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ASYMPTOTIC REPRESENTATIONS OF SOLUTIONS WITH SLOWLY
VARYING DERIVATIVES OF THE SECOND ORDER DIFFERENTIAL
EQUATIONS WITH THE PRODUCT OF DIFFERENT TYPES OF
NONLINEARITIES

Significantly nonlinear non-autonomous differential equations have begun to appear in prac-
tice from the second half of the nineteenth century in the study of real physical processes in
atomic and nuclear physics, and also in astrophysics. The differential equation, that contains in
its right part the product of regularly and rapidly varying nonlinearities of an unknown function
and its first-order derivative is considered in the paper. Partial cases of such equations arise,
first of all, in the theory of combustion and in the theory of plasma. The first important results
on the asymptotic behavior of solutions of such equations have been obtained for a second-order
differential equation, that contains the product of power and exponential nonlinearities in its
right part. For, no such equations have been obtained before. According to this, the study of
the asymptotic behavior of solutions of nonlinear differential equations of the second order of
general case, that contain the product of regularly and rapidly varying nonlinearities as the
argument tends either to zero or to infinity, is actual not only from the theoretical but also
from the practical point of view. The asymptotic representations, as well as the necessary and
sufficient conditions of the existence of P, (Yp, Y7, +00)-solutions of such equations are inves-
tigated in the paper. This class of solutions is the one of the most difficult of studying due
to the fact that, by the a priori properties of the functions of the class, their second-order
derivatives aren’t explicitly expressed through the first-order derivative. The results obtained
in this article supplement the previously obtained results for P, (Yp, Y7, 200)-solutions of the
investigated equation concerning the sufficient conditions of their existence and quantity.
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INTRODUCTION

The following second order differential equation

y" = aop(t)po(y)e1(y) (1)
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is considered. In this equation ag € {—1;1}, functions p : [a,w[—]0, 400, (—o0 < a < w <
+00) and @; : Ay, —]0,+o0[ (i € {0,1}) are continuous, Y; € {0,+00}, Ay, is either the
interval [y?, V;[ or the interval |Y;, ¢?]. If Y; = 400 (V; = —00) we put 39 > 0 (19 < 0).

We also suppose that function ¢; is a regularly varying as y — Y; function of index o
(]9], p.10-15), function ¢q is twice continuously differentiable on Ay, and satisfies the next

conditions
, . . po)es(y)
wo(y) #0 as y € Ay,  lim @o(y) € {0,400},  lim ———==5= =1. (2)
5EA§)/O yyeA;)O (¢o(y))

It follows from the above conditions (2) that the function ¢y and its derivative of the first
order are rapidly varying functions as the argument tends to Yy ([9], p.15). Thus, the
investigated differential equation contains regularly and rapidly varying nonlinearities in its
right-hand side.

Partial cases of the equation (1), which contains both power-type and exponential-type
nonlinearities in the right-hand side, are found in practice, in particular, in the theory of
combustion and in the theory of plasma. For example, during investigations of distribution
of electrostatic potential in a cylindrical plasma volume of combustion products it have been
aroused the nonlinear differential equation that can be reduced to the next one:

y' = agp(t)e™ly'|*. (3)

oz

The equation (3) is an equation of the type (1), in which ¢;(2) = |2}, @o(z) = €,
o, A € R, 0 # 0, function p: [a,w][—]0,+o0[ (—o0 < a < w < +00) is a continuously
differentiable function. Under some restrictions on the function p(t) certain results for the
asymptotic behavior of all regular solutions of this equation have been obtained in works of
Evtukhov V. M. and Dric N. G.(look |[5], for example).

Thus, the equation (1) is a natural generalization of equation (3) and plays an important
role in the development of a qualitative theory of differential equations.

The main aim of the article is the investigation of conditions of the existence of following
class of solutions of the equation (1).

Definition 1. The solution y of the equation (1), that is defined on the interval [ty, w|C [a,w],
is called P, (Yo, Y1, Ao)-solution (—oo < Ay < +00), if the following conditions take place

op Ay limy (8 =Y, (i — A CAG) .
Yy o, w[— Ay, ltlgy t)=Y; (:1=0,1), #SW -

This class of solutions was defined in the work of V. M. Evtukhov [3] for the n-th order dif-
ferential equations of Emden-Fowler type and was concretized for the second-order equation.
Due to the asymptotic properties of functions in the class of P, (Y, Y1, Ag)-solutions [6],
every such solution belongs to one of four non-intersecting sets according to the value of
Ao Ao € R\{0,1}, A\g =0, A\g = 1, A\g = 00. In this article we consider the case Ay = +o0
of such solutions, every P, (Yp, Y], +00)-solution and its derivative satisfy the following limit
relations ) .

i TV Lm0

) woye W
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This class P, (Yp, Y1, 00)-solutions for equations of the form (1) is one of the most
difficult to study due to the fact that the second-order derivative is not explicitly expressed
through the first-order derivative. From (4) it means that the derivative of the first order of
each such solution is a slowly varying function as ¢ 1T w.

From the conditions (2) it also follows that the function ¢, and its first-order derivative
belong to the class I'y,(Zp), that was introduced in the works of V. M. Evtukhov and
A. G. Chernikova [4] as a generalization of the class I' (L. Khan, see, for example, [1], p.
75). The properties of the class I'y, (Zy) were used to get our results.

For the equation (1), in previous works |2| the necessary and sufficient conditions for the
existence of the investigated class of P,(Yp, Y1, £00)-solutions were established in case of the
existence of some infinite limit. In this work we establish the sufficient conditions for the
existence of P,(Yp, Y], +00)-solutions of the equation (1) in case this limit equals nonzero
real number. We also have found the asymptotic representations of such solutions and its
first order derivatives as ¢t T w and indicated the number of such solutions.

1  SECTION WITH RESULTS

To formulate the main results, we introduce the following definitions

Definition 2. Let Y € {0,00}, Ay is some one-sided neighborhood of Y. Continuous-
differentiable function L : Ay —]0;4o0[ is called ( [8], p.2-3) a normalized slowly varying
function as z =Y (z € Ay) if the next statement is valid

L/
lim % W _,
o L(y)

Definition 3. We say that a slowly varying as z — Y (z € Ay) function 0 : Ay —]0; +00|
satisfies the condition S as z — Y, if for any continuous differentiable normalized slowly
varying as z — Y (z € Ay) function L : Ay, —]0; +oo[ the next relation is valid

0(zL(2)) =0(z)(1+0(1)) as z—=Y (z€Ay).

Condition S is satisfied, for example, for such functions as In |y, | In|y||* (x € R), InIn |y|.
The following theorem is obtained in our previous work [2] and contains a necessary
conditions for the existence the P, (Yy,Y;, £00)-solution of the equation (1).

Theorem 1. [2] Let for equation (1) oy # 1, the function ¢, (y')|y'|~7* satisties the condition
Sasy — Y, (v € Ay,) Then, each P,(Yy, Y1, +00)-solution of the differential equation
(1) can be represented as

y(t) = mo(t) L(t), (5)
where L : [to,w|— R is twice continuously differentiable on Ay, and satisfies the next
conditions

wWr,()L(t) >0, L'(t)#0 as te€[t,w] (to <t <w), (6)
. . . _ (L) _
lim L(t) € {0; %00}, limm,(¢)L(t) = Yo, I#EW = 0. (7)



SOLUTIONS OF EQUATIONS WITH THE PRODUCT OF DIFFERENT TYPES OF NONLINEARITIES 13

Thus, in the case of the existence of a finite or infinite limit
(B L (t
o L)
tTw [/(t)
the following relations take place

LTI

tlTIBL’—(t) =—1, aol/(t)>0 as tet,w|(to <t <w), (8)

OéoL/(t)
P1(L(8))po(ma(t) L(1))

Let’s introduce the following definition.

p(t) = [1+4+0(1)] as t1w. 9)

Definition 4. We say that the condition N is satisfied for the equation (1) if for some
continuously differentiable function L(t) : [to,w|[—> R(ty € |a,w[), which satisfies conditions
(6)—(7) and (8), the following representation takes place

apl/(t)
p1(L(t))po(m () L(1))

where r(t) : [tg,w[—>] — 1;4+00] us a continuous function that tends to zero as t T w.

p(t) = [1+7()], (10)

To formulate the sufficient conditions for the existence the P, (Y, Y7, £00)-solution of the
equation (1) let’s introduce some notations.

po = signeg(y),  61(y") = o1 (¥)Y'|~

e’
_L2(t)gp (e, (1) L(t) B <<P0(y)>
B O XTI Y
e(t) =1+ —W“’(zif)m, ea(t) =2+ —W“’(L?(I;;( )

For these functions, from (2), (6) and (7) the following statements are fulfilled:

1)

1#3 el(t) = ltlTrB ex(t) =1, ltlTrBH(t) = +o0, hTrB(h(t) =0, (11)

2) If the next limit

o L) H(®)
thw L’(t) |H(t)]

3
2

exists, then
Lt) H'(t)
v () TH@E =0 (12)

The sufficient conditions for the existence the of P, (Yp, Y1, +00)-solutions of the equation

(1) in case
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T () L (1)

. 1
were found in [2].
In this work we suppose that
. 7Tw<t)[/(t) 1
lim ———=|H(t)|2 = 0< < . 13
I =@y HOPF =7, 7l < +oo (13)

The sufficient conditions for this case are formulated in the following theorem

Theorem 2. Let for equation (1) oy # 1, the function ¢,(y')|y/|~7* satisfies the condition
Sasy — Y (v € Ay,), the conditions N, (12) and (13) are taken place.

Then in case agug > 0, the differential equation (1) has a one-parameter family of
P,(Yy, Y1, 00)-solutions,

in case aguy < 0 and ygagym,(t) < 0 the differential equation (1) has a two-parameter
family of P,(Yy, Y1, £00)-solutions,

and in case agpy < 0 and y§agym,(t) > 0 the differential equation (1) has at least one of
P, (Yp, Y1, 00)-solutions.

For each of such solutions the following asymptotic representations take place ast T w.

s PEOLE)
Yit) = malt) - L(0) + ST o), (14)
Y(1) = [L(t) + ma(t) - DO - [L+ [HE)[ - o(1)]. (15)

Proof. We apply to the equation (1) the transformation

y(t) = mo(t) - L(t) + £l " LO) )

o(mo(t) - L(t)) (16)
y'(t) = [L(t) + m(t) - L'(D)] - [1 4 22(t));
and reduce the system (16) into the following system of differential equations
(-0t L
’ LI t €9 t
oL Lg(g) e(gt;;(t)” 0, (L(1)o(Yi(L, 29)) - K(1, 25) "
aop(t)|ei(t) - 10, wolYi(t, 22)) - y %) Lo o
|~ (D) - ea(l) [T+ 2] — [1+ 2] |,
in which
K (t, ) = 01(Ya(t, 22)) Yi(t, 2) = mo(E)L(E) + wo(my, (1) L(1)) .
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/
[L(t) + 1, () L(2)] | [1+ 25(t)] is a slowly varying function, the

From the conditions that (i
function 6, satisfies the condition S, we have
. . 11
ltle K(t,z2) = 1 uniformly on 2z, € ~30 5] (18)

According to the condition N we have

oL (L) Vi) _ aolVitz)
70 = eyt T 19

Decomposing the right-hand side of (19) at a fixed t € [¢t;;w| by the Maclaurin formula
up to the second order in a variable z; with a Lagrange-shaped residue, we have

poMlt 21) [LT+r@)]=[14rt)] (1+21)+ R(t,z1),

oo(ma (DL (1))
in which

n @o(ﬂw(t) L(t)) . T
et (rton + GG ) aaimate o)
& b (ma (DL (7)) X

€] < |z
1
Nt 20) = m (O LO) U s T o L)
o (ma ()L (1))

From the conditions (2) and (16) it follows that

o (- po(mu(t) - L(t))
¥o | T oo(ma(t) - (1) po(mu(t) - L(t))
o (om0 + HELHE <)

2’2
It follows from the lemma 1.2. at [4] that if ¢, ¢} € I'y,(Zy) with the additional function

gly) = igg;, we have

where -
ltle di(t,z1) = 0 uniformly on 2z € { } )

where -
lim d; (¢, z;)= 0 uniformly on z € {—5, 5} )



16 CHEPOK O. O.

Thus, it is shown that for anyone € > 0 there are exist t; € [to;w[ and 0 < § <

%, such
that
|R(t,z1)| < (1+¢e)|z]? as te€[t;w] |z <0
Choose the number € > 0 and let’s consider the system (17) on the set
1
Q= [t;w[xD, where D ={(21;25) € R?, |z1| <6, |z|< 5}
System (17) on the set Q2 has the form
' L(1))
"= L(t) - t .M. t
o L,(t) eli ) ol L) @B+ 2l (20)
Zé = T(t) : Z?Et% . [A21(t)21 + AQQ(t)Z2 + Rl(t, 21, ZQ) + Rg(t, 21, ZQ)] s
in which "
14+7r(t)] - K(t,29)e]'(t
Ay (1) = [L+7(0)] K 2)el (1) Ap(t) = Agy -0y — 1,
ea(t)
Ri(t,21,22) = Aai(t) — 1,
As () R(t, 2 o
Ra(t, 21, 22) = A (021 ([1 + 2 — 1) + %@)1)“ Tl
+A21(t)([1 + Zg]ol —1- 0'122>
Note that from (11) and (18) it follows that
limA21 = 1, hmAQQIO'l—l,
tTw tTw
lim Ry (t; z1; 22)— 0 uniforml |z 1’—12
L 1(t; 215 22)= 0 uniformly on  (z1,22) |2 < = he
t. .
im M: 0 uniformly on ¢ € [t1;w].
21| +lz2l =0 |21] + |22]
We apply an additional transformation to the system (20)
Zl<t> = Ul(t)a L (21)
2(t) = [H(t)[2va(t).
Finally we have
( ’Ui = h(t)[cu(t)vl + 012’02],
H'(t)signH (t) es(t)
vy = h(t vg + Agyv1+
R T T I i 22)
ea(t) Ay ea(t) -1 ea(t) -1
+ Vo + Ryi(t,vy, |H(t)| 2v9(t)) + Ro(t, vy, |[H(t)| 2v9(1)) |,
| e R T 0 1(6 w1, [H (8)] 72 0a(1)) (1) 2(£, 1, [H ()| 2 0a(2))
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where
o) = 2O, e = aman OO, e = aony
From the (6)—(8), (11) and (12) it follows that
/h(T)dT = +o0,
im €9 (t) A22 .
RO HEE
1 H'(t)signH(t)

9

1m 3
ttw 2 ‘H(t)|§
Ro(t, v, |H ()| 20s(t))

(o1 |+ [v2]—0 1] + |vg]

= 0 uniformly on ¢ € [t1;w].

Then we must to find the ltle c11(t). Let’s consider

Y

y=mw (t) L(t)

(R0 L) | )
Ht) = (w)) o (OL@) T D0

then

(@6@))' _ H'(1) _ eh(m L)
W) | ore P (L) + m@)L()  po(mu(t)L(E)
L2(t)
L'(t)

Then we have

Q)| H1)|? =

Lt) A1) L+ o(l) npu ¢t w. (23)
| |

L'(ter(t) [H(1)[? % ceq ()| H(t)|2 - signH'(t)

The first term from (23) equals to zero according to (11) and (12), the second term equals

to —= due to the condition (13). So, we have
lim Cll(t) = _QOMO
tTw y

Characteristic equation of the boundary matrix of coefficients at v, and v,

% Qoo
1 0

)\2 + Qo Lo

has the form

)\—Oé(),uo = 0.
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This equation has no roots which real part equals to zero.

In the case appo > O(appo = 1) the characteristic equation has two real roots with
opposite signs. So, according to the theorem 2.2 from [7] the system (22) has one-parameter
family of solutions that tend to zero as the argument tends to +ooc.

In the case apuo < 0(apuo = —1) the characteristic equation has two real roots with or
two complex roots with the real part of the same sign as 7.

According to the condition N

signh(t) = apy)signm,,(t).

So, according to results in [7] n case apuo < 0 and ydagym, () < 0 the system (22) has a
two-parameter family of solutions that tend to zero as the argument tends to +o0 i and in
case agpy < 0 and yJagym,(t) > 0 — has at least one of such solutions.

Each of such solutions of the system (22) due to transformations (16) and (21) corresponds
to the solution of the equation (1) which have the representations (14)-(15). It is clear that
obtained solutions are indeed P, (Yp, Y1, Ag)-solutions of the equation (1). The theorem is
proved in a whole.

O
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Icrorno meniniitni HeaBTOHOMHI MUdeEpEHITiANbHI PIBHIHHSA MOYAIH BUHHKATH HA MPAKTHUII
3 Ipyroi TOJIOBUHU JI€B’ATHAAMATOrO CTOJITTS MPU JOCTIIKEHHI peaqbHuX (Di3UYHUX mpore-
ciB aTOMHOI i simepHOl i3uKu, a TakokK, acTodizuku. Y poboTi po3risamacTbca audepenirae
PiBHsIHS, siKe MICTHUTBH y HpaBiii 9acTuHi JO0OYTOK MPABHIBHO Ta MIBHAKO 3MIHHMX HETiHIHHO-
creil B meBimomol dyskmii Ta i1 noxinuoi mepinoro nopsaky. Okpemi BUNAIKH TAKUX PIBHAHD
BUHUKAIOTh, HAacaMIlepe, y Teopii ropinag ta teopii miaasdmu. Ilepmii Baxkausi pe3synbraru
IIOJI0 ACUMITOTUYHOI TIOBEIIHKYM PO3B’SI3KiB TAKUX PIBHSHBL OyJI0 OTPUMAHO s audepeHtri-
aJIbHOTO DIBHSHHS [IPYrOr0 MOPSIKY, sIKe y MPaBiii 4acTuHi MIiCTHUIO T00yTOK CTEMEeHEBOI Ta
eKCITOHEeHITATbHOI HesiHiiHocTel. s 3arabHOTO BUMAAKY TAKAX PIBHSHD PE3y/IbTATIB PaHi-
e oTpuMaHo He Oysio. VY 3B’43Ky 3 UM, JOCJIi/PKEHHS aCHMITOTAYHOI IOBEIIHKYA PO3B’A3KiB
HEMHITHNX andepeHItiaTbHIX PiBHAHDL IPYTrOTO TMOPSIKY, M0 MICTITH JOOYTOK MPABUILHO Ta
MIBU/IKO 3MIHHUX HEJIHIHHOCTEH Mpu MpsiMyBaHHI aprymMenTy abo A0 HyJisd, abo 10 HECKiHYeH-
HOCTi, € aKTyaJIbHUM HE JIUIIE 3 TEOPETUYHOI, a i 3 MPAKTUIHOI TOYKHU 30py. ¥ AaHiii poboTi
JOCTTIKYIOThCA ACUMITOTHYHI 300paskeHHsI, a TAKOXK HeOOXiTHi i JOCTATHI yMOBH iCHYBaHHS
P, (Yp, Y1, £00)-po3s’sa3kis Takoro piBusinus. 1leil kiac po3s’si3kiB € ogHuM 3 HalicKIIa HImUX
JUIST TOCJIIIPKEHHS 34 PAXyHOK TOTO, IO, 3BAYKAIOUM HA ANPIOPHi BJIACTUBOTCI (DYHKIIiH IHOTO
KJIACy, X TOXiTHA, IPYTOTO TMTOPAIKY Y SBHOMY BUTJISI HE BUPAYKAECTHCS Yepe3 MOXiTHY TEPIIOTO
nopaaky. Pe3ynpraTn, oTpuMaHni y Iiif CTaTTi JOMOBHIOIOTHL OTPUMAHI paHillle Pe3yabTaTh s
P, (Yp, Y1, £00)-po3B’sa3KiB JOCIIAKYBAHOIO PIBHSAHHS OO JOCTATHIX yMOB iX iCHYBaHHS Ta
KLIBKOCTI.



