHA

MHO>KHHA WIEHIB IOCIIIOBHOCTI, TO/I SIK, 38 MEXAMH OKiJa MOJKE 3aJUIIUTHCS TIILKHA CKIHUEHE
YHCIIO YWIEHIB MMOCIII0BHOCTI. BpaxoByrouu Te, 110 £ MOBLIbHE YHCIIO, 03HAYCHHS TPAHUIII
HOCHITIOBHOCTI (POPMYIOTBCS TaK:

Touka a € R Ha3MBaeThCS IPAHUIICIO YUCIIOBOI IMOCIIOBHOCTI @, SKIIO OyIb-IKHI OKLI
TOYKH @ MICTUTh HECKIHUCHY MHOXUHY YJIEHIB MOCIIJOBHOCTI, TO/II SIK 32 MEXaMH OKiJia MOXe
3QTMIITUTHCS JIUIIE CKIHYEHE YUCIIO YJICHIB.

3aysascenns. Tolt (akt, 1110 YMCIO b HE € TPAaHUILIEIO YUCIOBOI MOCIIOBHOCTI @, O3HAYaE,

1o

3 U, (b) 3a MexxaMu SIKOTO 3aITHIIIAETHCS HECKIHYEHA MHOKHHA WICHIB MOCIIJOBHOCTI 4,



1.3 O3HaueHHs TPAHMII YUCITOBOI MOCTIAOBHOCTI 32 IOMTOMOTOI0 TTOHSITTS

BIJICTaHI.

Osnauenns. Hexaii X,y € R. BifictanHI0 MiX X Ta y Ha3uBaeTbes uucio d (X,y)= | X—y |

Jlerko nepesiputh, mo 1) d (x,y)> 0, ta d (X,y) = 0 Toai i TUIbKH TOJI, KOJIH X =y

2)d (x,y) =d (y.x)
3)d(xy) <d(x,z) +d(z,y) s VXy,z e R

3 O3HAYEHHS BiJICTaHl BUILUIUBAC IO
d(a,,a)= | a,- a |
TOMY O3HAYEHHS TPAHUIII YUCIIOBOT MTOCIIIOBHOCTI MPUITME BUTIISA: YHUCIO d HA3MBAETHCS
TPaHUIICIO YHCIOBOI HOCIITOBHOCTI @, SKIIIO
V £>03 N, € Ntake, mo vn> N, d(a,,a)<e

Tak sk & JOBUTBHE 1 TOMY MOXE SIK 3aBI'OJTHO MaJjo Bipi3HATUCS Bif 0, TO BIACTaHb MiXK
YICHAMH TIOCIIOBHOCTI Ta ii TPAaHUIICI0 CTAHOBUTHCS SK 3aBTOHO MAJIOIO TOYMHAIOYH C JOCUTh
BEJIMKOTO HOMEpAa WICHA MOCIiJOBHOCTI.

3ayesaosicenns. Uncio b He € TpaHUIIEIO OCIIAOBHOCTI a, Km0 3 &,>0 take, mo

vV N, e N3n, > N, s sxoro d (ano , b)> &,, TOOTO icHYe HeCKiHUCHA MHOKHHA YJICHIB

HOCJIIZIOBHOCTI TaKHX, 110 BIICTAHb MIK HUMH Ta YUCJIOM b HE MEHII HIXK JESIKE YUCIIO & .

1.4 Tlpuknanm.

PosrissHeMo npukiiaau po3B’si3aHHs 3a/1a4, SKi TOJSTaloTh y JOBEIEHH] PIBHOCTI

3a 03HAYEHHSM T'PAHUIII TOCIIiTOBHOCTI.
Jnst moBeieHHs 3pyYHO BUKOPUCTOBYBATH HACTYITHY CXEMY:
bikcyemo noBinpHe &£ >0

nepesipsieMo, un 3HaiaeTecst N € N Take, mo s oopanoro ¢ npu Vn > N, BipHa HEpPIBHICTb
| a,-a | <&
3 TOro Gakty, mo & (GiKCOBaHO JOBLIBHO POOMMO BUCHOBOK, o V £ >0 N, e N (

3aexHe Big &) Take, mo VN> N, | a,-a | <&, To0TO AlHCHO



[Tpuxnan 1.
JloBecTH, 1110 MOCIIJOBHICTh @, = 1 /N HECKIHYEHHO Majla, BAKOPUCTOBYIOUU O3HAYEHHS
TPaHMII.

Po3B s30k  Tpeba moBecTH, 110

o1
lim—=0

n>® n

1) ®ikcyemo noBinbue & >0

2) nna nepesipku icHyBaHHs yncaa N, € N po3risiHeMo pi3HHLIO

| a,-a | = | 1/n- O| =1/n, sKa cTaHe MEHIII 3a &, K TUIbKU n>1 /¢ .

Tomy, sikmo 3a N, npuiiHaTH Oyab-sKe Lile Yucio, Oliblle HiX 1 /&, HapuKiIaa, MOKJIAaCTH
N,=[1/¢&]+1,me[1/ & ]| o3nHauae minmy yactuny uncna 1 / £, o Vn> N, BUKOHYEThCS
HepiBHICTH 1 /n <& abo | 1/n-0 | <¢. Takum unHOM, OTPiOHE 3a 03HaYeHHAM yucio N,
JHCHO ICHYE.

Buxopsuu 3 noButeHOCTI &, Maemo V €>03 N, e N (Hanpukman, ¢ Ny=[1/n ]=1) Take, mo
VN> N, BUKOHY€TbCS HEPIBHICTb | 1/n-0 | <¢

Orpumanu, [yt a = 0 BAKOHAHO O3HAYECHHS I'PaHUII ITOCTiI0BHOCTI a,= 1/n, ToOTO

1
lim—=0

n— oo n
Ile i o3Hauae, mo a,=1/N € HECKIHYEHHO MaJia IOCIiOBHICTb.

3aysadicenns. 11i0r0 9aCTUHOIO AIMCHOTO Yncia b HA3UBAETHCS HAWOIIBIIE 1IiJIE YUCIIO, SIKE HE

nepesuinye b. Hanpuknan, [ 3,7 ]1=3;[-7,2] =-8.

IIpukman 2
. . n+1 1
BHKOpHCTOBYIOUH O3HAYCHHS IPAHUII JOBECTH, 110 lim Lo~ 2
n—oo — n
Po3B s130k.1) @ikcyemo noBuibHO & >0.
n+1 1 n+1 1| 1] 3 3
2) Maewmo, an-a| =| —-(-= )| =| +—=—| =— <&, 5K
1-2n 2 1-2n 2| 2[1-2n| 2(1-2n)

. 3 1,3 . .
TiIbKK 2N -1 > Py abo n > > (2— +1), Tomy notpi6re N, icHye, 60 K10, HAIPUKIIAT,
& £

3 1
No=[-——+>1+1,10 Vn> N, Bipso | a,-a| <e¢.
4s 2
. . . n+1 1
3 moBUIBHOCTI & BHIIIMBAE, mo lim =——
n>xe]—2n 2



[Mpuxman 4

. . n
3a AOIIOMOI'OKO O3HAYCHHSA I'paHUIl JOBECTH, IO lim 3 =0.
et 41

Po3B s130k. 1) @ikcyemo &>0

o2
n®+1 n®+1

2) IToxaxkemo icuyBanHnst N, Takoro, mo VN> N, Oyne BipHa HEPIBHICTh

<&
B npomy BUIaiKy BHpIiNIyBaTH HEPIBHICTh BIJTHOCHO N 30BCIM HE 000B’s13K0BO. JIOCHUTH

JIOBECTH, IO LI HEPIBHICTh Ma€ PO3B’sA3KH, UMM 1 Oy1e noBeneHo icHyBaHHs N, Bukonaemo
OYCBH/IHY OIIHKY:

2n 2n 2 S 12 o 2 .
n3 1 < n—s = n—2 <¢&. I[JI}I n ; BipHa HEP1BHICTb n—2 < & II€ O3Hayvae 1110 TaKOX BIpHA

. . 2
HEPIBHICTh —; 1 <¢.Tomy N, icuye ( Hanpuknan, N,=[,[—]+1)
n" + &

3) 3 JOBUIBHOCTI £ BHILIMBAE, IO PiBHICTH liM 3 = 0. noBeneHo.

oot 41

IIpukian 5

. n
Josectu mo lim — =0

n—w 2n

Po3B s130k. 1) @ikcyemo noBinbHe & >0.

,TO MaEMO

n(n-1) 1s n(n-1)
2!

2) Tax sk 3rigHo 6inoma Herotona 2" = (1+1)" =1+n +T+...+

) ) .ln ‘ ) 2 )
OIIHKY P13HHUIIL 2— -0« < &, 9K TIbKH N > —+1, 1110 JOBOINUTH ICHYBaHH
&

n

n | 2
nin-1)| n-1
2!

2
N, (Hanpukiam, N,=[—+1]+1).
£
. ) . N
3) 3 MOBULIBHOCTI & BHUILTUBAE 1110 liM 2—n =0
n—oo
ITpuxnan 6
Josectu, mo lim n =1,
n—oo
Po3B s130k.

dikcyemo noBinbHE £ >0

BukoHyeMo oueBUIHI TEPETBOPEHHS



n= @) =@+ @ -)" =1en@¥n -+ D -y MO0 ey
-1 > MD @ -y

3BiAKH N > ——— (n \/— 1) abo 1> —(\/_ 1)? 3BimKn npu n>1

{ f 2
Vn-1< HeplBHICTB < & BipHa, K TUbKH N > 14+ — e TOMY ,KIIO [TOKJIACTH
n —

=[1l+ —] +1,T0 VN> N, BUKOHY€ETbCS HEPIBHICTb |A
g

BUILTMBAE o lim Q/_ =1.

n—oo
ITpukman 7
JloBectH, 10 mocigoBHicTh a,=(—1)" rpanuii He mMae.
Po3B s30K.

Josenemo Bix cynporusHoro. Hexaii icaye a € R take, mo lim (=1)"=a. Toxai, 3a 03HaueHHAM
n—oo

TpaHULll TOCIIOBHOCTI, B Oy/Ib-IKOMY OKOJI1 TOUKH @ MICTSIThCSI BC1 YWIEHH MOCIIJOBHOCTI 32
BHHSITKOM , MOKJIMBO, CKIHYEHOT'0 YHCJIa YICHIB,

Posrmstremo okin U, (a)=( a-1/4, a+1/4). OgyeBuaHo, sike 6 He Oyino yucio a € R uncna 1
4

ta -1 onHOYacHO Hanexath okiny U, (a) He MoxyTh. Tomy 3a mexxamu okinall, (a) 3aBxmu
4 4
3JIMIIUTHCS HECKIHY€HA MHOKHMHA YWIEHIB MOCTIIOBHOCTI . 3 OTPUMAaHOi CyNepeyHOCT1

suruBae, mo V a eR lim (-1)" # a
n—oo

Tomy nocminoBHicTs @, =(—1)" rpanwuri He mae.
1.5 HeckiHYeHHO BEJIHUKI ITOCIIIIOBHOCTI.

Hoci y piBaocti lim a,=anepenbayganock, mo a € R To0T0 @ - gilicHe 4ncio
n—o

Osnauenns . KaxyTb, 110 TPAHUIISA YUCIOBOI @, JOPIBHIOE +00 SKIIO
VEmo Vn> Ng a,>E +o.

[Moznayenns lim a,= +o

n—o

KayTs, 1110 TpaHHUI[s YUCTOBOI HOCTIJOBHOCTI @, AOPIBHIOE - o0, SIKIIO.
Vv E>0 3 Ng eN Take, mo Vn=> N a,<-E.

[Toznauenns lim a, =-o

n—oo

KaxyTs, 1110 TpaHHI1Ig YMCIOBOI MOCIIOBHOCTI @, JOPIBHIOE o0, SKIIO

9



VE>0 3 Ng eNtake,mo vn> N. | a, | >E

[Toznavenns lim a,= «

n—oo

B YCiX, O3Ha4YCHHUX BHIIC, BUIIaKaX HOCJ'Ii,Z[OBHiCTI) a, Ha3nuBa€TbCA HECKIHYEHHO BEJIMKOIO.

3ayeascenns 1. Tolt pakr, mo lim a, =oo o3Hayae, MIO MOCTINOBHICTD a,Cepel NIHCHUX YHCel

n—o
TPaHMII HE MaE.
3ayeasncennsn 2. He ciij muryTaTu OHATTS HECKIHUCHHO BEJIMKOI MTOCIIIOBHOCTI 3 MIOHATTSM

HEoOMEeXeHOT MoCIiJOBHOCTI. YUCIIOBa MOCIIIOBHICTE D, Ha3uBaeThCs HEOOMEKEHOIO, SIKILO

VM >03n,, € N Take, mo

a, >M

3 03HauYCHb BUILIUBAE, 1110 Oy/Ib KA HECKIHUEHHO BEJIMKA MOCIIIJOBHICTh BOJHOUYAC Oyie
HeoOMexeHor. OaHaK, HeOOMeKeHa MOCII0BHICTh MOKE HE OyTH HECKIHUEHHO BETTHKOIO.
Hanpuknan, st mociigoBHocTi 1, 1,2, 3, ..., n, 1,... BAKOHY€EThCSI 03HAYECHHS HEOOMEKEHOT
MOCITIIOBHOCTI, aJie HE BUKOHYETHCSI O3HAYCHHS HECKIHYCHHO BEJIMKOI ITOCITITOBHOCTI
(uyomy?)

1.6. ITpuknanu
PosrnsiHemMo npukiaay po3B’si3aHHA 3324, SIKi MOJIATal0Th Y JOBEACHI PiBHOCTI

lim a,=c 3a gonomororo o3HaueHHs. {1 JoBeeHHS Oy/1eMO BUKOPUCTOBYBATH TaKy X caMy

n—o
cXeMy, 5K 1 y BUNAJIKy CKIHUEHUX TPAHHULIb.

[puknan 1
Josect, mo lim n°=+ow

n—w

Po3B s130k.1) @ikcyemo nosinbHE E.
2HepiBHicTs N*>E BUKOHYETHCS SK Tibku N>~/ E , Tomy, skimo noknacta Ng =[VE ]+1,
T0V N> N_ BUKOHaeThcs HepiBHiCT N2>E, To6TO HeoOXinue uncno N mificHo icHye,
3 nosineHOCTi BUOOPY E BHIumnBae, mo V E>0 3 N¢ € N (manpuxnan, N = [V E ]+1)

Take, mo V N> N n®>E, To610 lim n?=+ow.
nN—o0
IIpuknan 2.
JloBecTH, 1110 MOCIIJOBHICT @, = 2" HecKiHYeHHO BeJIMKa.

Po3B s130k.1) @ikcyemo E>O0.

2) Tax sk 2"=(1+!)" =1+n+%+...+1> n,to 2">n. Lle o3navae, mo 3a N MoxHa

NpUHHATH OyAb SIKE HATypalbHE YUCIO, ke nepesuirye E (Hanpuxnan, Ng =[E]+1 ), Toxi

10



vV n> N BukoHaeTscs HepiBHicT 2">E

3 nosinbHOCTI E BUmuBae, mo lim 2"=+o

n—oo

[Ipuxnag 3.

JoBecTH 110 !}iﬂl (D" n) = oo.

Po3B s30k. 1) @ikcyemo nosinsHe E>0

2) | a, | =| (-D"n | =n, Tomy B skocti N. MoskHa mokiactu N =[E]+1.

3) 3 nosinbHocTi E BummuBae, mo V E>0 3 N € N (manpuknaza, Ng =[E ]+1) take, mo

vV n> N BipHa HepiBHICTH | -D" n | > E 106T0 lim ( (-1)" n) = o, To6TO

a,= (-1)" N - HecKiHYEHHO BEJIMKA MMOCITiIOBHICT.

1.7 .Ilpuknanu 1j1s1 cCaMOCTIMHOT poOoTH,

1.7.1. 3a 7ONIOMOr010 O3HAYEHHS TOBECTH, 1[0 HACTYITHI MOCIiJOBHOCTI HECKIHYEHHO MaJI.

1
1) an:n_z
1
2) a,=—
Jn
3) aﬂ:i
n+1
1
4) a =—
)an 3n
5) a,= 2

v2n-1

1
6) a,=—,nep=1
nP

1.7.2. 3a mormoMoror o3Ha4eHHs JoBeCTH, mio lim a,=a

n—oo

1) a,= n 2, a= E
2n-1 2

2) a,= 3n_4, a:E
2n+1 2

3) a = 5n—1’ a:.§
3n+4 3

1) a = 3n—2’ a:-§
2n-1 2

5) a,= m-4 a=17
n+1

11



6) a =

n

7) a, =

n

8) a =

n

9) a =

10) a,

11) a,

12) a,

13) a,

14) a,

15) a,

16) a,

17) a,

18) a,

19) a,

20) a,

21) a,

22) a,

23) a,

24) a,

12



25) g = 10-9n - _g
2n

1-3n? 4= 3
2+5n%" 5

26) a,=

5n®
n®-5'
5n+7

8n
dn-5 i

29) a,= , a=
5n+1 5

a=5

27) a,

28) a,

=
8

1.7.1. 3a 1OTTOMOTOI0 O3HAYEHHS JTOBECTH, 1110 HACTYIIHI IMOCIIOBHOCTI HECKIHUEHHO MaJli.

2 TPAHULS ®@YHKLIT

2.1. IToyaTkoBI MMOHATTSA

Osnauenns. Hexait X, Y c R. Skio koxkxHOMY unciy X € X 10 J€SIKOMY BiTOMOMY NPaBUITY
MOCTaBJIEHE Y BIANOBIAHICTh OJJHE YHUCIIO y € Y TO KaXYTh, 10 HA MHOXEHI X
3anana QyHKIIiS C 3HAYEHHSIMU B MHOXKEH1 Y.
[Mo3navarots dynkuito y = f(X), 1e
X — He3aJIe’KHa 3MIHHA 200 apryMeHT QyHKIT;

f— rnogac mpaBuiio, 3FiIlHO 3 SIKUM OOYHCITIOETHCS y;

13



y — 3aJIe)KHa 3MiHHA.

MHuosxunHa X Ha3UBa€eThCs 00JACTIO BUBHAYEHHS (PYHKIIIT Ta mo3HavaeThesl D

3 03HAUEHHS BUILIMBAE, 1[0 YHCIIO TOCTIIOBHICTD 1€ TAKOXK (YHKIIiA, 00IAaCTIO BU3HAUCHHS SIKOi
€ MHOXKHMHA JIINCHUX YUCEIL.

Osnauenns. Hexait muoxkuna M < R ta Touka a €R..
Touka a Ha3WBAETHCS TPAHUYHOIO TOYKOK MHOKUHH M, SKIIO B OyJIb SKOMY OKOJIi TOYKH
a MICTHTBCS €JIEMEHT MHOXKUHHM M, BIIMIHHUHK Bif a, TOOTO

vV U(a) 3ImeM rakuiimom € U ( a).

3 HaBeJACHOr0 O3HAYECHHS BUILIMBAE, [0 CaMa TOYKa d MOJKE K HaJIEKaTH TaK 1 HE
Hayie)xatu MHOKeHI M. Hanpukian, skmo M = {1, 1/2, 1/3, ...}, To rpanuuna Touka a=0
MHOXHHHA M ( TIepeBipUTH ) HE HAIEKUTHh MHOKeHI M. Skmo MHOkHUHY M 3a1aTH SIK

M={0,1,1/2,1/3, ...}, toa= 0 0yae rpaHMYHOIO TOuKOIO M Ta a € M

2.2 O3HaueHHs rpaHuil (yHKIIT B TOYLI.

Osnauenns 1( o Komi ). Hexaii gpynkuis y = f(X) mae obnacts Bu3Hauenns D, i Touka
a €R e rpaanuHO0 TOUKO D, . Yncio A HazuBaeThes rpanuieto Gyskuii y = f(X) B Toumi a,
akimo Ve >030 >0 rtake, mo V xe D, mus axux 0<| X-a | <{ chpaBenuBa HEPIBHICTh
| f(x) — A | <g.
[To3HaueHHs IXITa f(x) =A abo f(X) >A mpux—a.

3aysadicenns. YMOBa | X-a | > 0 o3Hayvae, mo X # 0. ToMy B 03HaueHHI rpaHuLll QyHKIT

f(X) B Touli @ cama Touka @ i3 PO3TIY BUKIIOYAE€Thcss DYHKINIS MOKe OYTH OJHAKO HE
BU3HAuYeHOIO B Toull a. Aue f(X) mae 6yTu Bu3HaueHa B Oy/Ib SKOMY OKOJIi TOUKH da, 00 3a

YMOBOIO O3HAYCHHA d € TPaHUYHOIO TOYKOIO Df

O3zHaueHHs 1 MokHaA cPOPMYITIOBATH, BUKOPUCTOBYIOUH MOHSTTSI OK1JIa.

ITpOKOJIOTHM OKOJIOM TOYKH d HA3WBAETHCS OKLI TOUYKH d 3 SIKOTO BHAAJE€HA caMa TOYKa d
IMosnauenns U(a)

Hampukiasn, mpoKoIOTHM ¢ -OKOJIOM TOYKH @ Oyze 00 €THaHHS iHTepBaiB

U (a)=(a-5,a)U(a,a+35).
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OsnauenHs 1 MOXxHa 3amucarty Tak: Hexal y = f(X) mae oGnacte Bu3Hauennss D, ,touka a = -

rpannyHa Touka D, .Yucno A Ha3zuBaeThes rpanuieto ¢pynkuii f(X) B Touri a, ko

V £>0 3 &>0 take, mo xom xe U (a)N D,, o f(x)e U, (4)

o

TakuM YUHOM, YHUCIIO A Ha3UBAEThCs rpanuieto Gynkii f(X) B Toui a, sKio
v U(A) 3 U(a) takuii mo ¥ xe U(a) N D, , o f(x) e U (A).

Hamumemo o3HaueHHs 1 3a 1OIOMOTOFO MOHSTTS BIZICTAHI MiXK TOYKAMH:
4uciio A HazuBaeThes rpanuneto yHkiuii f(X) B Touni askmo V £>0 3 § >0rake, 1m0

Vxe D, nnssxkux 0 <d(X, a) < 0 Bukonyerbes HepiBHicTh d( f(X), A) < &, ToOTO BincTaHb

M1k 3HAUeHHAMHU (DYHKIIIT Ta 11 rpaHUIIeI0 MOXKE CTATH SIK 3aBTOIHO MAJIOIO SIK T1JIBKU BiJCTaHb

MK TOUKaMHU X Ta d JOCHUTDH Majia .

Kpim o3HaveHHs rpanuiti ¢ynkuii no Kori ( 32 J0moMororw & ta J ) iCHye TaKOX JpyTe
o3HaueHHs rpanui GyHkiii mo ['eline ( 3a JOMOMOTO0 YMCIOBHX MOCIIOBHOCTEH).

Osnauenns 2 ( no I'eiine ) Hexait pynkuis y = f(X) mae o0nact BusHaueHus D, Ta Touka
a € TpaHrnYHOI0 Toukor D, . Uncino A Ha3uBaeTbes rpanuiieto GyHkiii f(X) B Touni a skmio s
Oyzb SKOI MOCHIIOBHOCTI X, sIKa MpsAMYE 10 @, mpudomy x, € D, ta x, # a npuvV neN
BI/INOBI/IHA MOCIZOBHICTh 3HaYeHb PyHKIil Y, = f(x,) 30iraerbes 1o A,
T06TO, sIKIOY x, > a(x, € D;,x, #a), 1o f(x,) >A.

3aysancenusn. B MareMaTHuHOMY aHalIi31 TOKa3ylOTh, 1110 O3HAYEHHs | Ta 2 €KBIBaJICHTHI.
Ile o3Hauae 1m0 AKIIO YUCI0 A € rpaHHIeio (PYHKIIT B TOUIl a B CEHCl 03HAa4YeHHs 1, TO A €

Tako rpanuiero f(X) B TouI @i B CeHCl O3HaYCHHS 2 Ta HaBIAKH.

2.3 Ilpukiaau

PosrimsaeMo IMpUuKIagn p03B’H3aHH}I 3aaay, SIK1 MOJIATAI0Th Yy TOMY, IJ_[06 JOBCCTHU

piBaicTh lim f(X) = A, BUKOpUCTOBYIOUM O3HAYCHHS TpaHuili GyHkiii 1 ado 2.
X—a

[Tpukman 1
Hexaii f(x) = 5x — 1, a= 4. 3a 1ooMororw 03Ha4YeHHs TPaHHMIII JJOBECTH IO

Iim4(5x -1)=19
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Po3B s30k. OueBunHo D, =R ToMy KOXHUI iHTEpBaJ, 10 MICTUTh TOUKY a = 4, MICTUTh
TaKOX 1 iHmI1 AikicHi yucna. Tomy a € rpannyHa Touka D,
1). dikcyemo nosinbHe £>0 .
2). ITokaxxeMo, 110 JUIst 00paHoro & icHye yuciio o >0 Take 10 SK TUTBKU 0<| X - 4| <Jd,TO0
| f(x) — 19 | <g. [y 1bOro pO3rIITHEMO Pi3HHITIO

| f0)-19| =| (5x-1)-19| =5| x—4|
Hxmo 5 | X_4| <& >T°| X—4| < %HOKJI&IIGMO 0= % TOJIi, BUAANISIOUN TOUKY X = 4 3

p03rn;1;[y,;1KTiﬂLKI/IO<| x—4| <5,T0| f(x) -19| :| (5x—1)—19| <¢

3a o3HavyeHHSIM | Maemo Iim4 (5x-1) =19 IIpuxnan 2
f(x) =3x* +5x+2, a=1 Jloectn. mo Iim1(3X2 +5x+2)=10

Po3B sa30k. Maemo D, =R, a= 1- rpanuuna Touka D,

Bukopucraemo o3HadyeHHs 2 rpaHuili GYHKIIT 32 JOMTOMOTOFO ITOCIiJOBHOCTEH.

(ikCyeMO JOBLIbHY YHMCIIOBY MOCIIAOBHICTE X, TaKy, 1110 !]iglw x,= 1, npuuomy x, #1,

PO3IJITHEMO BiNOBiIHY YHCII0BY mOCHinoBHiCTh f (X, ) =3X2 +5X, + 2, 32 apupMeTHIHUMH

BJIACTHBOCTSIMM I'PaHMIli YMCI0Boi mocmigoBHocTi Maemo im f (x ) =lim (3x> +5x, +2) =
n—oo n—oo

3lim x,lim x, +5Ilm x, +1lm2=3+5+2=10

oo M e N> N>
TaK SIK X, BUOpPaHO JOBUIBHO, TO V X, — | Bixnosinua nociinosHicts f(x,)—10
Otpumanu IxiTl (3% +5x+2) =10
[puknan 3.
-1, mpux <0
Hosecty, mo y dynkmii f(x) =sgnx= 0, mpux =0
l,mpu x > 0
B Toulll a= (0 rpaHuIl He Mae.
Hoenenns. Maemo D, =R, ta a= 0 rpannyna touka D, .Po3risnemo 1Bi yucioBi

[MOCJIIAOBHOCTI 1110 30irarorbes 1o 0:

Hexal mepiua nociigoBHicTs x,> 0 Ta lim x,=0
n—oo
npyra nocuigoBHicte y,<0Ta lim y =0
n—oo

toxmi lim f(x,)=lim 1=1; lim f(y,)=lim (-1)=- 1, orpumanu, mo
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lim f(x,)= lim f(y,), Lle o3nauae, mo rpanunis nocainoBHocTi f(x, ) 3aekuTh Bix 3aK0HY
n—o n—o0

3rifiHo sikoro x, npsimye 10 0, Tomy B Touni a = 0 nopyuryeTbcsi 03Ha4€HHS TpaHuLll GyHKLIT 60
st Vo x, —0 BigmoigHa mociinoBHicTh f(x, ) HOBUHHA CXOIMTHCS 10 OJJHOTO i TOTO K YUCIIA.

[Tpuxnan 4.

2
Josectu, mo lim M =19

x—>-6 X+ 6

Po3sB s30k.1)Maemo D, = { XeR, X #—6}; a=- 6 rpannyna Touka D, Tak sk

VU(—6) c D, . ®ikcyemo £>0

2 —
2) PosrisiaemMo pi3HUIO ST +17x=6_ (—19)| =
x+6
327 + 36 +108| [3(x* +12x+36)|_J(x+6)’ 3 maoxss
‘ x+6 ‘ x+6 u| x+6 ’

. . g
HepiBuicts 3| X + 6| < & BUKOHYETHCS K TUIBKK | X +6 | <—,
Y 3

& ) .
SIkro moknactu O < E, To V xe D, ana saxux | X+6 | < ¢ BipHa HEPIBHICTh

3x?+17x-6

—(-19) <
x+6 ( )| ¢

. : £
2) Buxonsuu 3 noBuTbHOCTI &, oTpuManu V >0 3 ¢ >0 ( Hampukian, o = 3 ) TaKe, 0 SAKIIO

2 _
0<| x—(-6)| <&,10| fx)~(-19) | < &, 10610 "mew:
x—>- X+

19

2.4 HeckinueHHi rpanuill GyHKIiM Ta rpaduill GyHKIIH Ha HEOOMEKEHUX

MPOMIXKKax

Osnauenns. Hexait ¢pynkitis y = f(x) mae obmacts Bu3HaueHHss D, i Touka a € R € rpaHu4HO0O

toukot D, . KaxyTs, o rpanuiis Gpyskiii f(x) B TodIli @ A0piBHIOE o0

SAxmo V E>0 3 6 >0 Take, mo V xe D, mus sixkux 0 < | X-a | < BipHa HEPIBHICTh | f(x)
>E

[Mosnauenns lim f(x) =oo

X—a

17



Brpasa: ChopmymtoBaru o3HaueHHs piBHOCcTel lim f(x) =+oo Ta lim f(x) = -
Xx—a X—a

Heobmexenumu iHTepBanamu ( - ©, @) 1a ( b, +o0 ) Ha3UBaKOTHCS BiIMOBITHO MHOKUHHU
nivicaux gucen (- o, a) ={XeXcR,x<a },
(b,+0)={xeXcR,x>b},
Ta (-0,+0 )=R
Osnauenns. Yucno A HazuBaeThes rpanuiieto GyHkiii f(x) mpu x — oo, AKII0

vV £>0 3G>0, take mo V xe D, nmns saxux | X | > (G BipHa HEPIBHICTh | f(x)— A | <g

[To3nauenns lim f(x) = A

X—>00

BrpaBa: chopmysroBatu o3Hadenss toro mo lim f(x)=A, ta lm f(x)=A

X—>+0

3rigHo npuBeaeHUM o3HaueHHAM lim f(x) =co o3Hauae, 110
X

—>0

VvV £>0 3G>0 take, mo V xe D, ta | X | > G BUKOHY€THCS HEPIBHICTb | f(x) | >E

2.5 Ilpuknaau

[Mpuknan 1

.1
3a 0IOMOrox0 03HAYCHHS IOBECTH, 110 Ilm0 =0
X—> X

Po3B s30k. Maemo D, : x#0

®ikcyemo nosuisHE E > 0

[epeBipumo icHyBarHs O >0. OueBUIHO, l| > E npu ‘x| <%, TOMY, SIKIIIO TTOKJIACTH O = %
X

. . . 1
TO SIK TUIBKH ‘x| < OTPUMYEMO BipHY HEPIBHICTh | = | >E .
X
. . 1
3 moBinbHOCTI E BummmuBae, mo V E >0 3 6 >0 (manpuxnan, o = E) TaKe, 1o IS

o 1 : .1
0< ‘x| < 0 BUKOHYETHCS HEPIBHICTD | — | > E, 3Bijiku 3a 03HaueHHAM lim = = o0
X x=0 X

[Tpuknan 2

BukopucToByouM 03Hau€HHS HECKIHYEHOT IpaHulli PYHKIIT JOBECTH, 1110

im ———— =00
x>25x —10
Po3B’sa30k. Maemo D, : x# 2

1) ®ikcyemo noBinbHO E > 0

18



1
- S‘x— 2|

2) HepiBHicTb ‘ > E Oyze BipHOIO K TUTbKH 0 < ‘x - 2| < % , AKIIIO

‘5x——10

1 ..
MOKJIACTH 0 = — , To i V xe R st ssxkux 0< |x— 2| < ¢ BHUKOHYETHCS HEPIBHICTH

1
5x-10

| > E. Takum uynHOM, 1y o0panoro E icHyBaHHS O 10OBeneHO.

3) 3 nosinbHOCTI E BumuBae, mo V E >0 3 > 0 (manpukian, o = SLE Take, Mo V xe R mua

akux 0 < ‘x - 2| < 0 BHUKOHYETHCS HEPIBHICTb | > E, T00TO 32 0O3HaUEHHAM

5x-10
lim =
x>25x—-10
[Tpuxnan 3
. 3—x? 1
3a J0MOMOror0 0O3HayeHHs JOBECTH, 10 [im =
x>0 ] 4+ 2x 2

Po3B s130k. 1)Dikcyemo noBineHO & > 0

2) [Toxaxemo, 1o icuye G > 0 Take, mo V x € R ans skux ‘x| > G BUKOHYETHCSI HEPIBHICTD

3-x" — (—£)| < &. PO3NISIHEMO PI3HHUIIO |—— x” - (—£)| = 1| T
1r2x2 2 ' P 11222 20 T 2fv2xt| 214248
HepiBHicTh ! > <& BHKOHYEThCS 5K Tisibku (1 + 2x%)> ! abo ‘x| > - 2g| Tomy B
21+ 2x 2¢
. . 71-2¢
aKkocTi HeoOxinHoro G MoxHa nokiactu G = > |
&g
. . 7-2¢
3) 3 noBibHOCTI £ BHIuMBae, mo V £>0 3 G > 0 ( Hanmpukian, G = > | ) Take, 110 5K
£
3 3—x? 1

2
) -X 1 .
TIIBKU |x| <@, 10 ﬁ - (—§)| < ¢. Ille noBoguTs, mo lim =——,
+ZX

owly2x? 2

2.6. [Ipuxnaam ajis camocTiitHOT poOOTH

3a mormomororo o3HaueHHs rpaHulll ¢ynkimii mo Komri qoBecTtH, mo

2
26.01 lim 2x" +5x-3 _
-3 x43

—7
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2 —_ —
26.02. lim 2 —4~1_g
x—1 x—l
2 —
2603 fim X *o¥=2_ 5
X—>—2 x+2
2 —_ —
2.6.04 |imlM _

: 1
X*)2 x—=

5

2
2605 fim X X1

X—>—=
2

-5
x+=
2

2 p—
26,06 lim 2 —4Y+0 g

x_

2 J—
2607 lim 2> ~1_ ¢
1

X——=

3 X+ —

2
2.6.08 lim > —2*=2_5
x—2 x—2
2
2609 fim =21

X2 1
3 X+ -
3

4

2
2610 fim X *8x+1_

—6
X—>-1 x+1

2
2611 fim X —4**3 _

X—3 x—

2

2
2,6.12 Iim12x+—3)1€_2 _

2 X——

2

5

2 j—
2613 lim X —>*1_

X—=
—)3 x—=

3

-1

2 —
2644 fm 29T g

X——=

x+—

2
2615 fm 2 182l 1

*>— 2x+7 2

2 —
26.16 lim ¥ —%x+10 _1
X»g 2)C—5 2
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2 —_—
26.17 lim 2 X711 _g
ok 1
3 X ——

3
2
2618 lim 6x _751‘ —39_

= X+ =
2

2
2.6.19 lim w =
x—11 x—-11

-81

23

2
26.20 lim Sx” —24x-5 _

X—5 B

26

2
2.6.21 Iim M:
x—>=7 x+7

-13

2
26.22 fim 25 *6x=8_
>4 x+4

-10

2 J— —
2623 fim & —¥-1_ 5
H_% 3x+1 3

2
26.24 fim X271 _
x>5  x+5

-8

2 —
2 6.95 lim 3x° —40x +128 _

x—8 x—8

8

2
26.26 lim Sx” —5Lx+10 _
x—10 x—10

49

2 —
2.6.27 |im12)‘—5)1‘+2 __3

2 X——

2

2
2.6.28 |iml M =

1 1
X—)3 o

3
2
26.29 im 5x" —2x-1_
1 1

=g X+
5

19
-8

2 — —
2.6.30 |im115"—21"1 _8

3 x—_

3
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3a 1omomMororo 03HaueHHs rpaHulll GyHkiii no ['eitHe ( 32 10MOMOTO0I0 TTOCITIIOBHOCTEH )

JIOBECTH, IIIO

2
2631 lim = 10 _

x=>4 x° —4x

2.6.32 Iiml(15x2 —-3x+4)=16

2

2.6.33 lim (x* +120x° —73x* + 27x—4) =4

2
56.34 fim 2 —14x+6 _

X—3 x_3

10

2
2 6.35 lim 2x" +6x-8 _
x4 x+4

-10

2 J—
26.36 lim X" +2x-15
x>5  x+5

-8

2 J—
2637 lim X~ +3 _

Xx—3 X —

2

Hosectw, 1m0 yskiis f(x) B TouIi X =a He Ma€e rpaHuUIl

2
dn+1

)

LT . . . . 1
2.6.38 f(x) = sin —, a= 0 ( BkasiBka. Po3rissHyTH JBi IOCTIIOBHOCTI X, =— Ta Y, =
X n

2.6.39 f(x) = arctg% a, a=0

2640 f(x)=sinx, a=+owx

2.6.41 f(x) = sgn(sin 1), a=0
X

2.6.42 f(x) = cosx, a=+ow
2.6.43f(x)=tgx, a=+ow
2.6.44 f(x) = ctgx, a=+wx
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