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THREE SPECTRA PROBLEMS FOR STAR GRAPH OF STIELTJES
STRINGS

A. DUDKO AND V. PIVOVARCHIK

This paper is dedicated to Yu. M. Arlinskii’s 70th anniversary

ABSTRACT. The (main) spectral problem for a star graph with three edges composed
of Stieltjes strings is considered with the Dirichlet conditions at the pendant vertices.
In addition we consider the Dirichlet-Neumann problem on the first edge (Problem
2) and the Dirichlet-Dirichlet problem on the union of the second and the third
strings (Problem 3). It is shown that the spectrum of the main problem interlace
(in a non-strict sense) with the union of spectra of Problems 2 and 3. The inverse
problem lies in recovering the masses of the beads (point masses) and the lengths of
the intervals between them using the spectra of the main problem and of Problems
2 and 3. Conditions on three sequences of numbers are proposed sufficient to be the
spectra of the main problem and of Problems 2 and 3, respectively.

1. INTRODUCTION

Boundary value problems on graphs consisting of Stieltjes strings (elastic massless
threads bearing point masses, in other words, beads) are natural generalizations of bound-
ary value problems on a single interval and are often used in the theory of vibrations of
nets. Direct and inverse problems for a single Stieltjes string were solved in [8].

Finite dimensional inverse spectral problems for star graphs were solved in [2], [19],
[20]. By inverse spectral problem we mean recovering the masses of the beads and the
lengths of the intervals between them using certain spectral data.

It is clear that the spectrum of the spectral problem on a star graph does not determine
uniquely the masses of the beads and the lengths of the intervals between them. The
authors of papers [2], [19], [20] used the spectrum of a problem on the whole star graph
together with the spectra of boundary value problems on the edges as the given data.

Nowadays, finite dimensional spectral problems complete actual topics of investigation
for physicists and mathematicians (see, e.g. [6], [7], [9], [15], [18], [19]) as well as their
infinite dimensional analogues (in quantum graph theory), see, e.g. [1], [12], [14], [17].

Finite dimensional spectral problems appear in the theory of vibrations of mechanical
systems which have forms of graphs (see, [6], [7], [9], [15], [18], [19]) and in the theory of
synthesis of electrical circuits (see, [5], [10]).

In the present paper we consider a star graph with three edges. The spectral problem
on the whole graph is the one with the Dirichlet conditions at the graphs pendant vertices
and the continuity and balance of forces conditions at the central vertex. Also we consider
Dirichlet-Neumann problem (the Dirichlet condition at the left end and the Neumann
condition at the right end) on the first edge and the third problem which is Dirichlet-
Dirichlet problem (the Dirichlet condition at both ends) on the union of the second and
the third strings.
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Our inverse problem lies in recovering of masses of the beads and the lengths of the
intervals between them, using the spectra of the three spectral problems described in the
above paragraph and the total lengths of the strings. Solving of this inverse problem lies
in:

1) establishing conditions on three sequences of real numbers necessary and sufficient to
be the spectra of three problems described above;

2) proving uniqueness of the solution (if it is unique);

3) finding a method for recovering the masses and the lengths of the intervals.

We solve the inverse problem in Section 3, while in Section 2 we solve the direct
problem, i.e. we describe mutual location of the spectra of three problems described
above. This we need to compare the conditions on three sequences of real numbers
described in Section 3 as sufficient conditions with the necessary conditions described in
Section 2. We show that the three spectra and the total lengths of the strings uniquely
determine the masses of the beads and the lengths of the intervals between them on
the first string. An algorithm of recovering the masses and the lengths of the intervals
between them is also given in Section 3.

2. DIRECT SPECTRAL PROBLEM

We consider three Stieltjes strings which are joined in one point (see Fig. 1) to compose
a star graph. The joining point of the obtained star graph is free of beads. The pendant
vertices of the obtained star graph are fixed. We measure distances from the pendant
vertices on each edge. Starting indexing from the pendant vertices, n; beads of masses
m9 > 0, ¥ = 1,2,...,n;, are positioned on the j-th string, j = 1,2, 3, which divide
the jth string into n; +1 (n; > 1) subintervals the lengths of which are denoted by
l,(g) >0 (k=0,1,...,n;) again starting indexing from the free ends. In particular,

léj) is the distance on the j-th string between the fixed endpoint and mgj), l](j) for

(k=1,2,...,n; — 1) is the distance between the beads of masses mfcj) and m,(cjll, and
l%) is the distance on the j-th string between the bead of mass m%jj) and the point of

Joining of the strings. The tension of each thread is assumed to be equal to 1.

The transverse displacement of the bead of mass mgj ) at the time ¢ is denoted by
v,ij)(t) (k=1,2,...,n;, j=1,2,3). For convenience, we denote by v(()]) the transver-
sal displacement of the pendant endpoints and by vflj] ) ,1(t) the transversal displacement
at the point of joining considered as a point on j-th string.

&)
10

FIGURE 1.
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The total length of jth string is denoted by [;:

n;
b=t
k=0
Newton’s law gives the following equations of motion for the beads:

o) o | w0 - ol

(9) (J) —
0 e e () =0
k k—1

(k=1,2,...,n;, j=1,2,3).
From the continuity of the strings at the central vertex of the graph we obtain
1 2 3
;1)+1(t) = 07(12)+1(t) = Uv(md)+1(t)
and the balance of forces at this point leads to

(J)( (J) ()

Jj=1

We impose the Dirichlet condition at the beginning of each string
1 2 3
v (1) = v () = v (1) = 0,
which means fixing the pendant vertices of the graph.
Substituting U(])( t) = u,(j)e”‘t and changing the spectral parameter for z = A2 we
obtain the following recurrences for the amplitudes u,(j ) of vibrations:

) G G
u — U u — U
(1 & htl y k Pl =0 (k=1,2,...,n;, j=1,2,3),

v
1 2 3
(2) ung)Jrl = 512)+1 = u23)+1v
3 () (4)
unj - u’n]‘Jrl _
8 PR
Jj= nj
(4) ugl) = ué2) = ué?’) =0.

Denote by {\}71t"*7™ the spectrum of problem (1)—(4).

Also we consider the spectral problem for the first string with Dirichlet condition at
the left end and with Neumann condition (which means that the end is free to move in
the direction orthogonal to the equilibrium position of the string) at the right end (see
Fig. 2):

1) 1) u 1)

U, —U —u
5) k : k+1 k k=1 m(l)zug) =0 (k=1,2,...,n1),
l( ) l(l)
k k—1
(© w5 =0
1
- WD, = ),

Denote by {z/k }eL, the spectrum of problem (5)—(7).
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In addition to problems (1)—(4) and (5)—(7), we consider the problem that occurs when
one of the ends of the second string is connected to one of the ends of the third string,
and at the pendant vertices we impose Dirichlet conditions (see Fig. 3):

u(]) (9 u(]) ()

u u . .
(8) b ) AL & o) bl —mg)zug):O (k=1,2,...,n,j =2,3),
b iy
(9) ) =g’ =0,
2 3
(10) 5@)+1 = “gLJ)+1

3 ugf) _ u(])
(11) }: d ”+1=0

Jj=

Denote by {4 }721™ the spectrum of problem (8)—(11).

&)
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0 1 2 e Ly

FIGURE 2

Following [8] we look for a solution to problems (1)—(4), (5)—(7), (8)—(11) in the form:
(12) w = RGL () (k=12 m;, j=1,2.3),

where R;J,;)_Q(z) are polynomials of degree k — 1.

According to [8] the polynomials R(j )(z) satisfy the recurrences
Ry, (2) = “)Réﬂk) 2(2) + B3 (2),
R} (2) = Ry 1 (2) + R (=)
(k=1,2,...,n;, j=123)
and the initial conditions

. 1 .
0

Substituting (12) into (2), (3), we obtain
Ry, (2)u” = R, ()t = R (o)™,

n

1 1 2 2 3 3
)LD+ B (ol + RS, (l® 0
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or in matrix form

Ry (2)  —RY) (2) 0 uf”
(13) 0 RY (z) —RY () | [u? ] =0

RY _1(2) RS _1(2) RS _1(2) \u”

The sequence of eigenvalues of problem (1)—(4) coincides with the sequence of values of
the spectral parameter z, for which system (13) has a nontrivial solution, that is, for
which the determinant of the matrix of the system is 0

RS (2) 13%322( 9 0
0 R2n2( ) R2n3( ) = 0.

Ry () RS _\(z) RS ()

Thus, the spectrum {\;}714"**™ of problem (1)—(4) coincides with the sequence of
solutions of the equation

®(z) : = RS (2)RE) ()RS, (2) + RY) ()RS (2)RE) (2)

2no
(14)
+ R ()RS ()RS (2) = 0.

We call ®(z) the characteristic polynomial of problem (1)—(4).

The spectrum {V,(Cl)}zlzl of problem (5)—(7) coincides with the sequence of solutions
of the equation

(15) Ry _(z)=0.

The left side of equation (15) is the characteristic polynomial of problem (5)—(7).
Substituting (12) into (8)—(11), we obtain
2 2 3 3
Ry, (2)ui? = Ry (2)ut?

2n2

2 3 3
R ()l + RY) ()Y =0,

B (2) - —Fan(2) E; o
R2n2—1(z) R2n3—1(2)

The spectrum {ux } 24" of problem (8)—(11) coincides with the sequence of solutions of
the equation

or in the matrix form

U(2) = Ryl (2) Ry, 1 (2) + Ryn 1 () Ri, () = 0.
Here ¥(z) is the characteristic polynomial of problem (8)—(11). We denote by
{&:}74™2 ™ the union of the spectra of problems (5)—(7) and (8)—(11), i.e

fahn =0 R U szt

We index elements of {&,}74" 1" in the nondecreasing order such that
51 é 52 é Tt S £n1+n2+n3~

Definition 2.1. (see e.g. [16], Definition 5.1.20). A function w(z) is said to be Nevan-
linna (or R - function in terms of [11)), if:

1) the function w(z) is analytic in the half-planes Imz > 0 and Imz < 0;

2) w(z) = w(z);

3) Imz Imw(z) > 0 for Imz # 0.

Definition 2.2.(see [11] or [16], Definition 5.1.24). A Nevanlinna function w(z) is said
to be an S-function, if w(z) > 0 for z < 0.

Definition 2.3. An S-function is called Sp-function, if |w(0)| < co.



316 A. DUDKO AND V. PIVOVARCHIK

Lemma 2.4. Let fi1(z) and fa(z) be So-functions. Then fi(z) + fa(z) and
(fi'(z) + f{l(z))_1 are also So-functions.

Proof. Since Imz Im (f1(z) + f2(2)) = Imz Imfi(2) + Imz Imfa(z) > 0 for Imz # 0
and f1(2) + f2(2) = f1(2) + f2(2) = fi(2) + f2(z) we conclude that f1(2) + f2(z) is a
Nevanlinna function.

Noticing that fi(z) > 0 and fa(z) > 0 for z < 0 we arrive at f1(z) + f2(z) > 0 for
2z < 0. Thus, f1(z) + f2(z) is an Sp-function.

Since

L [ —mf()
(16) e ey = MR = RGP

for j = 1,2 we obtain that

1 1 —TIm ( ! )
Im 1 _ 1) i falz) _ hz) AE) .
L 1 1 1 [
ne - RERE T RE) 1e " Re)
Using (16) we arrive at
Tmf; (z) N Imfs(z)
Im 1 _ ()P [f2(2)]?
1 n 1 1 1 '
he) RGO 5T Be)
Since Imz Imf;(z) > 0 for Imz # 0 and j = 1,2 we arrive at Imz Im% >0
he) " RE)
for Imz # 0.
o 1 1 1
Also it is clear that = and —— > 0
1 n 1 1 n 1 1 n 1
[(Z) f(2) fi(z)  fa(2) fi(z) © fa(z)
for 2 <0. O

Theorem 2.5. The sequences {\g} it and {&}L™7™ satisfy the following
conditions:
1) 0< 51 < )\1 < 52 < )\2 <--- < €n1+n2+n3 < )\n1+n2+n3;
2) If i = Aig1, then & < Mg = &1 = M1 < g2
(k‘: 1,2,...,711 +TL2—|—7’13—2);
If )\n1+n2+n3—1 = /\n1+n2+"3’ then

§n1+n2+n3—1 < >‘n1+nz+ns—1 = €n1+n2+n3 = )‘n1+nz+ns'
3) the multiplicity of A\, and of & does not exceed 2 for all k.

Proof. Since {V,(Cl)}zlzl are the zeros of Réz)l_l(z) and {ug}2t"* are the zeros of the
polynomial ¥(z), we conclude that {s are the zeros of the polynomial

F(z):= Rél) (2) <R(2)

n1—1 2n2

()RS, 1 (2) + RS2, 1 ()RS, (2))
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Consider the ratio
a(z) B () (RS, RS, () + RS, ()RS, (=)
PG RG) () (REL(RS), () + RS, ()RS, (2))

2’1’7,2
RS ()RS (2)RS) (2)

2n3
_|_
1 2 3 3
RS2 (2) (RS, (VRS 1 (2) + RS, 1 (2) RS, (=)
Ry, (2) RS

_ &) (2)RS) (2)
CRD) () RO (2RS4 (z)+ RS ()RS (2)
_ R 1
Ry, (2) 1 1
RY (z)  RY)(2)
RS) 1(2)  RE) \(2)

From [8] we know that is an Sp-function for each j = 1,2,3. Then

—1 —1
R (2) RS (2)
@ =)
R2n2—1(2) R2n3—1(z)

is also a Sp-function (see Lemma 2.4.).

So, we conclude that is also a Sp-function, and thus zeros of this rational function

F(z
interlace with its poles as (m) the statement 1) of the theorem.

Now let us prove statement 3). It is known that the eigenvalues {1/,21)}21: , of the
Dirichlet-Neumann problem (5)—(7) are simple (see, e.g. [8], Addition II, inequalities
(20)), as well as the eigenvalues {u;}21"* of the Dirichlet-Dirichlet problem (8)—(11).
This means that the multiplicity of any element of the sequence {&}7L1"*""™ does not
exceed 2. It was proved in [2] (Theorem 2.2) that the multiplicity of A;, does not exceed 2.
Statement 3) is proved.

Now let’s prove statement 2). Let Ay = Ag41, then according to statement 1) we have
Ak = €g+1 = Aks1. But this means that Rgz)l()‘k) Rgi)z()\k) = Réi,)g(Ak) 0 (see the

proof of Theorem 2.2 in [2]). It follows from Ran(/\k) = 0 that R;n)l 1(Ax) # 0 since
the zeros of Ré],;)()\) strictly interlace with the zeros of Ré]k)_l()\) (see [8]). On the other
hand, €41 can be double only when RS _ (é11) = 0 and RS (§p11) RS, (€xy1) +

RS, 1 (€41) RS, 5 (€xe) = 0. Thus &1 is a simple element of the sequence
{&:}pim2tms | Statement 2) is proved.

3. INVERSE PROBLEM

In this section we consider the inverse problem of recovering three strings beads’ masses
{mU}% (5 =1,2,3) and intervals’ lengths {I'"}7  (j = 1,2,3), using the follow-
1ng glven data: the total lengths l1,l2,l3 of the strings and the spectra {\j}pLi"2*"s
{yk Py, {2t of problems (1)—(4), (5)—~(7), (8)—(11), respectively.

In the sequel we will need an auxiliary theorem, which is proved in [3], (Theorem 3.1
there), which in our terms has the following form.

)
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Theorem 3.1. Let Iy and l3 be positive numbers. Let three sequences of real numbers
{pe )zt {r (2) w2, ,ig)}" be given, which satisfy the following conditions:

1) ,uk<,uk/,sz<k', ()<T,§7),ifk<k" and j = 2,3.

2)

na+n (2
(e n {ree =0,

n n 3
(e n e =0,

Nz n{rPee =0

3) Elements of the sequence {xj}24" = { 152)}”2 U { ,gg)} indexed such that
Xk < Xwr, if k < k' interlace with elements of the sequence {,uk}"z"’”?’

, B.e.
0 < <x1<p2<x2<-'<lngtns < Xnotns-
Then there is a umque collection of sequences {m w2 qd{m 3)},C 1 {Z(Q)}k 05
{1(3)}"3 such that Z l(]) l; (j =2,3), which generates problem
(8)-(11) with the spectrum {p}24"s and the problem
) @) (@) _ o)

—u u

(17) & ) bl gk 0 El Dz =0 (k=1,2,...,n)),
ly liza

(18) “éj) = “gzjj)ﬂ =0

with j = 2, which has the spectrum {7,52)}22:1 and problem (17),(18) with j = 3, which
has the spectrum {T]EB) [

Now we present the main result.

Theorem 3.2. Let three positive numbers 1y, I, I3 be given together with sequences of
positive numbers {v 1)}k L L e AN RS which satisfy the following condi-
tions:

(19) 1) 0<& <M <& <A< <nitnatng < Anytnatngs
where {gk}eranrns. { Igl)} U {1k }n2+n37
ni ll ni P3(l/](€1)) ni 1
1)y -t .
@ 2 O w2 oom L —m )7 0
j=1"0 v; i1 P2 (v, )J 0,5k Vi j
na+nsg 1213 na2+mns PB( ) na+ns 1

> 0.

21 3) (=nmre | ]

Jj=1

to — fij * ,; Pl(uk)jg# Pk — 1y

Then: ,
1) there exist sequences of positive numbers {m,(j) 2 (j=1,2,3) and {l B, (=
1,2,3), which generate problems (1) (4), (5)-(7), (8)-(11) such that {/\k}"1+”2+”3 is
the spectrum of problem (1)-(4), {l/k YL, is the spectrum of problem (5)—(7), {px } 32t
is the spectrum of problem (8)-(11), and total length of strings are ly,ls,l3, respectively;
2) these data uniquely determine the masses and the intervals on the first string.
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Proof. Let us construct the following polynomials:

P1<z>:H<1—Vfl>>,

k=1 k

Pa(z) = (I + zg)nﬁm (1 _ Z)

kel 123

ni+nz+ns »
Pg(z) = (lll2 + lil3 + lglg) H (1 — )

k=1 Ak
and consider the functional equation
(22) P3(2) = Pi(2)Y (2) + P2(2) X (2),
where X (2),Y (z) are unknown polynomials.
Substituting z = 1/,21) into (22) we obtain
Pu(y®
23) X = 20D 1o
Py, )

The condition of strict interlacing (19) implies that the denominator Pg(z/,il)) # 0.
Let us find the polynomial X (z), using its known values (23) and setting by definition
y$Y =0 and X({) = X(0) = 1.
We construct the following Lagrange interpolating polynomial

ny (1)

ni
_ (1) Y
X(Z) - ZX(V]C ) H (1) (1)”
k=0

§=0,4#k Vi = TV

Denote by {(,(gl) wL, the zeros X(z). We need to show that they interlace with the

elements of the sequence {V,(Cl)}zlzl.

To this end let us find the signs of the values attained by the polynomial X(z) at the
points z = yk (k =1,2,...). By definition {&} 4" "s={v, (1) L U {me izt an
therefore Z/]il) must coincide with some element of the sequence {fk}ZS"ﬁ"*. Let V,gl)
&p, where p > k > 1. So, Pg(V](Cl)) = P;(¢,) and due to (19) we have P;;(I/,(Cl))(—l)p_1 =
P3(&,)(—1)PTt > 0. It follows from l/](cl) = ¢, that there must be p — k elements of
the set {14 }721™ on the interval (—oo,u,(cl)). This means that (—1)p_kP2(V£1)) > 0.
Thus, (23) implies (—l)k‘*‘lX(u,(cl)) > 0, for all £ > 1. Also we notice that (20) implies
(—1)™ X (z) > 0 when z — oo.

So, we have

(24) 0<vt? <M< <cfV << < ¢

Due to inequalities (24), the sequences {V,(Cl)}zlzl and {C,El)}zlzl can be considered as the
spectra of the Dirichlet-Neumann and Dirichlet-Dirichlet problems. Using these spectra
and the length [; we can construct a Stieltjes string, that is, to find the masses {mk e

and the lengths {l(l)}"1 by the known procedure described in [8].
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X(z
Due to (24) the ratio 2 (( )) is an Sp-function and it can be expanded in the continued
1(2
fraction
X(z 1
(=) _ alh) + ’
Pi(z) o 1
—bny 2 +
(1) !
anlfl + o +

where ol >0 (k=0,1,...,n1), b >0 (k=1,2,...,n1).
We identify these coefficients with the masses of beads and the lengths of the intervals

between them on the first string, i.e. ap = lk1 , (k=0,1,...,n1), bp = mkl), (k =
1,2,...,m1). This means that the sequences {I 1)}k 0 {mg)}zzl generate problem (5)—

(7) with the spectrum {Vkl)}k:1 and problem (17),(18) with the spectrum {Clgl)}zlzl
Then

(25) RS) 1(2) = Pu(2)
and
(26) Ryl (2) = X(2).
Let us find Y (2). To this end, we substitute z = py into equation (22) and obtain
Ps(pur;)
27 Y = , =1,2,...,n3 + ngs.
(27) (kx) Pr () 2 +n3

It follows from the condition of strict interlacing (19) that P;(ur) # 0. We construct
the polynomial Y (z), using its known values (27) and setting by definition pg = 0 and
Y (uo) = Y(0) = lol3. The Lagrange interpolating polynomial has the form

na2+ns na+ng Z—

J
Y(z)= > Y(m) ][] .
k=0 J=0.5#k /

Denote by {xx}727™ the zeros of the polynomial Y (z). We need to show that they
interlace with the elements of the sequence {1, }72%1". To this end, we find the signs of

values attained by the polynomial Y(z) at points z = g, (kK =1,2,...,n2+n3). Since
{&yptmetre={y 1)} L U {pe )2t each py must coincide with some element of the
sequence {fk}"ﬁ"ﬁ":‘ Let pr = &p, where p > k > 1. Thus, Ps(ux) = Ps(§,) and due
to (19) we have Ps(ux)(—1)P~1 = P53(&,)(—1)P*1 > 0. From py, = &, it follows that there
must be p — k elements of the sequence {1/,21)}21:1 on the interval (—oo, pg). This means
that (—1)P=*P;(u) > 0. Now it follows from equation (27) that (—1)**1Y () > 0 for
k > 1. Finally, (21) implies (—1)"2T"Y (2) > 0 for z — oo.

Thus, we have

0 <pr <x1<p2<x2<: - <fnytns < Xnotns-

The sequence {1 }72%" can be considered as the spectrum of the Dirichlet-Dirichlet
problem on the interval formed by the union of the second and the third strings, while
{xx}321" as the union of the spectra of the Dirichlet-Dirichlet problems on the second
and the third strings.

We have the sequence {u};21™ and the sequence {xx};2}™, which we consider as
a union of sequences {T( )} B ,53)} . Of course, we can arbitrarily identify them.

Obviously, {yk}"””?’, { ,iz)}k 15 153)}"3 satisfy the conditions of Theorem 3.1. Thus,
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{pr}724™ is the spectrum of problem (8)—(11), {722)}22:1 is the spectrum of problem
(17), (18) with j = 2 and {T]is)}712 is the spectrum of problem (17), (18) with j = 3.

The method of finding {m(2)}k 15 ](:’)}k 1 {1(2)}k 20 {l,(f')}z?’zo can be found in [3].
It is as follows. Let us construct the following polynomials:

_z]H< m) j=2,3,

and the Lagrange interpolating polynomials

n; ZPQ(T( ) (2) n2 (2)

2 n
) 2
RQ(Z):Z . H @) —r (2)+H (2) Z’
Tp

2 2
=m0 Qa(rY) ot T

ns ZPQ(T,SS)) ns 7_1g3) n3 ( )
Ry(x)=> 5 1l (3) @ H (3)
k=1 Tk Q?( )p Lp#k 7) Tp

Denote by {a(])}k 1, (4 = 2,3) the zeros of the polynomial R;(z) indexed in in-
creasing order.

According to the proof of Theorem 2.1 in [3] the following interlacing conditions are
fulfilled:

0<al < <ol <7 <. <ald) <7D, j=2,3

i(z
Due to these inequalities we conclude that gJE ; is an Sy - function for j = 2,3.
g z
. Qj(z) . . . .
Expanding the ratio R) (j = 2,3) into a continued fraction we get
j z
(z J
J 71)0)2 +
) 1
nj—l + e + 71
7b(J)Z 4+ —
(J)
where all a ) and b are positive numbers We identify them as a l(J b(j ) = m,(cj ),

that is, we assume that the numbers {mk w2, (j =2,3) are the masses of the beads

of j-th Stieltjes string and {I j)}k 0»  (j =2,3) are the lengths of the subintervals of
the j-th Stieltjes string. Obviously, we have

o~ ) _ Qi(0) _
sz =
— R;(0)
Then, according to [3], {uk}”2+"3 is the spectrum of problem (8)—(11) and

{T,Ej)}Zil (j = 2,3) are the spectra of problems (17), (18) generated by these masses
and lengths.

Thus,
(28) RS (2R (2) + RS, 1 (2)RE), (2) = Pa(2)
and
(29) RY) (2) = Qi(2) (j=2.3),

(30) RY) () =R;(z) (j=23).
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Now let us prove that the spectrum of problem (1)—(4) generated by the obtained
masses and lengths coincides with {\, }pLi"2 %",

We consider equation (22) under the conditions Y (0) = lsls, X(0) = [3. We have
already found its solution and now we need to prove the uniqueness of it.

Assume that there is another solution (X (z);Y (z)), that is

(31) Py(2) = Pi(2)Y (2) + Pa(2) X (2).
Subtracting (31) from (22) we obtain
Pi(2)(Y(2) = Y (2)) = —Pa(2)(X(2) — X(2)).

From this we see that Y (z) — Y (z) = CPy(z) and X(z) — X(2) = —CPi(z), where C is
a constant. ~

Since Y'(0) = Y/(0) = lal3 and X (0) = X(0) = l1, we conclude that C' = 0. Thus, we
have proved the uniqueness of the solution of (31) under the conditions Y (0) = Y(0) =
1213 and X(O) = X(O) = ll,.

The spectrum of problem (1)—(4) with the obtained masses and intervals according to
(14) is the sequence of the zeros of the polynomial

RS, ()RS (VRS () + + RS, () (RS ()RS, 1 (2) + RS 1 (2) RS, (2))

27L1 2n2 2’)13 277,1 277,2 27’7,3 2’!127 2n3

According to (25),(26),(28),(29),(30) we have

RS, (REL(IRS), (2) + + RS, () (RS ()RS, 1 (2) + RS, 1 (=) RS, (2))
= P (2)Y(2) + P2(2)X(2) = P5(2)

and the sequence of the zeros Ps(z) is {\ }pLi™27"s. O

Remark. It is clear from the proof of Theorem 3.2 that the data {v 1)}k 1 L s,
{\}ptm24ms 1 1o, I3 uniquely determine the masses {mk )} and the lengths {l( )} on
the first string, but because of arbitrary choice of choosing {T,i )} and {T,i )} among
{xk 324", the masses {mg)}Zil (4 = 2,3) and the lengths {l,(j)}Zil (j = 2,3) are not
determined uniquely.
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